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Preface

We live in the world surrounded by vibrations and waves. Some, such as sound,
light, and electricity, are familiar companions in everyday life, while many others,
such as lattice vibrations, vibrations of fluid particles in a turbulent flow, or vibra-
tions of temperature about its average value, cannot be observed by naked eyes but
can be measured by sensitive modern instruments. Vibrations and waves also dom-
inate in the micro-world: vibrations of atoms, waves of elementary particles, and
one would be remiss to fail to mention that the governing equation of quantum me-
chanics is the Schrédinger wave equation. Vibrations and waves find various appli-
cations in engineering and in our everyday life, from clocks, bells, lamps, musical
instruments, to radio, television, laser, plasma, computer, internet etc. Sometimes
vibrations and waves are not as harmless as one might think. Whoever lives near a
highway or an airport knows, how annoying permanent noise can be. Medical tech-
niques and high precision equipments often require vibration free frames which are
not always easily realizable. The wings of airplane or the rotor blades of helicopter
may encounter strong vibrations during exploitation causing their quick damage.
Various catastrophes in the nature like earthquake or tsunami are also due to vibra-
tions and waves.

The above examples should make clear the necessity of understanding the mech-
anism of vibrations and waves in order to control them in an optimal way. How-
ever, vibrations and waves are governed by differential equations which require,
as a rule, rather complicated mathematical methods for their analysis. The aim of
this textbook is to help students acquire both a good grasp of the first principles
from which the governing equations can be derived, and the adequate mathemati-
cal methods for their solving. Its distinctive features, as seen from the title, lie in
the systematic and intensive use of Hamilton’s variational principle and its gener-
alizations for deriving the governing equations of conservative and dissipative me-
chanical systems, and also in providing the direct variational-asymptotic analysis,
whenever available, of the energy and dissipation for the solution of these equations.
It will be demonstrated that many well-known methods in dynamics like those of
Lindstedt-Poincaré, Bogoliubov-Mitropolsky, Kolmogorov-Arnold-Moser (KAM),
and Whitham are derivable from this variational-asymptotic analysis.



VIII Preface

This book grew up from the lectures given by the author in the last decade at
the Ruhr University Bochum, Germany. Since vibrations and waves are constituents
of various disciplines (physics, mechanics, electrical engineering etc.) and cannot
be handled in a single textbook, I have restricted myself mainly to vibrations and
waves of mechanical nature. Unfortunately, due to the time constraint I had to leave
out the most exciting and quickly developing part of dynamics, namely the deter-
ministic chaos. Chapter 7 can serve as an introduction to this fascinating topic. The
material of this book can be recommended for a one year course in higher dynamics
for graduate students of mechanical and civil engineering. For this circle of read-
ers, the emphasis is made on the constructive methods of solution and not on the
rigorous mathematical proofs of convergence. As compensation, various numerical
simulations of the exact and approximate solutions are provided which demonstrate
vividly the validity of the used methods. To help students become more proficient,
each chapter ends with exercises, of which some can be solved effectively by using
Mathematica.

I would like to thank first of all K. Hackl, who insisted that this one-year grad-
uate course in higher dynamics at Ruhr University Bochum must be taught by me,
and V. Berdichevsky, C. Giinther, D. Hodges, M. Kaluza, R. Knops, G. Schmid, L.
Truskinovsky, and many other friends and colleagues for their comments and useful
discussions.

Bochum, May 2011 Khanh Chau Le
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Chapter 1
Single Oscillator

This chapter deals with small vibrations of the simplest mechanical systems, namely
of oscillators having only one degree of freedom. The most general and effective
method of solution is the Laplace transform which is based entirely on the linear
superposition principle.

1.1 Harmonic Oscillator

Differential equation of motion. The derivation of the equation of motion is the
first, and at the same time, most responsible step toward solution of a real problem.
Having derived the right equation, we have won already half the battle. In contrary,
having arrived at some wrong equation, all of our further efforts in solving it will
end in nothing but disaster. To derive the equation of motion we must

e idealize the real physical problem,
e apply the first principles of dynamics.

There are two equivalent methods of deriving the equation of motion based on the
first principles of dynamics: the force method and the energy method. In the force
method, we first free parts of the system under consideration from the surrounding,
then draw the free-body diagram with all acting forces, and finally apply Newton’s
law to each degree of freedom. The energy method is based on Hamilton’s varia-
tional principle leading to Lagrange’s equations. Since we are dealing then with only
one function, the energy method turns out to be simpler and much more effective,
especially for systems with many degrees of freedom and with various constraints.
In order to demonstrate their equivalence, let us begin with simple examples.

EXAMPLE 1.1 Mass-spring oscillator. A point-mass m moves horizontally under
the action of a massless spring of stiffness k (see Fig. [[.T). Derive the equation of
motion for this oscillator.
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We see already in the formulation of the problem
%Wmﬂ E_. various idealizations of the real situation: the point-
k g mass is considered instead of a body of finite size,
this mass is constrained to move horizontally, the
spring is regarded as massless and linearly elastic,
the air resistance to motion through viscous damp-
ing is neglected etc. How close this simple mathe-
matical model can describe the real physical problem is the matter of experimental
verification.
To use the force method we must first free the point-mass from the spring, then
draw the free-body diagram (see Fig.[I.I] right), and finally apply Newton’s second
law (mass times acceleration = force) in the x-direction

Fig. 1.1 Mass-spring oscillator.

mi = ZF = —kx,

where the dot denotes the time derivative. Bringing the spring force —kx to the left-
hand side and dividing by m, we transform the equation of motion to the standard

form
[k
K+ 00x=0, wy=4/—. (1.1)
m

The energy method is based on Hamilton’s variational principle of least actior]
which states that, among all admissible motions x(¢) of the point-mass satisfying the
initial and end conditions

x(tO) = X0, X(l]) = X1,

the true motion is the extremal of the action functional

1]
Ix(t)]= [ L(x,x)dt.
fo
The direct consequence of Hamilton’s variational principle is Lagrange’s equation
(see the derivation in Section 2.4)

dJL JL
dr 0x ox
Thus, all we need is a single function L(x,x), called Lagrange function, which is
given by
L(x,%) = K(x) ~ U (x),
where K () is the kinetic energy and U (x) the potential energy. As soon as we have
it, the job is done, provided one knows how to differentiate functions. In our example

! One may read a curious and fascinating story of Feynman about how he learned Hamilton’s
principle of least action and tried later to explain it from the quantum mechanics and path
integral in The Feynman Lectures on Physics [12].
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1 1
K(%) = me2, Ux) = Ekxz.

Computing the partial derivatives of this Lagrange function

o o
ox M ox T

and substituting them into Lagrange’s equation we obtain

—kx,

mi+kx=0,
which can again be reduced to the normal form (L.I).

EXAMPLE 1.2 Mathematical pendulum. A point-mass m, connected with a fixed
support O by a rigid and massless bar of length /, rotates in the (x,y)-plane about
O under the action of gravity (see Fig.[[.2)). Derive the equation of motion for this
pendulum.

We see that, again, several idealizations are made
to simplify the real physical pendulum: the whole
mass is concentrated in the point, the carrying bar
is rigid and massless, the air resistance to motion
through viscous damping is neglected.

In the force method we free the point-mass from
the carrying bar, draw the free-body diagram and
apply Newton’s law in the tangential direction

ma; = ZFT = —mgsin@.

The force of the bar acting on the point-mass does
not contribute to this equation because it is in the
radial direction. Substituting the tangential accel-
eration a; = [ into this equation, bringing the force term —mg sin ¢ to the left-hand
side and dividing by ml we obtain

P+ alsing =0, wy= \/%

For small vibrations the angle ¢ (measured in radian) is small compared with 1, so
we can linearize this equation by approximating sin ¢ ~ ¢ to obtain

Fig. 1.2 Mathematical pendulum.

¢+ w50 =0, (1.2)

which is identical in form with equation (L.1).

Alternatively, one can free the point-mass together with the rigid bar from the
support and apply the moment equation about the z-axis (which is the consequence
of Newton’s law) to this system
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%( 12('p) = ZMZ = —mglsin @.

Since the mass is concentrated in the point, its moment of inertia about O is mi?.
In case of a real physical pendulum (rotation of a body about O) the moment of
inertia about O is given by Jo = Jg + mr?, where Jg is the moment of inertia about
the center of mass S, and r the distance between O and S (see exercise [I.2). The
support reaction in O does not contribute to the moment equation, because its line
of action goes through O. For small vibrations we obtain from here equation (I.2)).

To use the energy method we write down the kinetic energy

K(9) = 3mP9?,

and the potential energy
U(p) =mgh=mgl(1—cos@).

Note that the zero level of potential energy (which can be chosen arbitrarily) corre-
sponds to the equilibrium state ¢ = 0. Thus, the Lagrange function is

Ny
L(g,¢) = Emlzq)2 —mgl(1 —cos@).

For small vibrations ¢ < 1, therefore we can approximate 1 —cos ¢ ~ ¢2/2 and
write

. 1 . 1
L(p,¢) = Emlzfpz - Emgl(pz.

Substituting this into Lagrange’s equation

d JL  JL
dtdp do
we obtain again the equation of motion of mathematical pendulum.

EXAMPLE 1.3 Rotating disk. A rigid disk rotates about the z-axis under the action
of a spiral spring of stiffness k (see Fig. [L.3). Derive the equation of motion of the
disk.

This example represents a primitive model of a mechanical clock. In the force
method we free the disk and the rotation axis from the supports and the spiral spring,
draw the free-body diagram, and apply the moment equation about the z-axis

d
5 <9) = XM = —ko, (1.3)

where J; is the moment of inertia of the system disk plus rotation axis about the
z-axis. The reaction forces from the supports do not contribute to this moment
equation because their lines of action cut the z-axis. Bringing the spring moment



1.1 Harmonic Oscillator 7

—ko@ to the left-hand side and dividing by J,, we obtain equation (L2), where

o2 = \/k/I..

To use the energy method we write

1 1
K(9) =3 ¢, U(@):§k¢2

for the kinetic and potential energy, respectively. This
leads again to (L.3).

Solution. Note that the equation of motion of har-
monic oscillator

i+ @dx=0 (1.4)
Fig. 1.3 Rotating disk.
is linear. So, if we know two linearly independent par-

ticular solutions of this equation, then we can con-
struct the general solution by their linear combination
in accordance with the superposition principle. It is easy to check that

coswyt and  sin @yt
are the particular solutions of (T.4). Therefore the general solution reads
x(t) = Acos wpt + Bsin wyt. (1.5)
The unknown coefficients A and B must be found from the initial conditions
x(0) =xp, %(0) = vy.

Thus,
v
A=xy, B= 2.
W
Alternatively, we can present the solution in form

of one harmonic cosine function

x(t) = a cos(mpt — ¢). (1.6) 247T
In this form a has the meaning of the amplitude of /
vibration, @y the eigenfrequency, and ¢ the initial

we write

phase. Using the addition formula for cos(wpt — ¢) v £

x(t) = a(cos ¢ cos wyt + sin ¢ sin wyt).
Fig. 1.4 Harmonic motion.
Comparing this with (I.3)) we find the relations be-
tween a, ¢ and A, B
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2
=VA2+B2= v_02 tan¢— =

g x|

Fig.[L.4]shows the graph of x(r). The distance between two neighboring maxima (or
minima) of this periodic function is called a period T of vibration. Since the period

of cosine is 27,

2r
T=—.
(O]

Phase portrait. Let the velocity X be denoted by

y=X.

Then each state of a single oscillator at fixed ¢ corresponds to one point (x,y) of the
so-called phase plane. As ¢ changes this point moves in the phase plane along the
curve called a phase curve. For the free vibration of harmonic oscillator we have
from (L.6)

x=acos(mpt — ¢), y=xi=—aawysin(wot — ). (1.7)

Consequently, the phase curves satisfy
the equation
VA 2 2
Yy
S +>55=1, (1.8)
@ a’og
which describes ellipses with the aspect
ratio 1 : wy. Note that (I.8)) can also be
obtained from the conservation of en-
ergy

fa
W,

K()+Ux) =Ey,  (1.9)

which is the consequence of Lagrange’s
equation (see Section[2.4). Indeed, con-
sider for example the mass-spring oscil-
lator for which the energy conservation takes the form

Fig. 1.5 Phase portrait of harmonic oscillator.

ka?

1 1
—my* + = kx——m0+ ko -

2 2
Dividing this equation by the constant on the right-hand side we arrive again at (L))
With (L.8) we can express y = x in terms of x and integrate it to obtain the solution
(L.

Fig. shows the phase curves of the harmonic oscillator. In general there is no
more than one phase curve passing through a given point of the phase plane. The
phase curves must run from left to right in the upper half-plane and from right to
left in the lower half-plane as time increases, since y = x > 0 in the upper half-plane
and y = x < 0 in the lower half-plane. All phase curves cut the x-axis at right angle,
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with points of intersection corresponding to maxima or minima of x(¢) which are
the turning points. The origin O of the phase plane is the fixed point corresponding
to the stable equilibrium state. For the harmonic oscillator this fixed point is called
a center.

Energy balance. As we see from (I.9), the total energy of the harmonic oscillator
is conserved. Let us analyze the change of its kinetic and potential energies during
the vibration. Substituting x(¢) from (I7) into the potential energy U (x) we get

1 ka® ka?
U(x) = gk = %COSZ(W —¢)= %[1 + cos(2ant — 20)].
Similarly, with %(¢) from (IZ) we obtain
1 ma® w? 2

K(i) = ymi? = 2“’0 sin?(aot — ) = ’%[1 — cos(2ant —29)].

Thus, the kinetic and potential energies oscillate with the same amplitude which is
equal to the total energy Eo = ka® /2, but with the double frequency 2ay. Fig.
shows the change of kinetic and potential energies from which it is seen that they
oscillate in counter-phases so that their sum remains constant, in full agreement with
the conservation of energy.

i

Fig. 1.6 Energy change: a) bold line: kinetic energy, b) dashed line: potential energy, c)
horizontal line: total energy.

1.2 Damped Oscillator

Differential equation of motion. Both the force and the energy method can again
be applied to derive the equation of motion for damped oscillators. However, in the
energy method a new function describing the dissipation potential of the damper has
to be introduced. We consider two examples.
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EXAMPLE 1.4 Mass-spring-damper oscillator. A mass m moves horizontally under
the action of a spring of stiffness k and a damper with a damping constant ¢ (see
Fig.[T7). Derive the equation of motion for this oscillator.

To apply the force method we note that the only dif-
ference compared with example [I.1]is the additional
force from the damper which is proportional to the ve-

m Y ¥ locity x (see the free-body diagram in Fig.[[.7 right).
X

Thus, Newton’s law now reads

mi = ZFX = —kx —cx.
Fig. 1.7 Mass-spring-damper

oscillator. Bringing the two terms on the right-hand side to the
left-hand side we obtain

mi+cx+kx=0. (1.10)

The energy method is based on the following variational principle for dissipa-
tive systems: among all admissible motions x(z) constrained by the initial and end
conditions

x(l‘o) = X0, x(tl) = X1,

the true motion satisfies the variational equation

5 Lxx dt — /—Sxdt (1.11)

fo

Thus, a new function D(x,x), called dissipation function, appears such that the
damping force f; is expressed by

=—Cci=——
fir= Fr
The direct consequence of (I.11)) is modified Langrange’s equation for dissipative
systems (see Section 2.4)

ddL JL 9D
—————+—-—=0. 1.12
4% ax ok (12
We see that the behavior of any dissipative mechanical system is governed by
two functions, namely, the Lagrange function L(x,%) and the dissipation function
D(x,%). In our example

1 1,

LZme— kx Dzicx,

s0, substituting this into (I.12)), we derive again the equation of motion (I.10).
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EXAMPLE 1.5 Mathematical pendulum with spring and damper. Derive the equa-
tion of small vibration for the mathematical pendulum connected with a spring and
a damper (see Fig. [L.8).

This model is equivalent to that of the pendulum with
the spring and with the air resistance since, in reality, the
air acts as a damper with viscous damping. In the force
method we must add the forces of spring and damper to
the free-body diagram compared with that of the math-
ematical pendulum in example Taking into account
the smallness of ¢, the moment equation about the z-axis
reads

. 2 .
ml*§ = ZMZ =—mglp — kzq) —cl?¢.

Bringing all terms to the left-hand side and dividing by /2
we get Fig. 1.8 Spring-damper-
. . m k pendulum.
m(p+c(p+(Tg+Z)(p:O. (1.13)

This is identical in form with equation (L10).

To use the energy method we must include in the Lagrange function already
found in example [[.2] for small vibrations an additional term associated with the
energy of the spring

1,1 1 [(lo\?
L(g,¢) = Emlzqoz - Emghpz — 5k (7(”) :

Here, the change in length of the spring, due to the smallness of ¢, is approximated
by ¢ /2 (see Fig.[L8). The dissipation function must be a quadratic function of the
velocity /¢

D(9) = 3¢(19)’ = 5l (9)"

Substituting these formulas into modified Langrange’s equation for dissipative sys-

tems
ddL JL ID _

iag a9 ap

we derive the equation

12
mi*§+cl ¢+ (mglJrkZ)(p =0,

which, after division by /2, takes the form (L.13).
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Reduction to the standard form. Let us divide the equation of motion (I.IQ) by k

1 [k
_ZHEHXZ(), Y (1.14)
; k m

We introduce now the dimensionless time T = wyt, in terms of which the first and
second derivatives of x become
. dx dxdr ont’
rXr=—=—— = X
dr dtdrt ’
. dx dxdr ol
X=——=—— = X
dt  dvdt P
Here the prime denotes the derivative with respect to 7. Substituting these formulas
into (ILI4) we obtain the equation of motion in standard form

X' +28x +x=0, (1.15)
where the positive coefficient

_@_ C - C
2k 2many 2vkm

is called Lehr’s damping ratio.

Solution. We seek a particular solution of (I.13)) in the form

x=¢".

Substituting this Ansatz into (L.13)
(s> +28s+1)e'" =0,

we see that, since the factor ¢°7 is not equal to zero, s must satisfy the characteristic
equation
s +28s+1=0. (1.16)

The quadratic equation (I18)) has two roots

S12 = —5:|: vV 52— 1.

The character of roots and consequently of the solutions depends on whether a)
0<8<1,b)d >1,0rc)§ =1. We analyze now these special cases.

Case a. Since 0 < § < 1, we set 1 — 8% = v? > 0. In this case the roots are complex-
conjugate
S1p = -8 +iv.

Because ¢’ = e %7¢!V7 satisfies (I.13) which is the differential equation with real
coefficients, its real and imaginary parts

e %7cosvt and e 9Tsinvt
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also satisfy this equation. The general solution can now be constructed using the
linear superposition principle

x=e %" (AcosvT+ BsinvT).
The unknown coefficients A and B must be found from the initial conditions
x(0) =x9, '(0) =x;. (1.17)
Thus,

x + Oxp

AZ)C()7 B =
\4

Alternatively, we can present the solution in the form

)

x=ape °Fcos(VT—9). (1.18)

Using the addition theorem for cos(vT — ¢) we then find that

Xy + 6x0)? B x,+6o
a0 = VAT B = [ OO0 Bt on
0 v2 A Vixo

Case b. Because now 8 > 1, we set 82 — 1 = k2 > 0. Thus, there are two real roots

of (LI6)

s1=—0+K=—q1, SH=-6—K=—q,

where ¢, > g > 0. The corresponding particular solutions of (I.13) are
e 1" and e %7,

The general solution reads
x=Ae 1" Be 27,

Then the initial conditions (I.17)) lead to

1 1
A= —(xo+qx0), B=—==(xg+4q1x0).

2K 2K
Thus,
1
x = =[x+ g2x0)e " = (xh +qrvo)e 2. (1.19)

Case c. This is the degenerate case, where the real roots are equal (the double real
root): s1 = s = —0 = —1. According to the theory of ordinary differential equations
[9] the particular solutions should be ¢~ 7 and Te~*. Combining them, we obtain the
general solution in the form

x=e *(AT+B).
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The initial conditions (LI7) yield
A=x0+x, B=x.
Thus,

x=-¢e "[xo(1+ 1) +x57].

Behavior. Having found the solutions in these cases, we can now study their
behaviors.

[ 51.

Fig. 1.9 Solid line: motion x = ape™°Tcos(vT — ¢), dashed lines: envelopes x = +age™

Case a. The motion is classified as damped vibration. Fig. shows the plot of
x(7) (the solid line). Since |cos(vT — ¢)| < 1, the motion oscillates between two
envelopes x = +age %7 drawn by the dashed lines in this Figure. Looking at this
motion we can recognize two characteristic dimensionless time scales

2r 2r
and T.=— =

5 v Vi-62

or, in the dimension of real time

Tg =

1 2 2 2 Tc
Td:—:—m and TC:—T[: " = L
oy ¢ o wpV1-82 V1-82

The time scale 7; characterizes the decay rate of amplitude due to damping: the
exponent function e~%7 decays after 7, by the factor 1 /e =~ 0,368, the amplitude
of vibration diminishes by 63%. The time scale 7. tells us about the so-called con-
ditional period T of vibration, which is larger (by the factor 1/v/1 — 62) than the
period Tj of the corresponding harmonic oscillator.

The distance between zeros of x(7) (the roots of cos(vt — ¢) = 0) is 7/v. The
points at which x(7) touches the envelopes correspond to the roots of the equation

cos(vi—¢)=+1.
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tanvt

Fig. 1.10 Roots of equation tanvt = —3/v.

Thus, they lie in the middle between zeros. However these points are not identical
with the points at which maxima or minima of x(7) are achieved. Its maxima or
minima are achieved at time instants satisfying the equation

X (1) = —apbe %% cos(vT — ¢) — agve *Tsin(vr — ¢) =0,

so, they are roots of the equation tan(vt — ¢) = —6/v. Assuming for simplicity
¢ = 0, we find that these roots are displaced from the zeros of the function tan vt to
the left by the constant amount

T, = arctan(0/v)/v (1.20)

on the 7-axis (see Fig. [[LI0). Thus, the conditional period of vibration can be read
off also from the distance between two maxima or minima.

There is another important characteristic of amplitude decay which can easily be
measured by the oscillograph. To introduce it we denote by

X1,X25..-,Xn

the maxima of x(7), and by
T1,7,.-.,Tn

the corresponding time instants, at which these maxima are achieved. From the
behavior of solution we know that

Xy = age O™ cos(vVT, — ),
Xpi1 = age 0@t cos[v (1, + 7.) — 0]
Dividing x, by x,,41 and using the periodicity of cosine function we get

T _ 0%,

Xn+1

We define
Xn 2o
= STC =

Xn+1 V1-62

¥ =In
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as a logarithmic decrement of vibration. Knowing ¢ from measurements we can
restore the damping ratio 6 according to

B 0
VanZ+ 97
Case b. The motion is overdamped and looses the oscillatory character (it is called
therefore an aperiodic motion). The decay rates of exponential functions e~717 and
e %27 to zero are characterized by two time scales

. 1 1 . 1 1
= — =——  an = — = .
Mg -« R R

To recognize the aperiodic character of motion let us find the instants of time, T
and T, at which x(7;) = 0 and ¥’ (72) = 0, respectively. Using (LI9), we derive the
following equations for 7; and 7,:

2KTy 1 2Kx0
€ e A
Xyt g2xo
2Kx,
621(‘[2 =1 0

q1(x4+ g2x0)”

Since the exponent is a monotonic function, we see that each equation has no more
than one root. Thus, oscillatory motion is impossible. If we fix the initial coordinate
xp and variate the initial velocity x;, then the solution may have different behaviors
depending on the initial velocity as shown in Fig.[L.11l

Fig. 1.11 Different aperiodic motions: 1) one root 7, 2) no roots for 7; and 7, (monotone
decreasing function x(7)), 3) one root for 7; and 7.

Case c. This is the limiting case of aperiodic motion. The behavior is similar to the
previous case.
Phase portrait. The phase portraits exhibit different characters in the above cases.

Case a. To find the phase curves in the phase plane (x,y), y = x’, we transform the
equation of motion in standard form (L.13) to the system of first-order differential
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equations
X =y, y=-x-208y.

Thus, the tangent vector to the phase curve at point (x,y) is (y, —x— 28y). Fig.[L12]
shows the vector field (y,—x — 28y) and one phase curve in the phase plane for
6=0.1.

Fig. 1.12 Vector field (y, —x — 28y) and a phase curve.

We derive the equation for the phase curves from the solution

x = age T cos(vT— 9),

X = —age % [S cos(VT — ¢) + vsin(vT — ¢)].
Introducing
u=vx, v=x+0x, (1.21)
we obtain
u=ae % cos(vi—9), v=—aje sin(vi—o),

where a; = vag. In terms of the polar coordinates p and ¥
u=pcostd, v=psind,
these equations become
p=ae %, V=—-vi+¢.
Expressing T through ¥ by 7 = —%(19 — ¢), we obtain finally

p=a1e%%Ve 00V = 4,80V, (1.22)

where a» = aje~9¢/V. Equation (I22) describes the family of logarithmic spirals in
the (u,v)-plane. As 7 increases, ¥ decreases and the spirals approach the origin.
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Coming back to the original coordinates x and y we have

p? = vV =v22 + (y+ 6x)? = y* +28xy + %

y+ox
vx

y
¥ = arctan — = arctan
u

Thus, the equation of phase curves in terms of x and y reads

2 28 arctan 2% H‘SX

V2 +28xy + x° =aze”v

Since the transformation (L2I) from (u,v) to (x,y) is linear, this equation also de-
scribes the logarithmic spirals in the (x,y)-plane. All spirals approach the origin as
T goes to infinity. The origin is a fixed point called a (stable) focus.

Case b. To derive the equation of phase curves in the phase plane we use the solution

x=Ae N7 Be™ 27

y=x'=—qiAe " —qBe” "
Thus, their linear combinations give
y+aqix=(q1 —q2)Be ', y+qx=(q2—q1)Ae "

Raising the first equation to the power ¢g; and the second to the power ¢> and com-
paring them, we obtain

(v +q1x)7 = C(y + gox)*

This is the equation of the phase curves in the (x,y)-plane. Introducing the new
variables
u=y+qx, v=y+qx, (1.23)

VA

v
Xy

a) b)

Fig. 1.13 Phase portrait of overdamped oscillator in: a) (u,v)-plane, b) (x,y)-plane.
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we can rewrite the equation of the phase curve in the form

v = Cu®, a=L2+1.

q1
This equation describes the family of power functions Cu® (with ¢ > 1) in the (u,v)-
plane (see Fig.[L.13] on the left). The linear transformation (I.23) transforms the u-
and v-axis to the straight lines y + g;x = 0 and y + gx = 0 in the (x,y)-plane. The
phase curves in the (x,y)-plane are shown in Fig. on the right. Similar to the
previous case all phase curves approach the origin as 7 tends to infinity. The origin
is a fixed point called a (stable) node.

Fig. 1.14 Phase portrait of critically damped oscillator in (x,y)-plane.

Case c. This is the degenerate case of aperiodic motion. Since gq; = g = 1, the
two axes y + ¢gox = 0 and y + g1x = 0 coincide with the bisector y = —x. The phase
curves in the (x,y)-plane are shown in Fig. [[.14l Similar to the previous case all
phase curves approach the origin as 7 tends to infinity.

Since Lehr’s damping ratio 0 is given by 6 = ¢/2may, equation 6 = 1 describes
the parabola ¢/m = 2+/k/m in the (k/m, c/m)-plane of parameters. The latter is the
boundary between different types of motion considered above as shown in Fig.

Energy balance. Because of the presence of damper in the system, the energy is no
longer conserved. The initial energy will be dissipated gradually by the damper into
heat, and the motion decays as time increases. As time goes to infinity, the initial
energy will be dissipated completely, and the system approaches equilibrium. To
find the rate of decay of the total energy we multiply modified Langrange’s equation
(LI2) by x

.dJdL JL  dD,

Yaox Yox ot
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c/m 6>1
i stable node
aperiodic
motion

6<1

stable focus
damped
vibration

\,6:0,stable center, > k/m
harmonic vibration
Fig. 1.15 Classification of motion in the (k/m,c/m)-plane.
Observing that
dodL  doJK  d,1 dK

)
o Naar o= g G =40
L QU dU
x&x 7x8x odr’

oD

—5pk= —cx? = —2D(%),

we obtain the energy dissipation rate in the form

d

E<K+ U)=-2D(%). (1.24)
A similar equation also holds true for oscillators with many degrees of freedom (see
Section 2.4). Integrating equation (I.24) from #; to ¢, we find the energy change at
time ¢

K+U—Ep=—2 /t: D(i(s))ds = —Eq(1),

where Ej is the total energy at t = #y and E;(¢) the amount of energy dissipated by
the damper at time 7.

1.3 Forced Oscillator

Differential equation of motion. If there is an additional external force (excitation)
acting on the oscillator, the latter is called a forced oscillator. Also in this case both
the force and the energy method can be used to derive the equation of motion. In
the energy method the virtual work done by the external force must be taken into
account. We consider an example.

EXAMPLE 1.6 Mass-spring-damper forced oscillator. A mass m, connected with a
spring of stiffness k and a damper of damping constant ¢, moves horizontally under



1.3 Forced Oscillator 21

the action of an external force f(¢) (see Fig. [[L16). Derive the equation of motion
for this forced oscillator.

b3
Fig. 1.16 Mass-spring-damper forced oscillator.

In the force method the only difference compared with example [[.4lis the external
force f(t) (see the free-body diagram in Fig. [[.T6). Thus, Newton’s law in the x-
direction reads

mi =Y F.=—kx—ci+ f(t).

Bringing the spring and damping forces to the left-hand side we obtain
mi+ cx+kx = f(t). (1.25)

To use the energy method we must add to the left-hand side of variational equa-
tion (LII) the virtual work done by the external force. The variational principle
becomes: among all admissible motions x(¢) constrained by the conditions

x(tO) = X0, X(l]) = X1,
the true motion satisfies the variational equation
1] tt 9D 1]
& [ L, %) di— / 90 sxdi + / F()6xdr = 0. (1.26)
0 ) 8)5 10}

Note that the last integral representing the virtual work can also be included in the
first integral as follows

g " 9D
& [ L)+ £l di — / 92 Sxdi = 0.
to to (9)(
From (.26) we can derive modified Lagrange’s equation
I T2 I — f(h). 1.27
giox axox W (127
With
L(x,%) = lm'2 - 1k)c2 D(x) = 1C)€2
) - 2 2 b - 2 b
we arrive again at the equation of motion (T.23).
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Reduction to the standard form. Let us divide equation (I.23) by k
f()

1 ..+C.+
— X4+ At x="—>.
W}k k

Introducing the dimensionless time T = @yt as in the previous Section, we transform
this equation to the standard form

X +28x +x=g(1), (1.28)

where the prime denotes as before the derivative with respect to 7 and g(7) =
f(t/wy)/k. Equation (I28) is the inhomogeneous linear differential equation of
second order. According to the theory of ordinary differential equations [9]] the so-
lution of this linear equation is the sum of any particular solution of the inhomo-
geneous equation and the general solution of the homogeneous equation which has
been found in the previous Section. Thus, the problem reduces to finding any par-
ticular solution of the inhomogeneous equation (1.28)).

Particular solution for a step function. Consider first a special excitation in form
of the unit step (Heaviside) function

g(f)_h(r)_{o for 7 <0,

1 fort>0.

We seek the solution of equation (I.28)) satisfying the initial conditions

Such the solution is called a unit step response. For an underdamped oscillator (6 <
1) the solution has obviously the form

x=1+Ce % cos(vi—o).
The initial conditions will be satisfied if
x(0)=1+Ccos¢ =0,

and
¥ (0) = —C(8cosp — vsing) = 0. (1.29)

It follows from the last equation and (1.2Q) that

o o =
tan¢:;:\/T—(S2:>¢:VT*: 1_621*7

where T, is given by (1.20). From x(0) = 0 we find the coefficient C

1
cos¢’
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Since tan¢ = §/v/1 — 82, it is easy to show that cos¢ = v/1 — 62, so

1
V1—=82

Thus, the unit step response for the underdamped oscillator is given by

cos[v1—6%(1—1,)].

-0t

)Cr(f) :1_\/17_—62

2 4 6 8 T

Fig. 1.17 Unit step response: a) 6 =0.25,b) § =0.5,¢) 6 =1,d) § =2.

Doing similar calculations, we can obtain the unit step responses also for the
overdamped oscillator (6 > 1)

_ +k —(6—-K)T 5_K7(5+K)1:
(@)=l e T e T

as well as for the critically damped oscillator (6 = 1)
x(T)=1—=(14+1)e ",

(see exercise [I.3). The graphs of these unit step responses are plotted in Fig. [[.17]
for different values of damping ratio 6.

Particular solution for general excitations. Let us consider now an arbitrary ex-
citation g(7) which is zero for 7 < 0 and remains finite as 7 goes to infinity. Since
the initial conditions can later be satisfied by the solution of the corresponding ho-
mogeneous equation, we seek a particular solution of (I.28) satisfying the initial

conditions
x(0)=0, X'(0)=0.

The effective way of finding the solution is the Laplace transform (see, for example
[11]]). For any function x(7) we define its Laplace transform according to

X(s) = Zx(7)] = /0 " x(t)e T dr,
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with X (s) being called the Laplace image of x(7). We assume that the Laplace trans-
forms of g(7), x(7) and its derivatives are defined for any complex number s with the
positive real part. Applying the Laplace transform to both sides of equation (I.28)
we obtain

/ (x”—&—25x/+x)ef”a’r:/ g(1)e*"dr.
0 0

Performing the partial integration we have
L] = / Xe Tt = xe 7| —|—/ sxe *tdt = s.ZL[x] = sX (s).
0 0

The initial condition x(0) = 0 as well as the behavior of x(7) at infinity have been
taken into account. Similarly,

L' = /:x”ef”dr = x/ef”|:; + /Ow e Tdt = s LX) = 2 X (s).
Thus, the differential equation (I.28)) is transformed into an algebraic equation
(s 4285+ 1)X (s) = G(s),
yielding immediately .
s
X0 = 2T

To find the original function from its image function we apply the inverse Laplace

transform to (1.30)

(1.30)

- L A (G B

X(T) =Y [X(S)] = 2_71:1./(;71‘0@ me ds, (131)
where o is any real and positive number. Integral (L31) is taken along the line
(o — oo, 0t + ico) in the complex plane of s. Since the roots of the characteristic
equation have non-positive real parts, the integrand of (I.3T) is regular along this
line and thus, the integral converges. The problem reduces then to computing the
inverse Laplace transform of the product G(s)/(s*> 4 28s + 1). Observe that the
inverse Laplace transform of sG(s) is g’(t), while the inverse Laplace transform
of 1/s(s>+28s+1) is the unit step response x,(7) found previously. Indeed, the
Laplace transform of the Heaviside function is

ZLlh(z)] = /Ome_”dr . %

50, by substituting this in (L30), we obtain 1/s(s> +28s -+ 1) as the image function
of the unit step response.

To compute the inverse Laplace transform of the product we use the following
property of the Laplace transform. Consider two arbitrary functions f(7) and g(7),
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with f(7) = g(7) =0 for T < 0. Denote the convolution of two functions f(7) and
g(7) by

(F28)@) = [ fe—ngdr= [ sz —n)gdr = (g,

We compute the Laplace transform of the convolution

Zf8l= /(/f T-1)g )e”dr.

Changing the order of integration with respect to 7 and ¢ we have

2ifrg= [ | s=ne argnyan.

Changing the variable of integration from 7 to u = T —t we obtain finally

ZLf*gl= /Omf(u)efs”du/Omg(t)ef‘“dt =F(5)G(s).

Thus, the Laplace transform of the convolution f * g is equal to the product F (s)G(s)
and vice versa. Consequently, the inverse Laplace transform of (IL31)) yields

T
- / ¢ (1) (T —1)dr. (1.32)
0
This is Duhamel’s formula for the particular solution of (1.28)).

Solution of initial-value problem. It turns out that the Laplace transform can also
be used to find the solution of the initial-value problem

X' 428X +x=0,
x(0) =x9, «'(0)=x.

Indeed, applying the Laplace transform to this equation and observing that, due to
the initial conditions,

LK = / xe*Tdt = —x0+ sX (s),
0

L") = /0 K'eTdT = —x) — sxo + 52X (s),
we obtain

(s> + 285+ 1)X (5) = x{, + sx0 + 2.
Thus,
xg + sxo + 20x9

X =
(5) s24+26s+1

)
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and the problem reduces to computing the inverse Laplace transform of the rational
function (see exercise[L.6).

Energy balance. We calculate the rate of change of the total energy due to the work
done by the external force and the dissipation. Multiplying modified Langrange’s
equation (I.27) by x we obtain

dJL  dL _ ID.
Ydox Tox ok

Making the same observation as in previous Section we obtain the rate of change of

energy in the form

%(m U) = —2D() + f(t)%. (1.33)

Integrating equation (I.33)) from 7y to 7, we find the energy change at time ¢

K+U—-Eo=—2 [ D((s)ds+ [ F(s)i(s)ds = —Ea(t) + W(r),

fo fo

where Ej is the total energy at 1 = fy. The last term W (¢) is the work done by the
external force which is stored in the energy of the system except that part E;(t)
dissipated by the damper.

1.4 Harmonic Excitations and Resonance

As we know from Section any solution of the homogeneous equation ap-
proaches zero as T becomes large if the damping ratio 6 is positive. Therefore
only the particular solution of inhomogeneous equation which persists at large time
(called forced vibration) presents interest in most applications. The forced vibra-
tion has been found in the previous Section for an arbitrary excitation through the
Laplace transform leading to Duhamel’s formula. In spite of this general method
of solution we consider in this Section the special case of harmonic excitations for
which the forced vibration can be determined directly and in a simple way, without
using the Laplace transform technique. The results of this Section are also important
for the variational-asymptotic method in non-linear vibrations.

Type of excitations. We consider three cases of harmonic excitations.

Case a. Harmonic force excitation or excitation through the spring.

EXAMPLE 1.7 The damper-mass-spring oscillator is excited by the harmonic mo-
tion of the spring hanger: x, = xy cos ot (see Fig.[[.I8).

Since the spring force is proportional to the change of length x — x, (), the equation
of motion reads

mi = —cx — k(x —x,).
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c k
ey, Bl
X
Fig. 1.18 Oscillator excited through spring hanger.

On the other side, the same equation can also be derived from the Lagrange function

2 1

L(x,%) = 2mi — Sk(e(t) )

2

and the dissipation function D(x) = %cxz. Bringing the two terms —cx and —kx to
the left-hand side and transforming the obtained equation to the dimensionless form
as in Section[I.2] we get

X' +28x +x=xgcosnt,

where 1 = @/ @y is the frequency ratio. Note that the same equation of motion holds
true for the forced oscillator in example[LAif we set f(1) = fycos @t and xo = fy/k.

Case b. Harmonic excitation through the damper.

EXAMPLE 1.8 The spring-mass-damper oscillator is excited by the harmonic mo-
tion of the damper piston: x, = xo sin ot (see Fig.[1.19).

k c
o R 3
X

Fig. 1.19 Oscillator excited through damper piston.

In this case the damping force as well as the dissipation function depend on the
relative velocity x — X,. Thus, the equation of motion takes the form

mi = —kx — c(X — %).

Bringing the two terms —kx and —cx to the left-hand side and transforming the
obtained equation to the dimensionless form, we get

x4+ 28x +x=28nxgcosNT.

Case c. Harmonic excitation through the motion of the frame.
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k C
il 7 MERKS

X

Fig. 1.20 Oscillator excited by motion of frame.

EXAMPLE 1.9 The spring-mass-damper oscillator is excited by the harmonic mo-
tion of the support frame: x, = xycos @t (see Fig.[L20).

We write the equation of motion in terms of the relative displacement of the mass
with respect to the moving frame, x, = x — x,. Since the acceleration in the fixed
inertial frame is ¥ = X, + X., we have

m(%, +X,) = —cxy — kx.

Bringing all terms in the right-hand side to the left-hand side, the term mi, =
—mxo®?*cos ot to the right-hand side and transforming the obtained equation to
the dimensionless form, we get

X! +28x, +x, = n*xpcos .

One can of course derive the equations of motion in examples [[.8 and [T.9] also by
the energy method (see exercise[L.8).
Thus, in all three cases we may present the equation of motion in the form

X" 428X +x=xpacosnt, (1.34)

where the factor « is equal to

1 in case a,
o= 426N incaseb,
n%>  incasec.

Amplitude and phase of forced vibration. We seek the particular solution of equa-
tion (1.34) in form of harmonic motion

x=xoMcos(NT— ) =xoM(cosnTcosy+sinntsiny),

where M is called a magnification factor and y the phase of forced vibration. Dif-
ferentiating this equation with respect to T we have

X = —xoMn(sinnTcosy —cosNTsiny),

"n_ _

¥ = —xoMn?*(cosNTcos ¥+ sinnTsiny).
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Substitution of these formulas into the equation of motion (I.34) gives

cosNtlxoM (1 —n?)cos y + 28MnxoM sin y — x(0/]
+sinnt[xoM (1 —n?)siny — 28NxeM cos y] = 0.

Since cos )T and sin 1) T are independent and are not identically zero, the expressions
in the square brackets must vanish yielding

tany = 1251]

= (1.35)

and
o

(1—n?%)cosy+26nsiny’
We see from (I.33) that the phase y is independent of ¢, so it remains the same
in all three cases. However, one should keep in mind that y in case b) is the phase

difference between the response x and the velocity %.. The plot of y(n) for different
values of & is shown in Fig.[[.211

M =

v 5=0
3‘l 7777777777777777777777 O . 9]
2.5
2
1.5 ©
1
0.5

05 1 15 2 ?7

Fig. 1.21 Phase v versus frequency ratio 1 at different damping ratio 6.

Fig. 1.22 Magnification factor M versus frequency ratio 7 at different damping ratio &
(case a).

The equation for the magnification factor M can still be reduced to the form
independent of the phase . We first note that, due to (L33),
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Fig. 1.23 Magnification factor M versus frequency ratio 7 at different damping ratio &
(case b).

cosl//) _267m
tany’  siny’

(1—n?)cos y + 28N siny = 287 (sin y +

From the same formula (L33) we can easily express sin y as

. 261
siny = \/(1—n2)2+452n2. (1.36)
Thus,
M= « (1.37)

V(1 =122 14802
The plots of magnification factor M versus the frequency ratio 1 for different values
of damping ratio 6 are shown in Figs.[[.22HT.24]in cases a, b, and c, respectively.

—‘I\)QJ#(}IG’%

Fig. 1.24 Magnification factor M versus frequency ratio 7 at different damping ratio &
(case c).

One may be interested in finding the maximum of magnification factor and the
frequency ratio at which this maximum is achieved. One speaks then of the resonant
vibration. In case a) the maximum of M is achieved at 1, = v/1 — 282 giving

1 1
VI—-nt  26V1-82

M, =
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for 8 < 1/+/2 and at n = 0 giving M,, = 1 otherwise. In case b) the maximum is
always achieved at n = 1 giving M, = 1. In case c) the maximum of M is achieved

at M, = 1/+/1 — 282 giving

2
1
My = —

Vni—1  286v1-82

for 8§ < 1/4/2 and at ) = o giving M,, = 1 otherwise. The curves corresponding
to the maxima of the magnification factors are drawn in Figs. and [L24] by the
dashed lines. It is remarkable that the maxima of M are in general not achieved when
the frequency of external excitation coincides with the frequency of free vibration
w: = V1 — 82 (which means 1 = v/1 — 62) except the case 6 = 0 for which
M,,, = oo (strict resonance@). Some characteristic values of phase and magnification
factors are presented in Table 1.1.

Table 1.1 Characteristic values of y and M

n | v |M (case a)|M (case b)|M (case c)
0 1 0 0
Lm/2| % 1 25
oo | T 0 0 1
1 1
| - | /i ! 2618

Power and work. Let us find out the power and work done by the external force on
the forced vibration. We define the power of the external force as

P = f(t)x.

For the forced oscillator with f(¢) = kxpcos @t (case a) the forced vibration is de-
scribed by
x=xoMcos(ot —y), x=—xo0Msin(wt—y).

Thus,
P = f(t)i = —kx}®M cos ot sin(of — W)
= %kx%a)M[sin v —sin2ot — y)| =P, — P,
where the constant part P, = %kx%a)M siny is called an active power, while the

oscillating with doubled frequency part P, = %kx(z)wM sin(2wr — ) an idle power.
Remembering the formulas (I.36) and (I.37) we obtain in case a)

2 Actually the solution in this case is xoM7sin 7, and its amplitude tends to infinity only in
the limit T — oo (see exercise [[L10).
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on?
(1 _ n2)2 +452n2
n
2¢/(1—n?%)2+482n2

P, = kxjawy = kxd oM,

P = kxday sin(2r — ) = kxgawpM; sin(20t — ).

Knowing the power, we can easily calculate the work done by the external force
according to

t
W= [ Pdr= %Fo)?w(t —1p)siny + %Fgf[cos(%ot — ) —cos(2mty — )],
fo
where Fy = kxg and £ = xoM. We see that the work done by the external force can
be decomposed into two parts: the active work W, which grows linearly with time,
and the idle work W; which is the periodic function. The work done in one period of
vibration is given by
W* = nFyfsiny.

We know that, for periodic motions, the kinetic and potential energies are periodic
functions, so they do not change in one period. In contrary, the energy dissipation in
one period of vibration is positive and equals

T 2
R = 2/ D(x)dt = cav?z/ sin?(or — y)d(ot) = nef’o.
0 0

><

Fig. 1.25 Energy diagram of forced vibration.

Diagram [[.23] shows the comparison between the work done W* and the energy
dissipation R* in one period of forced vibration as function of the amplitude £ at
some fixed frequency. While the work done in one period is a linear function of
X, the energy dissipation is quadratic with respect to £. The straight line cuts the
parabola in a point with coordinate £; = Fysin y/co. If £ < i, then the work done
by the external force is larger than the energy dissipation, so the amplitude of forced
vibration must increase. If £ > X;, then the work done by the external force is smaller
than the energy dissipation, so the amplitude decreases. Thus, £; corresponds to the
steady-state amplitude of forced vibration.
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Exercises

1.1 Derive the equation of motion of a roller (mass m, radius r) hung on an un-
stretchable rope and a spring (see Fig.[1.26) with the help of

Fig. 1.26 Roller hung on rope and spring.

a. the force method,
b. the energy method.
Determine the eigenfrequency of vibration.

1.2 Derive the equation of motion of a thin circular ring (mass m, radius r) hung
on a support O (see Fig.[[.27). Determine the eigenfrequency of small vibration.

Fig. 1.27 Ring hung on support.

1.3 Three turning points are measured from the vibration of a damped oscillator:
x; = 8.6mm, x, = —4.1mm, x3 = 4.3mm. Determine the middle point of vibra-
tion (position of equilibrium). Find the logarithmic decrement ¥ and the damping
ratio 6.

1.4 The time constants are measured from the vibration of a damped oscillator:
T; = 5s, T, = 2s. Determine ¥ and 0.

1.5 Determine the unit step responses for the overdamped and the critically damped
oscillator.
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1.6 Find the solution of the initial-value problem
X' +26x +x=0,
satisfying x(0) = x and x’(0) = x{, with the help of the Laplace transform.

1.7 Use Duhamel’s formula to compute the response of the damped oscillator with
0 = 1 to the so-called ramp function

0 for 7 <0,
gty =< ar for0<7<71,
oty fort> 1.

The oscillator was at rest for 7 < 0.
1.8 Derive the equations of motion in examples[[.8 and [[.9]by the energy method.

1.9 Derive the equation of vertical motion of a frame (mass M) excited by two
rotating unbalanced masses (mass m/2, frequency of rotation o, radius of rotation
r). The frame is connected with two springs of equal stiffness k/2 and a damper with
damping constant ¢ (see Fig. [[.28). Determine the magnification factor of forced
vibration.

Fig. 1.28 Vertical forced vibration of frame.

1.10 Show that the variational problem
2 1
8/ (zx? — =x? +cosTx)dT =0
o 2 2

has no extremal in the class of periodic functions with x(0) = x(27) and x'(0) =
X'(27). Find its extremal. What happens if the last term in the integrand is sin Tx.

1.11 Find the maxima of the magnification factors M in three cases a, b, and c
considered in Section[L.4l

1.12 Find the idle and active works done by the external force in cases b and c
considered in Section [[.4l



Chapter 2
Coupled Oscillators

This chapter deals with small vibrations of mechanical systems with many degrees
of freedom. The effective method of solution for conservative systems is the linear
transformation leading to uncoupled single oscillators. For dissipative systems the
effective method of solution is the Laplace transform based on the linear superposi-
tion principle.

2.1 Conservative Oscillators

Differential equations of motion. Just as for systems with one degree of freedom,
we can use either the force method or the energy method to derive the equations
of motion for systems with two or several degrees of freedom. In the force method
we must free each part of the system from the surrounding, then draw the free-body
diagram with all acting forces, and finally apply Newton’s law. In the energy method
based on Hamilton’s variational principle, we find the Lagrange function in terms
of generalized coordinates and velocities and write down Lagrange’s equations. We
will see that, although both methods are equivalent, the energy method turns out
to be more succinct for systems with many degrees of freedom and with various
constraints. Let us begin with conservative systems having two degrees of freedom.

EXAMPLE 2.1 Coupled mass-spring oscillators. Two point-masses 1 and ny move
horizontally under the action of two massless springs of stiffnesses k; and k; (see
Fig.[2.1)). Derive the equations of motion for these coupled oscillators.

Let x; and x, be the displacements from the equilibrium positions of the point-
masses m) and my, respectively. In the force method we first free the point-mass m,
from the springs, then draw the free-body diagram (see Fig.[2.1)), and finally apply
Newton’s law for m; in the x-direction

mix; = ZF = —kix; + ko (x2 — x1).
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Fig. 2.1 Coupled mass-spring oscillators.

Repeating the same procedure for m; (see Fig.[2.1) we obtain
moiXy = ZF = —ky(xp —x1).

Bringing the spring forces to the left-hand sides, we arrive at the system of equations
of motion

mixX) +kixp —ka(xo —x1) =

0,
2.1
mg)'éz-‘v-kz(Xz—xl) =0 21

To use the energy method we write down the kinetic energy

1 1

and the potential energy

1 1
U(x)= Eklx% + Ekz(xz —x)>.

With the Lagrange function L(x,X) = K(X) — U(x), we derive from Lagrange’s
equations (see the derivation of these equations from Hamilton’s variational prin-
ciple in Section 2.4)

the equations of motion 2.1)).

EXAMPLE 2.2 Coupled pendulums. Two pendulums are connected with each other
by a spring of stiffness k (see Fig. 2.2). Derive the equations of motion for this
system.

In the force method we must free the first pendulum and add the spring force to the
free-body diagram drawn for the mathematical pendulum in example[[.2] Because
of the smallness of ¢ and ¢,, the magnitude of the spring force is equal to k/(@, —
¢1)/2, so the moment equation about A reads

; I?
m 2§y = D M, = —mglg +kz(<P2 - o).
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Fig. 2.2 Coupled pendulums.

Applying the same procedure to the second pendulum we obtain

) 12
myl* gy =Y M, = —mogley —k7 (2= 1),

To use the energy method we write down the kinetic energy

) 1 , 1 )
K(p) = §m112¢12+ Emzlz(Pzzv

and, taking into account the smallness of ¢; and ¢,, the potential energy

1 1 1
U(@) = 3mgle} +5magles + k(g2 — ¢1)/2)"
The last term corresponds to the energy of the spring. With L(@, ¢) = K(@) —U ()
we derive from Lagrange’s equations

. 12

mi >y +miglo; — kz((Pz —¢1)
2

mal* @y + mogl ey +kz(<l>2 —¢1)=0,

0,
22

which are equivalent to the above equations.

EXAMPLE 2.3 Primitive model of a vehicle. A rigid bar, supported by two springs
of stiffnesses k and k», carries out a translational motion of its center of mass S in
the vertical direction and a rotation in the plane about S (see Fig.[2.3)). Derive the
equations of motion for this system.

We see again the typical “engineering” approach to the problem: instead of dealing
with a real vehicle with thousands details and degrees of freedom, we try to select
the most important of then]. In this simplified model the bar is constrained to have
only two degrees of freedom: the vertical motion of S and the rotation in the plane
about S. Let the vertical displacement of S from the equilibrium position be x and

! This selection depends of course on the aim of our simulations. See also a primitive model
of an airplane with three degrees of freedom in exercise 2.12]
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the angle of rotation be ¢@. In the force method we free the bar from the springs and
apply Newton’s law to it in the x-direction

mi = —ki(x+ 1) —ka(x—Lo).

Note that the weight of the bar does not contribute
to this equation because it is compensated with the
static spring forces. In addition, the moment equa-
tion about S for the bar reads

Js¢ = —kil (x+ l](p) —|—k212(x— lz(p),

with Jg the moment of inertia of the bar about S.
The static spring forces do not contribute to this
moment equation by the same reason.

To use the energy method we denote by q =
(x,0) and q = (%, ¢) and write down the kinetic
energy

Fig. 2.3 Primitive model of vehi-
cle. 1 1
K(q) = =mi® + =Js¢,
() 7 57s¢
and the potential energy

1 1
U(q) = Jk (s X +110)* + Ekz(x” +x—hLo)* +mgx,

where x5 corresponds to the change of length of the springs in the horizontal equi-
librium state compared to that in the stress-free state. Expanding the spring energies
and taking into account the equilibrium conditions we see that the linear terms in x
and ¢ are canceled out, so, up to a constant,

1 1
U(q) = Ekl(x+ ho)* + Ekz(x —ho)*.
Thus, we derive again from Lagrange’s equation the equations of motion.
Solution. We illustrate the method of solution on example[2.2} To simplify the anal-

ysis we consider the special case m; = my = m. Dividing equations (Z.2) by mi> we
get

b1+ o1 — a(— 1) =0,
$1+ 0y o1 — o( Q2 — 1) ’ 2.3)

G+ 052+ o2 — @) =

_ /8 _k
wo_\/;’ a_4m’

)

where
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with @y being the eigenfrequency of the uncoupled pendulum and o the coupling
factor. We seek a particular solution of (2.3) in the form

PN t A t
o1 =¢re", Q= (e”,

where @; and @, are unknown constants. Substituting this Ansatz into 23) we
obtain

[s*@1 + g @1 — ot(@r — Pr)]e” =0,
[s* @2+ @f G2+ (P2 — §1)]e” =0.

Since e* is not equal to zero, the expressions in the square brackets must vanish. We
may present these equations in the matrix form as follows

2 2 A
sc+ oy +o - 0
( “o StaR+ oc) (?1) - (0> ' 24
0 2
From linear algebra we know that non-trivial solutions of (2.4) exist if its determi-

nant vanishes

sS+of+o —o
-0 S+ojta

‘— (s*+of+a)—a?=0. (2.5)

Equation (Z.3), quadratic with respect to s2, yields

si=—af, §3=—(05+20).
Thus, the roots of (2.3) are imaginary numbers given by

s1 =Fiw;, s =xtim, (2.6)

with @) = oy and @, = 4/ a)g + 2 being called the eigenfrequencies. Note that the

amplitudes @ and ¢, cannot be arbitrary. For example, if s = 51, then (2.4) implies
that

(nbl:@v

- o1 1 1)
= ~ :C y = — .
¢ ((pz) 1q1,  qi NG (1

Thus, the vector @ is proportional to the eigenvector q; which is normalized to have
the length 1. Likewise, for s = s we have from 2.4) ¢; = —¢,, or

5 C 1 (—1)
¢ =C2qy, (I2—\/§ NE

or, in the vector form,
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Note that q» is orthogonal to q;. Because qe = q;e™® satisfy (Z.3) which are the
differential equations with real coefficients, their real and imaginary parts

gjcoswt and q;sinwt

must satisfy also these equations. The general solution can now be constructed using
the linear superposition principle

0= <$;> =qi(Ajcosmit+ Bysinm; 1) + qa(Az cos wat + By sin wyt).

The four unknown coefficients A;, By and A,, B, must be found from the initial
conditions

00) =9, @0)=9,

giving
Aqr +Axq2 = @,
Biroiqi +Branqr = @.

Then, using the orthogonality of q; and q, we obtain from here
1 .
Aj=9@y-q;, Bj=—¢,-q;, j=12,
w;

with the dot denoting the scalar product of two vectors. Alternatively, we can present
the solution in the form

@ = qia;cos(wit — @1) + quay cos(wat — ). 2.7
Recalling the addition theorem for cos(wr — ¢) we find
aj = /A% + B> tand)-—ﬁ i=1,2
J J ja J AJ7 J Bt A

For o < 1 (weak coupling) solution (2.7) exhibits an interesting phenomenon called
beating or amplitude modulation (see exercise 2.4).

Normal modes and coordinates. As we see from (2.7) the solution is the superpo-
sition of two harmonic cosine functions with different frequencies. If the frequency
ratio is not a rational number, the motion is no longer periodic in generaﬂ However,
for the initial conditions of the special form

¢1(0) = @2(0), @1(0) = ¢(0),

01(0) = —¢(0), ¢1(0) = —p(0),

2 It is in general quasiperiodic (see exercise 2.3).
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the motion is purely harmonic with the frequency w; or w,. We call such the special
periodic motion normal mode. Fig. 2.4] shows the normal modes corresponding to
o = o1 and ® = m,, respectively. For mode 1 (symmetric mode) the pendulums
oscillate in phase, consequently the spring does not change its length and has no
influence on the frequency (w = ®; = wyp). For mode 2 (antisymmetric mode) the
pendulums oscillate in counter-phases, and the spring stiffness makes the frequency
; higher than ©;.

Fig. 2.4 Modes of vibration: 1) ® = @, 2) ® = w,.

The question now arises: can we find the coordinates in which the normal modes
become independent? The first observation is that this holds true if the kinetic and
potential energies of the system, in terms of the new coordinates &; and &, take the
form

; 1 . . 1
K(E)=3(E+8), UE) =@ +03E).
Indeed, in this case Lagrange’s equations of the system become uncoupled

d aL aL e 2

—— = =¢;+w0;§;=0, j=1,2,

yielding two independent vibrations modes with the frequencies @; and @,. Thus,
the answer must be found by the well-known procedure in linear algebra of simul-
taneously diagonalizing two positive definite quadratic forms [23]. In our simple
example we may divide both the kinetic and potential energies by mi” to get

. L. .
K(@) = 3(97 +¢3),
and 1 1 1
U(e) = 5(»3%2 + Ewg(pzz + Ea((Pz — o).
These formulas suggest the following obvious choice of normal coordinates

1

&1 = \%(901 +@), &=-—7=(@—01).

S

2
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In terms of the new coordinates we have

KE) =3+ 8), UE) =038 + (0§ +2008],

S0, this is the Lagrange function of two independent oscillators with the frequencies
o and @,. We will see later that the reduction of a general conservative oscillator
with n degrees of freedom to n uncoupled single oscillators is possible and real-
ized by a linear transformation which simultaneously diagonalize the kinetic and
potential energies as quadratic forms.

2.2 Dissipative Oscillators

Differential equations of motion. We have seen from the previous Sections that,
although both the force and the energy methods are equivalent, the latter turns out
to be more advantageous for systems with many degrees of freedom. Since we are
now familiar with the energy method and convinced in its equivalence with the force
method, we shall use exclusively the former to derive the equations of motion.

EXAMPLE 2.4 Mass-spring-damper oscillators. Two masses m; and m, move hor-
izontally under the action of two massless springs of stiffnesses k| and k, and two
dampers of damping constants ¢y, ¢, (see Fig.[2.3). Derive the equations of motion
for these coupled oscillators.

k. k,
& & 3 Eg
Xl X2

Fig. 2.5 Mass-spring-damper oscillators with two degrees of freedom.

Let x; and x; be the displacements from the equilibrium state of the masses m; and
my, respectively. Similar to example 2.1] the Lagrange function reads

1 1 1 1
L(x,%) = Emlx% + Emz)% - Eklx% - Ekz(xz —x1)%

With the dissipation function

1 1
D(x) = §C1X%+ ECz(Xz —x1)%,

we derive from modified Lagrange’s equations

d dL JL dD

———+—=0 j=1,2
dt an axj‘—'_&x]' » ’
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the equations of motion

mixy +c1X) — ca(Xp — X1) +kixg —ko(x2 —x1) =

9

0
N L (2.8)
moxp + C2(x2 —xl) =+ kz(xZ — xl) =0.
EXAMPLE 2.5 Coupled pendulums with spring and damper. Two pendulums are
connected with each other by a spring of stiffness k and a damper of damping con-

stant ¢ (see Fig.2.6). Derive the equations of small vibration for this system.

Fig. 2.6 Coupled damped pendulums.

Similar to example[2.2] the Lagrange function is given by

. 1 . 1 . 1 1 1
L(p,¢)= 5’"129012 + Emlz(Pzz - Emglq)f - Emgl%z - Ek(l(cpz —91)/2)% (2.9)

The dissipation function reads

1

D(9) = 5¢*(¢2— @) (2.10)

From modified Lagrange’s equations

d JL JL n oD 0 —
.3 .. T a3 5. =Y J=14
dtdp;  de; I,

we derive the equations of motion

) o 12
m* @y — cl*(¢2 — ¢1) +mgley — kg (@2= @) =0,
2.11)

) o 12
ml§ + cl* (2 — 1) +mglgy+ k(@2 — 1) = 0.

EXAMPLE 2.6 Damped vehicle. A rigid bar, connected with two springs of stiff-
nesses k; and k, and a damper with the damping force acting in the center of mass
S, performs a translational motion of S in the vertical direction and a rotation in the
plane about S (see Fig.2.7)). Derive the equations of motion for this damped vehicle.
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Sl
k.

Fig. 2.7 Damped vehicle.

Let q = (x,¢) and q = (%, ¢). We write down the Lagrange function as in example

1,1, 1
L(q,q) = mez + Efsfpz - Ekl()H-ll‘P)z - Ekz(x— Lo)*.

Furthermore, the dissipation function reads
D) — Le?
= —cx”.
V=3

Now, from modified Lagrange’s equations

d JL JL dD

Sl E 00, =12,
dtdgq; dq; dq;

we derive the equations of motion

mi+ci+ki(x+ 1L @) +k(x—hLe) =0, 2.12)
Js@+kily(x+10) —kalp(x — L) =0. .

Classification of damping. Let q be the vector whose components are the general-
ized coordinates. In our examples2.4] and[2.8it is

() (@) ()

respectively. The equations of motion derived above can be written in the matrix
form as follows
Mg+ Cq+Kq=0, (2.13)

where the matrices M, C, and K are called mass, damping, and stiffness matrices,
respectively. For instance, in example[2.6l we have

. m 0 . cO . ki+ky kily —kl
M= <o JS)’ €= <o o)’ K= (klll—kglg kll%+kzz§>'



2.2 Dissipative Oscillators 45

In general, all three matrices M, C, and K are symmetric. The symmetry of C
follows from the formula for the damping forces

0i— aD
J a qj ’

and from the fact that D is quadratic with respect to q. In thermodynamics of irre-

versible processes this symmetry property is the consequence of Onsager’s princi-

ple. The mass matrix M is always positive definite in the sense that there exists a

positive constant m such that the inequality

q-Mq >mq-q

holds true for arbitrary q. If the system does not permit rigid-body motions, then the
stiffness matrix K is also positive definite. Concerning the damping matrix C we
may merely assume in general its non-negative definiteness in the sense that

q-Cq=>0

for arbitrary q. Note, however, that in reality, if the resistance to motion through the
viscous damping of the air or through the internal damping affecting all degrees of
freedom is taken into account, then C must also be positive definite.

We call the damping exhaustive if the damping matrix C is positive definite. In
this case all motions decay exponentially. If there exists some q such that q- Cq =0,
but neverthless all motions of the system decay exponentially, the damping is called
permeating. If there exists some vibration mode which does not decay with time,
the damping is called non-permeating. The damping is called proportional if

C = oM+ BK. (2.14)

According to this classification the damping in example[2.4]is exhaustive, and if
c1 = Bk, c; = Bka, then it is proportional. In example[2.3] the damping is obviously
proportional, but non-exhaustive and non-permeating: the dissipation vanishes for
@1 = @, and this mode of vibration does not decay with time. In example [2.6] the
damping is non-exhaustive but permeating as long as the coupling factor k;l; — k1>
is not equal to zero. Indeed, if x(¢) decays exponentially with time, then it follows
from (2.12), that @(¢) should also decay exponentially if k;/; — kyI5 is not equal to
zZero.

Solution. We analyze two cases.

Proportional damping. In this case we may choose the normal coordinates which
diagonalize all three matrices M, C, and K simultaneously and by this reduce the
system to two independent damped oscillators. We illustrate this on example
Dividing the Lagrange function and the dissipation function by mi?> and choosing
the normal coordinates
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£ = %(%sz), &= %«m—m

we obtain . |
L(§,&) = 5 (& +&) — 5 (0f&f + 033), (2.15)

and

D) ==& (2.16)

In terms of the new coordinates modified Lagrange’s equations become
51 + (Dlzél =0,
. 2c.
&t Zﬁﬁ_ 038 =0.

Thus, we see that the motions & (¢) and &,(¢) are independent, and the motion &; (1)
is harmonic confirming that the damping in this example is non-permeating. The
obtained uncoupled equations can be solved by the method of Section 1.2l

Non-proportional damping. We illustrate the method of solution on example
Dividing the equations of motion (Z.12) by m and J;, respectively, and introducing
the notations

kitka 5 kB+kiZ 5, ¢
m X -]S (0] m X7
klll _k212 2 klll —kzlz 2 2 2 4
—_— =0y, — =05, 0oL =0,
m ! Js 172

with @, and @, being the frequencies of uncoupled vibrations and ¢ the coupling
factor, we transform (2.12)) to

i+ i+ oXx+ole =0, 017
¢+ 0y + agx =0. '
We seek a particular solution of (Z.17) in the form

x=2%e", @=de".

Substituting this Ansatz into (2.17) and eliminating the factor e* we obtain the linear

equations
2 2 2 o
sSTHxs+op o £\ _ (0
() (6)-6) 19

Non-trivial solutions of this equation exist if the determinant vanishes

sSS+xs+ol of

2 2 2
g Sto)

=0.
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This yields the characteristic equation
st 87+ (0F + 0p) s + g wys + o 0y — at =0, (2.19)

which is the algebraic equation of fourth order with respect to s.

Since is the equation with real coefficients, the complex roots occur in
pairs of complex conjugates. We want first to show that all roots have negative real
parts. According to the Routh-Hurwitz criterion [14] this is the case if

ay a
To=ay>0, Ty=a >0, T,= ! 0>07
asz ap
aiayp 0 0
alaOO alaoa a
I3=\|azaa| >0, T,= 342 0:a4T3>0,
0 asa 0614613612
4 000 ay

where
2 2 2 2.2 4
ap=1, ar=%, a=0/+0, a=)x0, a=00,—0
are the coefficients of the characteristic equations. Elementary calculations give

To=1>0, Ti=x>0, Th=yw>>0,
Ty = (0] + 0y + 0j o, + ') >0, Ty = (0w, —o*)T; >0,
so, the Routh-Hurwitz criterion is fulfilled.
Although the characteristic equation can be solved in closed analytical form, the
analysis of exact solution is rather tedious. We therefore consider the case of small

damping ¥ < @, ¥ < 0, and seek s in the form s = (—k £ i), where k¥ < 1.
Then to the first approximation

s~ —(1+2xi)0% S ~BxFi)o’, s*~(1+4xi)o*.
Substituting this into and neglecting the powers of y and k higher than one,
we obtain in the first approximation
o* - (0] + 05)0* + o} o, — o
+ifdko* - yo’ - 2k(0] + 05) 0 + yowy] =0.
This complex expression is zero if its real and imaginary parts vanish. So, we obtain

two equations determining the eigenfrequencies @ > and the decay rates ki >y 2.
Note that the equation for the eigenfrequencies

ot — (0} + 05)0” + 0w, — o =0
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is identical with that of the undamped vehicle in example[2.3] Thus, for small damp-
ing the eigenfrequencies remain the same as those of the undamped coupled oscil-
lators which are given by

Wi, = %((uf +05)F \/i(a)} — 02)%+ o,
Fig.[2Z.8 shows the plots of dimensionless frequencies (; »/®,)? versus the ratio of
frequencies (wy/®x)? at different coupling ratios (ot/@x)?. It can be seen that for
the zero coupling o = 0 the eigenfrequencies coincide with those of uncoupled os-
cillators @, and @. The larger the coupling factor, the farther the eigenfrequencies
lie apart. The frequency @, is always larger than the largest from @, and @, while
m; is smaller than the smallest from them.

(w/w,)"
}(w:/wxf
25
2
15
1 .
-. }<w1/wx>“
0.5 -
w,) =1
0.5 1 15 2 (w,/w,)"

Fig. 2.8 Eigenfrequencies (@ »/;)? vs. ratio of uncoupled frequencies (wy /@) at differ-
ent coupling ratios (o//@y)?.

The decay rates K ) » should be determined from the equation

dxo* — y o’ = 2k(0f + 05) 0 + yow, =0

giving
x(0f — o) 2 (@3 — )

. Ko = .
40! —2(0? + ©3) 202 407 - 2(0? + ©3)

Kj ) =

Thus, the decay rates are positive and are of the same order as ¥.
By substituting s found above into (2.18) we may establish the relations between
the amplitudes of vibrations. For s = (—k; &) ; we have

N N2 — 2
q= <x> —c((lim"l)zwt %)’ i=1,2.
¢ 1%%)
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Denoting by q; and q, the complex-valued vectors

1 +2iK)) 07 — @2 1 +2iK) 03 — w2
q = (( 1)2 ! ¢)7 Q@ = <( 2)2 ? ],
2% %)
we may present the general solution of (Z.17) in the form

q= e—K‘la)lt(AlqleiCO]t +quTe_iwlt) +e—K20}2t(A2qzeia)2t +qu§e—ia)2t)’

where asterisks denote complex conjugates. The four unknown real constants Ay,
B, A;, and B, must be determined from the initial conditions.

2.3 Forced Oscillators and Vibration Control

Differential equations of motion. We illustrate the derivation of the equations of
forced vibrations for systems with two degrees of freedom.

EXAMPLE 2.7 Mass-spring forced oscillators. The mass-spring oscillators with
two degrees of freedom are excited by the motion of the end-point x,(¢). Derive
the equations of motion for these forced oscillators.

Hmmxwm—%ﬂrmmmn%nz
>k b Kk
X X, X

Fig. 2.9 Mass-spring forced oscillators.

Since the change in length of the first spring is x| — x,, we write for the Lagrange
function

1 1 1 1

L(x,x) = Emlx% + Emzx% — Ekl (x1 —x0)* — Ekz(xz —x)>.

This Lagrange function differs from that of example 2.1] only by the third term

corresponding to the energy of the first spring. From Lagrange’s equations we derive
m¥ + ki (x1 —xe) —ka(x2 —x1) =0,

mpio + kz()Q —xl) =0.
Bringing the term —kx, to the right-hand side we obtain

miX1 + kyx; %(XZ x1) 1% (1) (2.20)
moXs +ky(xo —x1) =0.

EXAMPLE 2.8 Mass-spring-damper forced oscillators. The mass-spring-damper
oscillators with two degrees of freedom are excited by the force f(¢) acting on the
mass m (see Fig.2.8)). Derive the equations of motion for these forced oscillators.
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Fig. 2.10 Mass-spring-damper forced oscillators.

We denote by x; and x; the displacement of m;| and m, in the vertical direction from
the equilibrium position, respectively. Then the Lagrange function equals

1 1 1 1
L(x,%) = Emlx% + Emﬂ% - Eklx% - Ekz(xz —x1)%,
while the dissipation function is
RS DY
D(x) = Ec(xz —X1)°.

From modified Lagrange’s equations for the forced vibrations

dJL oL D a
Ea—xj—a—xj*"a—xj*fj(t)v Jj=12,

with f;(1) the external forces acting on the masses m;, we derive

miX) — c(dy — X1) +kixy —ka(x2 —x1) = f(t), (221)

mpiy +c(dy —%1) + koo —x1) =0
EXAMPLE 2.9 Coupled forced pendulums. The coupled pendulums as in example

are excited by a force p() acting on the second mass (see Fig.2.11)). Derive the
equations of motion for these coupled forced pendulums.

Fig. 2.11 Coupled forced pendulums.

Similar to example[2.3lthe Lagrange function is given by (2.9), while the dissipation
function by 2.10). The virtual work done by the external force p(t) is

t
SA= [ p(t)iSprdr.

fo
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From modified Lagrange’s equations

d L JdL dD
Sl oS = [, =12,
drdg; de;  d¢;

we derive the equations of motion

) o 12
ml?y — cl* (2 — 1) + mgley —k7 (2= 01) =0,
2
iy + (@2 — ¢1) + mglgy + k= (92— 1) = p(1)!.

(2.22)

Harmonic excitations. Equations of motion derived above are the inhomogeneous
linear differential equations of second order. The solution of these linear equations is
the sum of any particular solution of the inhomogeneous equations and the general
solution of the homogeneous equations which has been found in previous Section.
Thus, it is enough to find any particular solution of the inhomogeneous equations.
For the harmonic excitations this can be done directly. We consider two cases.

Conservative oscillators. We illustrate the method of solution on example[2.7] where
the excitation is assumed in the form: x, (1) = £, cos(t). Dividing the first and the
second equation of (Z.2Q) by m; and m;, respectively, we rewrite them in the form

X1 + Vx| — uvixy = viyk, cos(or),

. 2 2
Xo+Vixg — Vox) = 0,

where
2_k1+k2 2_k2 _m 2_k1
Vi= 9 V) = ) u= ’ le

n nyp mq

=
Since the first derivatives x; and X, do not enter the equations of motion, we seek a
particular solution of these inhomogeneous differential equations in the form

X| =X cosmt, Xxy=XpCoOS®t.

Substituting this Ansatz into the above equations and eliminating the common factor
cos @t on both sides we obtain
2 2\ 5 24 2
(Vi — 0%)%] — Uvyis = vigke,
—V3% + (Vi — o)k = 0.

Thus, the amplitudes of forced vibration are given by

=

| =— VIZO(VZZZ_ %)% o
(Vi —0?)(v; — 0%) — uv;
Vi Vit
Vo)V -a?) v}

=>

=
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Fig. 2.12 Resonance curves of mass-spring forced oscillators.

The behavior of the amplitudes, as functions of the frequency @, is characterized
by the zeros of the denominator and the numerator. The denominator vanishes for

RN A )
which correspond to the eigenfrequencies of free vibration of this system. We see
that the eigenfrequencies @; and @, always lie outside the frequency range (vi, vz).
The plot of resonance functions £;/£, versus ®? is shown in Fig. These reso-
nant functions tend to infinity as @ approaches one of the frequencies ; and @,
corresponding to the resonances, and to zero as @ — . While £, /£, # 0 for all
frequencies, the amplitude £; vanishes at @ = v,. This phenomenon is called anti-
resonance (or vibration elimination) and the mass m; together with the spring k,
a vibration eliminator. The elimination of forced vibration can be explained physi-
cally as follows. At the frequency @ = v, the eliminator and the excitation vibrate in
counter-phases such that the spring force acting on m; from the eliminator is equal
and opposite to the exciting force k£, cos @t. Indeed, the second equation of (2.26)
at o = v, yields

Vlzo)ee k] ~
- =X

uvs ko
Thus, the resultant force acting on m; is zero and therefore that mass does not vi-
brate. To eliminate the unwanted forced vibration of m; caused by some excitation
source with the fixed frequency @ we must therefore choose the mass and the spring
of the eliminator in such a relation that \/k,/my = @. However, if the excitation
source has a wider range of frequencies, this choice is no longer effective because,
as it is seen from Fig. the resonance function £; /%, increases rapidly as @
deviates from v;.

~

Damped oscillators. We see from the previous example that the elimination of
forced vibration for the conservative oscillators is effective only if the excitation
source has a constant frequency. In the case of non-zero damping the situation
changes. We illustrate the method of solution on example 2.8 where the external
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force is assumed in the form f(r) = fcos(wr). We rewrite equations Z.21) in the
matrix form
Mx + Cx + Kx = fcos(wr), (2.23)

where

_(m 0 [ ¢ —c _ ki +ky —ko . f
= () e=(C0) w= () =)

Now, the Ansatz x = Xcos(?) with real X does not work because the first deriva-
tive in (2.23) brings terms with the factor sin(w?). However, we may do the follow-
ing “trick” to get the solution quickly. We regard the right-hand side of (Z.23) as
fcos(wr) = Re(fe'®) and consider instead the following auxiliary equation

Mi + Cz+ Kz = . (2.24)

Now z may be complex-valued. Then we substitute the Ansatz z = 2¢'® into this

equation and eliminating the common factor ¢/ to obtain

(—0*M+iwC+K)z=1.

Provided the matrix on the left-hand side has an inverse, this equation yields

2= (—0*M+ioC+K)'t=G(o)f.
Matrix G() is called a transmittance matrix of the system. Since 2¢'®" is the solu-
tion of (2.24) which is the equation with real matrices, its real part must satisfy the
equation (2.23). So, the trick works!
Thus, the particular solution of 2.23)) is

x(t) = Re(ze'™),

or, in components, '
xj(t) =Re(2;e™), j=1,22.

Since each complex number z can be presented as z = |z|e~*?, we obtain from here
Xj= |2]'|COS(CO[_ (Pl')a .]: 172
With the matrices given above we may calculate the amplitude of x;

f(—mz(l)z +ico+ky)
(—m @? +ico+ ki + ko) (—ma@? +ico+ k) — (ico +kp)? |

|x1|—|21|—\

Dividing both the numerator and the denominator by k% and introducing

C
- b)
my @y

f kl k2 - my
7 Wy = P — T
ki my ki mp

n=—, &

o
o
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we present the previous equation in the dimensionless form as follows

X1

_ —un?+idn +x
T (=n24idn+1+K)(—un2+idn +x) — (idn + k)2 |’

X10

where the right-hand side is called a resonance function.

| x,/ x|

Fig. 2.13 Resonance curves of mass-spring-damper forced oscillators.

Fig. shows the resonance curves |x; /x| against the frequency ratio n =
®/ay for 4 = k¥ = 0.05 and for three damping ratios 8 = 0 (dashed line), 6 = 0.01
(bold line), 6 = 0.032 (dotted line). In contrast to the conservative oscillators (6 =
0), neither resonance nor vibration elimination is observed for the damped forced
oscillators with the finite damping. We call therefore the mass m; together with the
spring k, and the damper c a vibration absorber. It turns out that all resonance curves
corresponding to different damping ratios intersect at the two fixed points A and B
(see exercise[2.8). An optimal choice of the parameters of absorber is achieved when
points A and B are at equal level. This takes place when

_r
(I+u)?>

Arbitrary excitations. We illustrate the method of solution on example for
which the proportional damping holds true. The more general non-proportional
damping case will be consider in Section The coupled forced oscillators with
the proportional damping can always be reduced to the uncoupled single forced
oscillators. Indeed, in this example we choose the normal coordinates as

1

£ = %(%sz), b= (o),

S

2
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and present the normalized virtual work in the form

—5A ”&l)sqhdt: pngl)f(6§1+6éz)

ml 2 n m to

Together with the Lagrange function (2.13) and the dissipation function 2.16) we
derive modified Lagrange’s equations

&+ oty = V2,
524-%524%)2252: \/5%7

which can be solved by the Laplace transform as shown in Section[1.3l

2.4 Variational Principles

We present in this Section the variational principles for general systems having n
degrees of freedom. For small vibrations about equilibrium states the energy and
dissipation become quadratic with respect to the generalized coordinates and veloc-
ities, so that generalized Lagrange’s equations become linear.

Conservative systems. Suppose that each configuration of a mechanical system
is uniquely determined by a point q = (g1,...,g,) in an n-dimensional space. If
q1,--.,qn can vary independently and arbitrarily, they are called generalized coor-
dinates, and n a number of degrees of freedom. Motion of the system is described
by a function q(r). We denote by q = (¢1,...,4n) the corresponding generalized
velocities. Hamilton’s variational principle states that among all admissible motions
of the conservative system satisfying the initial and end conditions

q(to) =9qo, q(t1) =qu,
the true motion is the extremal of the action functional

Immziimmn

Let us derive the equations of motion from Hamilton’s variational principle. To this
end we calculate the variation of the action functional (see also [[13]])

&L
51_/ ( 6 : 6‘-) dt

Integrating the second term by parts and taking into account that 8¢ (f9) = 6¢(t;) =
0 due to the initial and end conditions we get
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& (dL d JdL
512/ oqjd 2.25
10 jz“l (96]1 dt aq > 9= (2:25)

Since the variations d¢; can be chosen independently and arbitrarily inside the in-
terval (19,11 ), 2.23) implies Lagrange’s equations

2= 220, j=1,....n (2.26)

For any conservative mechanical system the Lagrange function equals

where K(q,q) is the kinetic energy and U(q) the potential energy. The kinetic en-
ergy K(q,q) is a positive definite quadratic form with respect to q

2 m]k QJq‘k-
]k 1

Thus,
L 0K
j:zl dq; "

Any function possessing this property is called homogeneous function of order two
with respect to . We want to show now that the conservation of energy follows
from Lagrange’s equations (2.26). Indeed, multiplying (2.26) by ¢; and summing
up over j from 1 to n we obtain

Using the product and chain rules of differentiation we get

n oL oL oL
g ( 1> Z( q]+aqu) dzzaq, L)=0. (227

o'?qj dq;j

Taking into account the property of K, we see that the expression in parentheses is
equal to 2K — L = K+ U. Thus, the total energy E = K+ U = Ej is conserved. Al-
ternatively, the conservation of energy can also be obtained directly from (2.23) by
replacing the variations 6¢; with the real velocities ¢;. Indeed, the same procedure
transforms (2.23) to

tld

d(K+U)dt 0 = K+U=E,.
fo

Assume that U(q) has a local minimum at some point qq corresponding to a
stable equilibrium state. By choosing an appropriate origin we may set o = 0 and
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consider small vibrations of our mechanical system about this stable equilibrium
state. For small q we may expand U(q) and K(q,q) in Taylor’s series with respect
to q near q = 0 to get

l\)l'—‘
M=

U(q) = qiqk+---,

Jk=1 klo

K(q,q)zK(O,qH—: ]k(O)QJQk+

1
2

WM=

Due to the smallness of g; and ¢;, we keep only the quadratic terms in these se-
ries. Thus, neglecting the unessential constant U (0) in the potential energy, we may
present both kinetic and potential energies as follows

1 1
K(q) Z migige, U(Q) Z kjxq g (2.28)
Jk 1 ]k 1

Thus, for small vibrations near the stable equilibrium state the kinetic energy K(q)
and the potential energy U(q) are the quadratic form with respect to ¢ and q, re-
spectively. We call the matrix M with the elements 7, mass matrix, while K, with
the elements k j, stiffness matrix. Both matrices are symmetric and positive definite.
The positive definiteness of K is due to the fact that U(q) has a local minimum at
q = 0. Lagrange’s equations of small vibrations near the equilibrium state become

linear equations
n

S (mpde+kjggr) =0, j=1,....n.
k=1

We may present these equations also in the matrix form as follows

Mg +Kq=0.

Dissipative systems. In this case the following variational principle holds true:
among all admissible motions of a dissipative system constrained by the initial and
end conditions

q(t) =qo, a(t) =qu,
the true motion satisfies the variational equation

11 | D
8[| L(q.q)dt— [ = -8qdt=0. (2.29)
fo 0w 99

Here D(q,q) is the dissipation function introduced first by Rayleigh [29]. Calcu-
lating the variation of the first term of (2.29) in exactly the same manner as in the
previous case leads to
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1g (dL d JL
0qjdt — 6 dt =0.
/to ;(341 di 9 > @ o j= 18611 q,

Due to the arbitrariness of 8¢ inside the time interval (fo, ;) the following equations

are obtained
d L JL 8D

dt dq; q; f (9q f
For dissipative systems vibrating near the equilibrium states the dissipation func-
tion can be assume as a non-negative definite quadratic form with respect to q

=0, j=1,....n (2.30)

chk )qjqr >0 forall q,
jk 1

where cj; is a symmetric matrix (Onsager’s principle). In this case D(q,q) is also
the homogeneous function of order two with respect to q. We now derive the balance
equation of energy from modified Lagrange’s equations (2.30). Multiplying (2.30)
by ¢; and summing up over j from 1 to n we obtain

! d JK . 8L " 90D
Z(Ea—qﬂf )= ErRd

The expression on the right-hand side is nothing else but the power of the damping
forces. Making the same observations as in the previous case and using the property
of D we get
d
dt

Thus, the rate of change of energy is equal to —2D(q,q). Since —2D(q,q) is the
energy loss per unit time, we call 2D(q,q) energy dissipation rate. We see that the
energy dissipation rate is non-negativet]. Integrating this equation from #; to ¢, we
find the energy change at time ¢

—(K+U)=-2D(q,q).

K+U—Ey=—2 [ D(a(s).q(s))ds = —Eq(0), 231)

fo

where Ej is the total energy at + = #p and E;(¢) the amount of energy dissipated
by the dampers at time 7. Note that this balance equation can also be directly ob-
tained from the variational equation ([2.29) by replacing the variations 8g; by the
real velocities ¢;.

For small vibrations near the stable equilibrium state ¢ = 0 we may, to the first
approximation, assume the kinetic and potential energies in the form (2.28)). The dis-
sipation function can also be expanded in Taylor’s series near this state. Neglecting
all small terms of higher orders we write

3 It is interesting to mention that, if the system does not vibrate about the equilibrium states,
this property is no longer valid (see Section[3.3).
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1 n
D(q,q) =D(0,q) = 3 Y cik(0)qdx,
Jk=1

where the matrix C with the elements ¢ j(0) is called the damping matrix. Modified
Lagrange’s equations of small vibrations near the equilibrium state take the form

n
N (mjdi+ cjege + kjxgr) =0, j=1,...,n.
k=1

We may present these equations also in the matrix form as follows

M{+Cq+Kq=0.

Systems with external forces. If there are external generalized forces f;(f) acting
on g;, we must add to the left-hand side of variational equation the virtual
work done by the external forces. The variational principle becomes: among all
admissible motions constrained by the initial and end conditions

q(to) =qo, q(t1) =qi,
the true motion satisfies the variational equation

d " 9D
6| L(q.,q)dt —/ ——-6qdt+06A =0, (2.32)
0 3(]

fo

where 0A is the virtual work done by the generalized forces f;(r)
N 1)
A = / S (1) 8q;dt = / £(r)- qd.
0 j=1 fo

We can also take the Lagrange function in the form

L(qvqat) = K(qvq) - U(q) +f([) q,
and reformulate the variational equation as follows

9D

1
6| L(q,q,t dt—/ —.0qdt =0.
A (q,4,1) L 9q° %9

Since time enters the Lagrange function explicitly, such systems are called non-

autonomous.
From (2.32) one can derive modified Lagrange’s equation

d JL JL dD

Ea_q‘j_a_(]j+(9_(jj:fj(t)’ j=1,...,n.
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Replacing in the variational equation (2.32)) the variations 8¢; by the real velocities
¢; and repeating the transformations as in the previous paragraph, we obtain the
balance of energy in the form

K+U—Ey=—2 tD(q(s))ds—k tf(s).q(s)ds:—Ed(t)+W(t), (2.33)

fo fo

where Ej is the total energy at r = fy. The last term W (¢) is the work done by the
external forces which is stored in the energy of the system except that part E;(t)
dissipated by the dampers.

For small vibrations near the stable equilibrium state Lagrange’s equations can
be presented in the matrix form as follows

Mg+ Cq+Kq =1(1),

with f(¢) the vector of external forces.

2.5 Oscillators with n Degrees of Freedom

We present in this Section the method of solution and some general properties for
systems with n degrees of freedom, where 7 is an arbitrary natural number.

Conservative oscillators. The motion is described by the equation
Mg +Kq =0, (2.34)

where M and K are symmetric and positive definite matrices. We have to find the
solution of this equation satisfying the initial conditions

q(0) =qo, 4(0)=vo. (2.35)
Solution. Let us first seek a particular solution of (2.34)) in the form
q=4qe",

where { is a constant vector. Substituting this Ansatz into (2.34) and eliminating the
non-vanishing factor ¢ we reduce the latter to the eigenvalue problem

(Ms?> +K)g = 0. (2.36)
The related characteristic equation

det(Ms*> +K) =0
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is the algebraic equation of order n with respect to s> yielding n eigenvalues. It is
easy to see that all eigenvalues are real and negative. Indeed, if s? is an eigenvalue
and q; a corresponding eigenvector, then, multiplying (2.36) with the vector q; we
have
2
q;-Mgq;s;+q;-Kq; =0.
Thus,
2= (2.37)
J . Mq
q; q;
since both the numerator and denominator are positive. Therefore the roots of the
characteristic equation are imaginary numbers given by

Sj::tia)j, j=1,...,n,

where ®; are called eigenfrequencies of vibrations. We will order them in such a
way that
O<w <mm<...<wm,.

Let q; be the eigenvector (the solution of (2.36)) corresponding to the j-th eigen-
value. It is defined uniquely up to a constant factor. We can fix this constant by some
normalization condition. As such we choose

qj~qu =1.

Note that two eigenvectors q; and q; corresponding to two different eigenvalues s?

and s,% are orthogonal in the sense that
q;-Mq, =0.
To show this we multiply equation (2.34) for s = s; by g, to get
qx - qus§ = —q;-Kgq;. (2.38)
Similar procedure applied to the equation for s = s; gives
q;-Mgis; = —q;-Kq.

Subtracting these equations from each other and taking into account that M and K
are symmetric, we obtain

(57— s1)q; - Mgi = 0,

which implies the orthogonality. The orthogonality and normalization conditions
can be presented in one equation

1 if j=k,
Ma, = 54 = 2.39
47V k { 0 otherwise. ( )
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If there is a multiple eigenvalue, then the corresponding eigenvectors span a sub-
space of dimension equal to the multiplicity of the eigenvalue. Therefore, it is al-
ways possible to find a set of vectors in this subspace satisfying the orthogonality
and normalization conditions.

Since q;e'®" are the solutions of (2.34) which is the differential equation with
real matrices, their real and imaginary parts

gjcosw;t and q;sinw;t

must also satisfy this equation. The general solution can now be constructed as the
linear superposition

n
q(t) = Y q;(Ajcos wjt + Bjsinw;t).
=

The unknown coefficients A ; and B; must be found from the initial conditions (2.33))
giving

n n
2 A9 =d. 2 Bjoig;=vo.
j=1 j=1

Multiplying these equations from the left by M and then by q; and making use of
the orthogonality and normalization conditions we obtain from here

1 .
Ai =q;-Mqp, BiZEQi'MVO, i=1,...,n
(A

Alternatively, we can present the solution in the form

q(t) = Y qja;cos(w;t — ¢y),
=1

/ B;
— 2 2 _ J P
aj— 14]—|—B]7 tan¢j—z7 ]—17...771.

J

where

Normal modes and coordinates. The above solution is the sum of n harmonic mo-
tions, so it is in general non-periodic if the frequency ratios are not rational numbers.
However, for the initial conditions of the special form

qo = 4o04;, VYo =1oq;,

the motion is purely harmonic with the frequency w;. We call such motion normal
mode.

The question now arises: can we find the coordinates in which the normal modes
become independent? The similar consideration as that provided in example
shows that this is possible if the kinetic and potential energies of the system, in
terms of the new coordinates & j» take the form
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i 262

l\)l>—‘

1}1

Thus, the problem reduces to finding a linear transformation which simultaneously
diagonalize two quadratic forms. As we know from linear algebra [23]], the required
transformation is given by

q=0Q¢&,
with
Q=(qiq2...qn)

being the n x n matrix, whose j-th column is the j-th eigenvector found above. We
shall call Q modal matrix. In terms of the new coordinates € we have

K@:;q.m:lg.QTMQ«szls-a

1
U(§) =9 Kq= —5 Q'KQ¢ = & Q%
where Q7 denotes the transpose of Q, and Q7 is the diagonal matrix with the ele-
ments coj2 on the diagonal. The last identities in these formulas are obtained by the
orthogonality conditions (2.38) and (2.39). So, the corresponding Lagrange func-
tion describes the motion of n uncoupled single oscillators with the frequencies w;,
j=1,...,n

Extremal properties. If ® is an eigenfrequency and { a corresponding eigenvector,
then it follows from (2.37) that

A

> G- Kq
0’ = r(q
aMq r(q).

The right-hand side of this equation is called Rayleigh’s quotient. It turns out that
the following extremal properties hold true.

1. The square of smallest eigenfrequency a)12 is the minimum of r(q) among all
q # 0. The easiest way to prove this is to rewrite Rayleigh’s quotient in terms of the

normal coordinates . .
o0&+ ..+ g

r =
® E2+... +E2
Since @, > ... > w;, Rayleigh’s quotient is always larger than or equal to a)lz. From
the other side r(&) = @} if §; =1 and & = ... = &, = 0. So the statement is proved.

2. The square of j-th eigenfrequency a)j2 is equal to the minimum of Rayleigh’s
quotient
2 .
0; = min r(q)

among all q # 0 satisfying j — 1 constraints

q:-Mq=0,....q;-;-Mq=0.
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Indeed, in terms of the normal coordinates the above constraints become

é] =... 261;1 =0.
Thus, Rayleigh’s quotient under these constraints reduces to

B wf§f+...+wf§,%

ré) = E2+..+82

and the proof can be provided in a similar manner.
The extremal properties of Rayleigh’s quotient are quite useful in approximate
calculations of the eigenfrequencies.

Damped oscillators. The motion is described by the equation
Mg+ Cq+Kq=0, (2.40)
subject to the initial conditions
q(0) =qo, q(0) =vo, (2.41)

where M and K are symmetric and positive definite matrices, while C is symmetric
and non-negative definite.

Solution. A particular solution of (2.40) is sought in the form
q=§e",
where { is a constant vector. Equation (2.40) reduces then to the algebraic equation
(Ms? +Cs+K)§ = 0. (2.42)
Non-trivial solutions of (2.42)) exist if
det(Ms? + Cs+K) = 0.

This is the algebraic equation of order 2n with respect to s having 2n roots. Since
the matrices M, C, and K are real, the complex roots must occur in pairs of complex
conjugates. Moreover, if s;f is the complex conjugate root with respect to s;, then
the corresponding eigenvector qj- must be complex conjugate to the eigenvector q;
of s;. It turns out that all roots of the characteristic equation have non-positive real
parts. To show this one can apply the Routh-Hurwitz criterion although the proof
is not elementary. The more elementary proof is based on the balance of energy
.31) for dissipative systems. To this end let us assume that there is a root of the
characteristic equation with the positive real part s = & + i@, where 6 > 0. Then a
free vibration of the form
q= e(‘StRe(qeia)t)
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exists, with § being the eigenvector corresponding to s. Substituting this particular
solution into the energy balance equation (2.31) and using the positive definiteness
of the dissipation function, we see that the amount of energy dissipation goes to —eo
as ¢ tends to infinity, what contradicts the positiveness of the total energy.
The general solution of (2.40Q) is given in the form
2n
q= A ! | jesf k.
j=1

Using the initial conditions (2.41)) we obtain the system of 2z linear equations
2n
Y Ajq; = qo,
=1

2n
ZAJquJ = Vo,
j= j=1

j=
for the determination of 2n coefficients A .

Modal decomposition. The coupled oscillators with n degrees of freedom and with
the proportional damping can be reduced to n uncoupled damped oscillators. To
show this let us introduce the normal coordinates € such that q = Q&, with Q being
the modal matrix, into the equation of motion (2.40). Multiplying this equation from
the left by Q7 we obtain

Q'MQ¢ +Q"CQ& +Q'KQq =0.
The modal matrix Q diagonalizes simultaneously M and K, so
Q'MQ =1, Q'KQ = Q= diag(w?),

where I is the identity matrix and Q2 the diagonal matrix with the elements cojz.
Because of the proportional damping C = aM + K we have

A =Q"CQ=Q"(aM+ BK)Q = ol + fQ? = diag(25;w;),

where 0;0; = (a + Bwjz) /2 are the decay rates. Thus, the damping matrix A be-
comes also diagonal in terms of the normal coordinates. The equation of motion is
decomposed into n uncoupled equations

§+28j0;8+ ;& =0, j=1...n,

which can be solved by the method of Section [I.2]

Alternatively, we can also realize the modal decomposition by diagonalizing the
kinetic and potential energies together with the dissipation function as the quadratic
forms.

Forced oscillators. The motion is described by the equation

M+ Cq+Kq =f(r). (2.43)
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Since this equation is linear, its solution is the sum of any particular solution and
the general solution of the homogeneous equation which has been found previously.
Thus, the problem reduces to finding any particular solution of (2.43)). Besides, if
the damping is permeating, then all solutions of the homogeneous equation decay
with time, so only the particular solution of (2.43) persists at large time.

Harmonic excitations. For the harmonic excitations of the form f(r) = fcos @wr which
is the real part of fe'® we consider the auxiliary equation

Mi + Cz+ Kz = f'®

where z(¢) may be complex-valued. We look for the solution of the form z(r) =
2¢'®" . Substituting this into the above equation and eliminating the factor e'®' we
obtain

(—0*M+ioC+K)zi=f

Provided the matrix on the left-hand side has an inverse, this equation yields
2= (—0’M+ioC+K) 'f=G(o)f

Matrix G() is called a transmittance matrix of the system. The particular solution
of 2.43) is the real part of z(t), so

q(1) = Re(G(w)fe'™).

The analysis of forced vibrations simplifies considerably for the conservative os-
cillators with C = 0. In this case the solution also has the form q(¢) = §cos oz,
where q satisfies the linear equation

(—o®M+K)§g=1.

If the determinant A(®) of —@>M + K differs from zero, we use Cramer’s rule to
present the solution in the form

j=1,...n, (2.44)

where A;(w) is the determinant obtained on replacing the j-th column of A by the
vector f. The following interesting cases may occur:

a) A(w) =0, Aj(w) # 0: the frequency of excitation coincides with one of the
eigenfrequency and the oscillators are in resonance,

b) A(w) =0, Aj(w) =0 for all j so that limg_., A;(®)/A(®) < eo: this situation
is classified as pseudo-resonance,

¢) A(w) #0, Aj(w) = 0: the forced vibration corresponding to the j-th degree of
freedom is eliminated (anti-resonance).

For the dissipative oscillators with small but finite damping coefficients neither
resonance nor anti-resonance occurs. The problem of vibration control reduces then
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to finding optimal parameters of vibration absorbers to effectively absorb energy of
the unwanted forced vibration.

Arbitrary excitations. For forced oscillators with proportional damping the problem
can be solved by the modal decomposition as shown in example For forced
oscillators with non-proportional damping, the Laplace transform should be used
instead. Not restricting the generality, we look for the particular solution of (2.43)
satisfying the initial conditions

Applying the Laplace transform to both sides of equation (2.43)) we obtain

/ (M{+Cq+Kq)e "dt =/ f(t)e "dt.
0 0

Using the properties of the Laplace transform and the vanishing initial conditions
we reduce this to the algebraic equation

(Ms? + Cs+K)X(s) = F(s),

where X(s) and F(s) are the Laplace images of q(¢) and f(¢), respectively. This
yields
X(s) = (Ms* + Cs+ K) 'F(s).

Applying the inverse Laplace transform we get

Ol +100
q(t) =2 X(s)] = i, / ' (Ms? + Cs+K) " 'F(s)e" ds,
2mi o —ico
where o is any positive number. Since all roots of the characteristic equation lie in
the left half-plane or on the imaginary axis, the integrand is an analytic function in
the right half-plane of the complex s-plane. Thus, for an arbitrary regular excitation
f(#) which remains finite as ¢ goes to infinity the integral converges. The line of
integration (o — ieo, ¢ + ieo) can be moved arbitrarily in the right half-plane.
Let x,;(¢) be the solution of (2.43)) with zero initial condition, where

h(t) being Heaviside’s step function. Thus, h;(¢) is the vector whose components
are zero except the j-th component which is the Heaviside’s step function. The n x n
matrix

X, (1) = (%1 (£) ... Xm(1)),

with j-th column being the vector x,(¢), is called a unit step response matrix of the
system. It is easy to see that

(Ms2—|—Cs+K)_1§ = 2(X,(1)).
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Using the convolution theorem for the Laplace transform we obtain finally

a(t) = /0 "X, (t— 1)i(r)dr. (2.45)

This is generalized Duhamel’s formula which solves the problem if the unit step
response matrix of the system is known.

Mention that the Laplace transform can also be used to solve the initial value
problem similar to that analyzed in Section[T.3l

Exercises

2.1 Two point-masses m; and my are connected with a fixed support O and with
each other by two rigid and massless bars of lengths / and I, (see Fig.2.14). Derive
the equations of small vibration of this double pendulum under the action of gravity.
Determine the eigenfrequencies of vibration.

Fig. 2.14 Double pendulum.

2.2 A body of mass m is connected with the wall through a spring of stiffness k
and with a bar of length / and equal mass m which rotates in the plane about S (see
Fig. 2.13). Derive the equations of small vibration of this system. Determine the
eigenfrequencies of vibrations.

W m
[o] Dm
o,
7

Fig. 2.15 Body connected with spring and bar.
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2.3 Arigid bar of mass m is hung on two massless and unstretchable robes of equal
length [ (this is the primitive mechanical model of the swing). The distance between
the robes in the equilibrium state is a. The distances between the attachment points
and the center of mass of the bar are a; and a, respectively. Under the assumption
@1 < 1, ¢ < 1 derive the equations of out-of-plane vibration of the bar, neglecting
its in-plane motion. Determine the eigenfrequencies of vibrations.

Fig. 2.16 Bar hung on two robes.

2.4 Beating phenomenon. Find solution (2.7)) for the coupled pendulums satisfying
the initial conditions: ¢;(0) =1, @2(0) = ¢;(0) = ¢;(0) = 0. Plot @ (¢) and @,(¢)
for oo = 0.1 and analyze their behavior.

2.5 Consider a pair of uncoupled harmonic oscillators described by the equations
#+x=0and j+ ®?y = 0. Using ¢ as parameter, plot the trajectory of the motion
in the (x,y)-plane given by x(¢) = cost and y(¢) = coswt for ¢ € (0,1000) in two
cases: i) o = 3 and ii) @ = &. The curves of this type are called Lissajous figures,
and due to the periodicity in x and y the trajectories can be regarded as moving on a
two-dimensional torus. Observe the difference in cases 1) and ii).

2.6 Determine the vibration modes and the normal coordinates of the double
pendulum.

2.7 Determine the vibration modes and the normal coordinates in exercise 2.3

2.8 Find the coordinates of the fixed points A and B of resonance curves in
example[2Z.8] Show that A and B are at equal level when

_H
(14+p)?>

2.9 Find the solution of example by Laplace’s transform and show that it is
equal to the solution found by the modal decomposition.
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Fig. 2.17 Mass-spring oscillator with 3 degrees of freedom.

2.10 A point-mass m moves in the space under the action of three springs of stiff-
nesses ki, kz, and k3 the axes of which do not lie in one plane (see Fig.[2.17). The
equilibrium position of the point-mass is chosen as the origin of the coordinate sys-
tem, while n, np, and n3 denote the unit vectors along the spring axes. Derive the
equation of small vibrations for this oscillator and determine the eigenfrequencies.

gllllE

Fig. 2.18 Pre-stretched string with 3 point-masses.

2.11 A pre-stretched string contains three equal and equally spaced point-masses
m (see Fig.[2.18). The tension in the string is assumed to be large, so that for small
lateral displacements of the point-masses it does not change appreciably. Derive the
equation of small lateral vibration and determine the eigenfrequencies.

Fig. 2.19 A primitive model of an airplane with 3 degrees of freedom.

2.12 The free vibrations of an airplane can be described in a simplified model
with three degrees of freedom representing the motion of the fuselage and the wings
which are connected with the fuselage by the spiral springs of stiffnesses k; and k;
(see Fig.[2.19). Derive the equations of small vibrations. Under the assumptions of
symmetry 0; = 6, = 0, m; = my = m, and k; = kp = k, find the eigenfrequencies of
vibrations. Discuss the case when the symmetry assumption is removed.



Chapter 3
Continuous Oscillators

This Chapter deals with small vibrations of mechanical systems having infinite num-
ber of degrees of freedom. It begins with the discrete model of linear chain of oscil-
lators and then moves to the continuum models of strings, beams, membranes, and
plates. The last Section is devoted to the most general continuous oscillators. The
vibrations of these oscillators can be found in form of the linear superposition of the
standing waves leading to the eigenvalue problems in infinite dimensional spaces.

3.1 Chain of Oscillators

Differential equations of motion. Crystals having periodic lattice structures with
atoms vibrating about the lattice sites can be regarded as mechanical systems with
countable number of degrees of freedom. Our aim is to construct mathematical mod-
els for such discrete systems with countable number of degrees of freedom by means
of the continuum mechanics. Let us first begin with two simple examples.

EXAMPLE 3.1 1-D chain of mass-spring oscillators. A linear 1-D chain of points
of equal mass m connected by springs of equal stiffness k; is constrained to move in
the longitudinal direction (see Fig.[3.1). Derive the equation of motion.

Fig. 3.1 A linear chain of mass-spring-oscillators.

In this example the point-masses model atoms, while the springs their nearest neigh-
bor interaction. In equilibrium the distances between neighboring atoms are equal
to a lattice constant b. Denoting the displacement of the atom j from its equilibrium
position jb by u;(t) we write down the kinetic energy of the chain
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K(it) = %mzbﬁ (3.1
J

The potential energy of the chain is the sum of energies of the springs

1
U(u) = EkIZ(uj—uj_l)z. (3.2)
J

Thus, Lagrange’s equations of this chain read
mii j +k1(uj — Ltj_l) —kl(uj+1 — Mj) =0
forall j=1,...,n— 1 except the end points of the chain.

EXAMPLE 3.2 1-D chain of atoms with next-to-nearest-neighbor interaction. Con-
sider the similar 1-D chain of atoms as in the previous example. But now in addition
to the springs of stiffness k| there are springs of stiffness k, connecting the next to
nearest neighboring atoms as well (see Fig.[3.2). Derive the equation of longitudinal
motion.

Fig. 3.2 A chain of oscillators with next to nearest neighbor interaction.

As before, the kinetic energy of this chain remains the same as (3.1)). But its potential
energy changes. Because of the presence of the next-to-nearest neighbor interaction,
we have to include energies of the springs of stiffness k»

1 1
U(u) = Ekl Z(uj—uj_1)2+Ekzz‘(uj—uj_g)z. 3.3)
J J

It is interesting to mention that, in some physical situation, we may even assume the
negative spring stiffness k,. Lagrange’s equations of this chain become

2
miij+ " [k (uj — i) = ky(ujy — u)] = 0 (3.4)
=1

for all j =2,...,n— 2 except the end points of the chain. It is easy to write down
the equations of motion for the chain, where each atom interacts with m neighbors
to the left as well as with m neighbors to the right (see exercise B.1)).
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The derived systems of coupled differential equations are quite difficult to study.
However, it turns out that, as n — oo, they can be reduced in the long wave limit to
one partial differential equation which is easier to solve.

Quasicontinuum. The idea is to set up one-to-one correspondences between func-
tions of discrete argument and functions of continuous argument and between op-
erations on them. Consider the case n = o (infinite chain) and let u(jb) = u; be a
function of the discrete argument j defined at the lattice sites. At present, the de-
pendence of u; on ¢ is suppressed for short; it will be restored in the final stage. We
are going to interpolate this function to a smooth function u(x) defined on the whole
x-axis such that all wave lengths shorter than b are filtered out. The precise meaning
of this can be given in terms of the Fourier transform of u(x) which we denotd] by
u(k)

u(k) = Flu(x)] = /m e () dx,  u(x) = — /m Oukydk. (3.5

o T2n ) e

Namely, we require that the Fourier image u(k) differs from zero only on the seg-

ment B = [—n/b, /b, called Brillouin zone. Then u(k) can be expanded in a
Fourier series on this segment
u(k) = xp(k) Y, cje Pk, (3.6)
J

where yp(k) is a characteristic function of the segment B, i.e., xz(k) = 1 whenk € B
and yp(k) = 0 otherwise. Substituting this equation in (3.3)) for u(x) we find

u(x) = Z:c]-SB(x—jb)7
j

where | ) )
8s(x) = —/eik"dk: sin(mx/b)
B

X

It is easy to see that 8g(x) = dp(—x) and

1

83(0) = 7.

op(jb) =0 for j#0.
Thus, if we set c; = bu(jb), then

u(x) = b Y, u(jb)8p(x — jb) 3.7)

J

is the required interpolating function, since it is equal to u( jb) at the lattice sites and
its Fourier image has the compact support in the Brillouin zone B. It can be proved

! This notation involves no risk of confusion as we can see the difference in arguments of
u(x) and u(k). Besides, it emphasizes that u(x) and the image u(k) are the same function
in x and k spaces.
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that (3.7) is a unique and one-to-one correspondence between functions of discrete
and continuous argument satisfying these two requirements [[18]].

Based on this one-to-one correspondence, we can now present the Lagrange func-
tion of our chain in terms of the continuous function (3.7). First of all, let us show
that the following identity

. 1
;yz(]b) = E/uz(x)dx

holds true for an arbitrary function u(jb). Indeed, according to Parseval’s identity
[31] we have for any real function

/:Q u®(x) dx

where u*(k) is the complex conjugate of u(k). With u(k) from (3.6) (where ¢; =
bu(jb)) and with the identities

Lof ik 4, 1
27T/Be dk—b jls

_1
Y

/_ i w* (k)u(k) dk,

we can easily check the required formula. Thus, the kinetic energy of the chain (3.1)
can be expressed in terms of u(x,?) as

1
K(uy) :/Euuidx, (3.8)

with the comma in indices denoting the partial derivative and 4 = m/b the mass
density per unit length. Let us turn now to the potential energy of the chain and
rewrite it in the form

U - %;wu—nuh
where @(—j) = @(;) and for U (u) frorﬁ (R3%)
D(0)=2k;, @(1)=—k;, @(j)=0 for|j|>1.
For U (u) from (3.3) we have
D0) =2k +ka), DP(1)=—k;, DPQ2)=—ky, D(j)=0 for|j|>2,

and this can easily be generalized for chains with m interacting neighbors, m >
2. Applying the convolution theorem and Parseval’s identity we have for any real
function u(x) and @(x)

||ttty =5 " wwewumar,  39)
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= / @ (x)e *dx.

1 .
- Z2<1>(j)e*lf”k, k € B, (3.10)

where

Now, if we set

and substitute it into the right-hand side of (3.9) we obtain
Zu] (j—Du = 2/ / Yu(y)dxdy.

Thus, the action functional can be presented in terms of the function u(x,#) as

u(x,t)] = /tﬁ dt/m [%‘uuzt —% - u(x,t)D(x—y)u(y,t)dy| dx (3.11)
o oo

—oo

Varying the action functional, we easily obtain the following integral equation

uuﬁ,ﬁ—/_ D(x—y)u(y,t)dy =0, (3.12)

which is equivalent to the system of equations (3.4). Note that equation (3.12)) can
also be directly obtained from (3.4).

Dispersion curve and long-wave approximation. Since the equation (3.12) is lin-
ear, we seek its solution in the form

u(x,t) = ae'F=o, (3.13)

This solution corresponds to the wave propagating along the x-axis, with a the am-
plitude, k the wave number, and ® the frequency of vibration. Substitution of (3.13))
into (3.12)) leads to the dispersion relation between k and @

—uw*+ (k) = 0. (3.14)
For the chain with the nearest neighbor interaction we have from (3.10)

2k

1 —cosbk) = kl 12%
b(

(k) = =

ke B.
Denoting by @y = +/k;/m, we present the dimensionless dispersion curve v =
/oy versus K = bk in Fig.

For the propagating wave (3.13) the characteristic wavelength is [ = 27 /k =
2nb/x. If this characteristic wavelength is much larger than the lattice constant
b, then K < 1 and function @ (k) can be approximated by

4 o bk ki

D(k)=— 5 sin >~

5 k2. (3.15)
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0.51-

.
-3 2 -1 1 2 3 K

Fig. 3.3 Dispersion curve for a chain with nearest neighbor interaction.

This approximation simplifies considerably the potential energy in the action func-
tional and makes the theory local. Indeed, using the property of the Fourier trans-

form
1

— / Ku* (k)u(k)dk = / 1’ dx,

2r

we write the potential energy in the form

kb [~
Uu) = i u*.dx.
2 Jow
Thus, the action functional becomes
Tu(x,1)] :/ dt/ (sHe — Shibi)dx (3.16)
) —eo '

which yields the following Lagrange’s equation
Wity — k1bu e = 0. (3.17)

This type of partial differential equations will be studied in the next Sections within
the continuum mechanics.

3.2 String

Differential equation of motion. In previous Section the transition from discrete
to continuum descriptions has been demonstrated. Let us now derive the equation
of motion directly within the framework of continuum mechanics. We start with
simple one-dimensional continua.

EXAMPLE 3.3 Flexural vibration of string. Derive the equation of small flexural
vibration of a pre-stretched string.
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Under string we mean a thin pre-stretched
elastic body with negligible bending stiff- sg=---7------------------

ness whose diameter of the cross-section w(x,t)
is much smaller than its length /. We shall gx) S (x+0%)
model the string by a one-dimensional a

continuum. We show first the derivation

based on the force method. Let x be the Fig. 3.4 Flexural vibration of string.
coordinate along the string axis, x € (0,1),

and w(x, ) the transverse displacement of

the string. We also denote by o(x,7) the slope of the curve w(x,#). For small vibra-
tion both w(x,7) and o(x,) are small so that @ = w . The tension is assumed to
be large, and the change of stress along the string during the vibration is negligibly
small compared with this tension. We cut a part of the deformed string from x to
x+ Ax and free it from the rest. Keeping in mind the free body diagram shown in
Fig.[3.4 we apply Newton’s law in the transverse direction,

H(x)Axwy = S(x+ Ax)o(x + Ax,t) — S(x)ou(x,1),

where S(x) and S(x+ Ax) are the forces from the surrounding exerted on the cut part
of the string, tt(x) the mass per unit length, and, due to the smallness of a, sina is
approximately replaced by « in this equation. Dividing both sides by Ax and letting
Ax — 0, we obtain in the limit

(s = - ISChw ()]

Here the slope « is replaced by w,, with comma denoting the partial derivative
with respect to x. For the homogeneous string with constant cross-section area A the
mass density per unit length does not depend on x: tt(x) = pA = p. We also assume
that S(x) = S, where S/A is the tension in the equilibrium state. Dividing the above
equation by u we reduce it to the standard form

S

Wy = czw’x,((x,t)7 c=4/—. (3.18)
' u
This equation is subject to the boundary conditions
w(0,7) =w(l,t) =0. (3.19)

The energy method is based on Hamilton’s variational principle of least action:
among all admissible motions w(x,¢) satisfying the initial and end conditions

w(x,70) =wo(x), w(x,t1) =w;(x)

and the boundary conditions (3.19) the true motion is the extremal of the action
functional
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ol
I[w(x,t)]z/t]/oL(w,w,x,wvz)dxdt.
0

The consequence of Hamilton’s variational principle is Euler-Lagrange’s equation
(see the derivation in Section [3.6))

d dJL d JL JL

Gaw, T axaws aw " 320

Thus, the motion of the conservative one-dimensional continuum is governed by a
single function L(w,w x,w,), called Lagrangian, which is given by
L(W’ WJHWJ) = K(W,l) - U(W7 WJ)?

where K(w,) is the kinetic and U (w,w ) the internal energy densities. In our exam-
ple the kinetic energy density is equal to

1
K(wy) = suwj.

The internal energy density (per unit length) must be a function of the strain &:

U = U(e). Denoting the strain in the pre-stretched state as € = &y, we expand the
energy density in Taylor’s series near this state:

U(e)=U(g)+U'(e0)(e— &) +-...

Neglecting the unessential constant U(gy) as well as terms of higher orders and
taking into account that U’(g) = S we obtain

U(e)=S(e—&).

Now, for the transverse displacement considered above

Ax)? Ax) — 2_A 1
e e tim VAP TOGTA) WP A 1,
Ax—0 Ax 2

Thus, the internal energy density depends only on w ., U(w,w ;) = %Sw?x, and

1 1
L) = S L,

Substitution of this Lagrangian into (3.20) leads again to the equation of motion

G.I).

EXAMPLE 3.4 Longitudinal vibration of bar. Derive the equation of small longitu-
dinal vibration of an elastic bar.

Under bar we mean a thin elastic body whose diameter of the cross-section is much
smaller than the length / of the bar. Let x be the coordinate along the bar axis,
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% u(x,t)

|

Fig. 3.5 Longitudinal vibration of bar.

x € (0,1), and u(x,t) the longitudinal displacement of the bar. The kinetic energy
per unit length of the bar is given by

1
K(us) = EPA(X)M%7
while the internal energy per unit length by

1
Uuy) = EEA(x)ui.
Here we denote by p the mass density, A(x) the cross-section area which may vary
along the bar axis, and E the Young modulus. With the Lagrangian L(uy,u;) =
K(uy) —U(uy) we derive from (3.20)

PA(X)uy = %[EA(x)uvx(x,t)],

and, if A(x) = const, reduce it to the standard form (B.I8) with ¢ = y/E/p and w
being replaced by u.

EXAMPLE 3.5 Torsional vibration of bar. Derive the equation of small torsional
vibration of an elastic bar.

x 0(x,t)
? <«

Fig. 3.6 Torsional vibration of bar.

Let ¢(x,t) be the rotation angle of the cross-section in its own plane. The kinetic
energy per unit length of the bar is given by

1
K(9:) = 5pJ,(x)97,
while the internal energy per unit length by
1 2
U(@.x) = 5 GJp(x) @3-

Here J,,(x) corresponds to the polar moment of inertia of the cross-section, and G the
shear modulus. With L(¢x, ;) = K(¢,) — U () we derive from Euler-Lagrange’s
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equation
d
PIp(X) Qs = I [GTp(x) . (x,1)],

which, for J,(x) = const, can again be reduced to the standard form (3.18) with
¢ = 4/G/p and w being replaced by .

Solution. We first seek particular solutions of equation (3.18) and then construct the
general solution using the linear superposition principle. We assume the particular
solution of the form

w(x,t) = q(x)u(t).

As this particular solution is the product of two functions depending separately on x
and ¢, the corresponding method of solution is called separation of variables. Plug-
ging this Ansatz into equation (3.18) and assuming that neither g(x) nor u(z) is
identically zero, we divide the obtained equation by g(x)u(t) to get

- "
i_ ad"
u q

Since the left-hand side expression depends on ¢ while its right-hand side counter-

part depends only on x, the equation implies that both must be a constant which we
denote by —?. Thus, we obtain two ordinary differential equations

i+ o’u = 0,
(3.21)

The solution of the second equation reads
[ . @
q(x) = Acos —x+ Bsin —x.
c c

The boundary conditions (3.19) require that g(0) = g(I) = 0, so A = 0 and the non-
trivial solution exists if

ic

sinli—0 = 0=w=j=, j=12... (3.22)
C

Thus,

i
qj(x) = Bjsin ]Tx.

We may fix the coefficients B; by choosing some normalization condition. As such

we propose
[ 2 i

/ F)dx=1 = g;x) = \/jsinﬂx.
o’ l l
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Functions g;(x) describe the shapes of

normal modes and are called eigenfunctions ~ 9: (x )
(or standing waves). Function ¢ (x) corre- / \
sponds to the shape of mode with the lowest
frequency (or the fundamental tone). Func- Y LN /
tions ¢j(x) with j > 1 describe the shape of i1 A '
modes with higher frequencies (called over- 1 ’
tones). The eigenfunction ¢(x) has j—1 fix ot
points which do not move (one speaks of the
vibration nodes). Fig. 3.7 shows three first
eigenfunctions. It turns out that the func-
tions ¢;(x) are orthogonal in the following
sense

Fig. 3.7 Three first eigenfunctions.

1
/Oq]-(x)qk(x)dx:O for j # k.

This can easily be checked by using the well-known trigonometric formula for sine
function.
The first equation of (3.21) for @ = ®; has the solution

u(t) =ajcoswjt+bjsinw;t.

Now, the general solution of equation (3.18) satisfying the boundary conditions
([B.19) is obtained in form of the Fourier series

2 & i
w(x,t) = \/; 2 sin JTx(aj cosw;jt +b;sinw;t).
j=1
We have to satisfy also the initial conditions

w(x,0) =wo(x), w,(x,0)=vo(x).

With the above solution we obtain from the initial conditions

[za,sm N
\/72(»]19 sin 2 x = vo(x).

To determine the unknown coefficients a; and b; we multiply these equations with

the eigenfunction g (x) = \/7 sin kI”x and integrate over x from O to /. Using the

(3.23)

orthogonality and normalization conditions we obtain

2
J\/>/ wo(x sm \/> /vo s1n7xdx
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In the harmonic analysis [10L[38] it is proved that if functions wo(x) and vy (x) are
continuous and piecewise continuously differentiable, then the Fourier series (3.23)
converge uniformly to wo(x) and vy (x) in the interval (0,/). Thus, the eigenfunctions
found above form a complete orthogonal basis for this class of initial data.

3.3 Beam

Bernoulli-Euler’s beam theory. Under beam we mean a thin elastic body whose
undeformed axis is a straight segment of length /. The thickness 4 of the beam is
assumed to be much smaller than its length /. Let x be the coordinate along the
beam axis, x € (0,1), and w(x,7) the transverse displacement of the beam axis in the
(x,y)-plane (see Fig.3.8).

Ay

Fig. 3.8 Flexural vibration of beam.

According to Bernoulli-Euler’s beam theory the kinetic energy density of the
beam is equal to

1
K(w,)= EHW,ZM

where U is the mass per unit length. The internal energy density of the beam must
be a quadratic function of the curvature of the deformed beam axis w

1
Uw.y) = EEI(WM)z,

with EI being the bending stiffness. Thus, the action functional reads

Iw(x, )] = /to " /0 Lo aeow, ) ddr,

where

1 1
L(Wa,wy) = Euw?, - EEI(WM)Z. (3.24)

The difference between this Lagrangian and those in the previous Section is the
presence of the second derivatives in the internal energy density.
We first consider the case of clamped edges such that

w(0,) =w(l,t) =0, w,(0,r) =w,(l,t)=0. (3.25)
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The second condition of (3.23) means the vanishing rotation angle of the beam about
the clamped edge. Hamilton’s variational principle of least action for the beam states
that among all admissible motions w(x, ) satisfying the initial and end conditions

w(x,to) =wo(x), w(x,t1) =wi(x)

and the boundary conditions (3.23) the true motion is the extremal of the action
functional

SIw(x,1)] = I/mewt)dxdt
0

To derive the equation of flexural vibration from this variational principle we calcu-
late the first variation of the action functional

i oL
61 _‘[O / (awxx ) +a—w7t5W’I)d‘th.

Integrating by parts over x and 7 and using the initial and end conditions as well as
the boundary conditions we obtain

g 9° JL 9 JL
5—/ / =—=— —=-=— | Owdxdt =0.
% < 0x* dw, Ot 8w7t> e
Since dw can be chosen arbitrarily inside the region (0,1) X (#,#; ), the variational

equation implies that

s 2o
ot dw,  Jx? oW

Substituting L(w x,w ) from (3.24) into this equation we obtain
‘U.WJI + EIWJCX)CX = O (3.26)

Note that Hamilton’s principle applies to other boundary conditions as well. Prac-
tically, there are three types of boundary conditions at x, (x, = 0 or x, = [) corre-
sponding to:

a) Clamped edge: w(x,,t) = w ,(xs,t) = 0.
b) Simply supported edge: w(x,,t) = 0, but w1 (x,,t) may be varied arbitrarily.
c) Free edge: both w(x,t) and w x(x.,?) may be varied arbitrarily.

In case b) the additional boundary condition obtained from Hamilton’s principle is
W (s, 2) =0,

which means the vanishing bending moment. In case c) the boundary conditions
read
W (Xe,2) =0, W oree(,2) =0,

which mean the vanishing bending moment and force. Contrary to the kinematic
(or essential) boundary conditions of the type w(x,,t) = 0 or w(xs,t) = 0, the
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additional boundary conditions derived from Hamilton’s principle are called natural
boundary conditions.

Solution. The method of solution is quite similar to that considered in previous
Section. We first seek a particular solution of the form

w(x,t) = q(x)u(?).
The separation of variables in (3.26)) leads to

I;i EI q////

uoopog
The left-hand side expression depends on ¢ while its right-hand side counterpart
depends only on x, therefore two ordinary differential equations follow

li+o*u=0,
q//// _ K‘4q =0,
with k* = w?u/EI. The solution of the second equation reads
q(x) = Cj sin kx + C; cos Kx + Cs sinh kx 4+ C4 cosh Kx.

Consider for example the beam which is simply supported at x = 0 and x = /. In this
case the boundary conditions require that

q(0)=¢"(0)=0, q()=4"(l)=0.

So we get four homogeneous equations for four coefficients Cy, C,, C3, and Cy.
Dividing the equations ¢”(0) = 0 and ¢”(I) = 0 by k? and rewriting them in one
matrix equation we have

0 1 0 1 C

0 —1 0 1 (653
sinA  cosA sinhA coshA Cs
—sinA —cosA sinhA coshA Cy

(=Rl e)

where A = x/. The non-trivial solution exists if the determinant of the matrix van-
ishes giving
sinAsinhA =0 =A4;=jr, j=172,.... (3.27)

For A; = jr the above equation implies that C; # 0, C; = C3 = C4 = 0. We fix C
by the normalization condition

o] 2 .
2 . . jm
/0 qj(x)dx—l = gqjkx) = \/;sm—l X.
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Thus, the eigenfunctions ¢;(x) for the beam with the supported edges remain the
same as the shapes of normal modes of the string.
With A; = j we obtain for the eigenfrequencies

[ EI . | El .
(DJ:lJ2 W:(]TE)Z Wa ]21,2,....

Note that the frequencies are proportional to j2. The first equation for u(¢) has the
solution

(3.28)

u(t) =ajcoswjt+b;sinw;t.
Now, the general solution is obtained in form of the Fourier series
2 & . m .
w(x,1) = \/; sin ]Tx(ajcosa)jt—i-bjsma)jt),
j=1

where the coefficients a; and b; should be determined from the initial data wo(x)
and vy (x) by using the orthogonality condition.

Table 3.1 The frequency equations

Boundary conditions

Frequency equation

free-free

1—cosAcoshd =0

supported-free

tanA —tanhA =0

clamped-free

1+cosAcoshA =0

supported-supported

sinA =0

clamped-supported

tanA —tanhA =0

clamped-clamped

1—cosAcoshA =0

1/coshA
0.5

cosA

-0.5

-1

Fig. 3.9 Roots of the frequency equation 1/coshA = cosA.

The modal analysis of the beam with other boundary conditions is similar and
the frequency equations are summarized in Table 3.1. Knowing the roots of the fre-
quency equations, one finds the eigenfrequencies in accordance with (Z.28)). Con-
sider for example the free-free or clamped-clamped edges, for which the frequency
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equation is 1/coshA = cosA. The roots of this transcendental equation correspond
to the A-coordinates of the intersection points of the curves 1/coshA and cosA
shown in Fig. from which it is seen that for j > 3 we have approximately
Aj =~ (2j+ 1)m/2. Note that the beams with the free edges or with one simply
supported edge and one free edge possess also zero frequencies as these types of
boundary conditions admit rigid-body motions.

3.4 Membrane

Differential equation of motion. Under membrane we mean a thin pre-stretched
elastic body with negligible bending stiffness whose thickness is much smaller than
other characteristic lengths. The pre-stress is assumed to be large, and the change of
stresses in the membrane during its vibration is negligibly small compared with the
pre-stress. We shall model the membrane by a two-dimensional continuum occupy-
ing the area A in its plane. Let x; and x; be the Cartesian coordinates in this plane,
X = (x1,Xx2) € A, and w(x,) the small transverse displacement of the membrane in
the x3-direction. Hamilton’s variational principle of least action states that, among
all admissible motions w(x,) satisfying the initial and end conditions

w(x,19) = wo(x), w(x,f1)=wi(x),
as well as the boundary conditions
w(x,t) =0 forx € dA, (3.29)

the true motion is the extremal of the action functional
11 g
Iw(x,t)] = / / L(w,w.o,w,)dxdt.
g JA '

Here and in what follows, Greek indices numerating the coordinates run from 1 to
2, the comma in indices denotes partial derivatives with respect to the correspond-
ing coordinates, and dx = dxdx; is the area element. From Hamilton’s variational
principle we derive Euler-Lagrange’s equation (see Section [3.6)

Go o o o
dt dw;  Jdxg dwyg ow

(3.30)

We use for short Einstein’s summation convention according to which all the terms
with repeated indices will be summed up over these indices from 1 to 2. For exam-
ple, the second term in the above equation reads

d JL 0 JdL d JdL

E&wﬂ - 8—)618w,1 8—xz8w72'
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The motion of membrane is thus governed by the Lagrangian
L(w, W.,Ohw,t) = K(W.,t) —U(w, W,OC)’

where K (w,) is the kinetic and U (w,w ) the internal energy densities. The kinetic
energy density of the membrane is equal to

1
K(w,)= EHW,ZM

with (l being the mass per unit area. The internal energy density (per unit area) must
be a function of the strains £,5: U = U (€,). Without restricting generality we may
regard the strains in the pre-stretched state as € = 0, and expand the energy density
in Taylor’s series near this state:

U(eqp) = U(0) +

Neglecting the unessential constant U (0) as well as terms of higher orders and as-
suming that dU /de,glo = S8,p, With S being the pre-stress, we obtain

U(e) =Sepq-

Since gy describes the increase in area of the membrane, which, for the small
transverse displacement with w o < 1, is equal to

1

oo =/ 1+wWawe—1~ vaaw,a,

the internal energy density does not depend on w, U (w,w ) = %Sw,awva. Thus, the
Lagrangian reads

1
Liw,wg,wy) = Euwi — ESW,aw,w

Plugging this into the equation of motion (3.30) we get finally
‘UWJ[ —SAw = O,

where Aw = w ¢ is Laplace’s operator applied to w. Bringing the second term to
the right-hand side and dividing by u we reduce the above equation to the standard
form

Wy =cAw, c= % (3.31)

Solution. We separate the variables x and ¢ by seeking the particular solution in the
form

w(x, 1) = g(x)u(t).
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Substitution in (3.37)) together with the standard arguments lead to
.. 2
i+ ou=0,
(3.32)
Ag+Ag=0,

where 2 = @?/c®. The second equation of (3.32) is subject to the boundary
condition
q(x) =0 atx € dA.

The solution of this eigenvalue problem in closed analytical form is possible for
rectangular and circular membranes. We consider these special cases.

Rectangular membrane. Let a and b denote the width and the height of the rectangle
so that A = (0,a) x (0,b). We look for the solution of (3.32)), in the form

q(x) = X (x1)X2(x2)-

The standard separation of variables leads to

X// X//
Lo 22 =02
X, X,
The equation for X (x}),
Xl// + O£2X1 =0,

together with the boundary conditions
X1(0) = Xy (a) =0,

yields
X (x1) = Cysinoxy,
where
. T .
a=j—, j1=12,....
a
Similarly, the equation for X5 (x,),
X) +B*X, =0,
with B2 = A — 2, together with the boundary conditions
X>(0) =X,(b) =0,
implies that
X5 (x2) = Cysin Bxy,

where
T

ﬁ:jzg, 2=12....

Denoting by j the vector (j, j») we present the eigenfunctions in the form

JITX1 . jaTtxp
sin ==,

gj(x) =Csin Ji,j2=12,....
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The corresponding eigenvalues are

W; j j2
lj:(?’) a+ﬁ2—n('+b§)

We may fix the constant C by the normalization condition

2
2

(x)dx=1 = C=——.
/qu()x —

One can also easily prove that

/qu(x)qk(x)dx:O for j # k.

Mention that multiple eigenvalues may occur. For rectangles with rational ratios a : b
this is always the case. For instant, if @ = b (the square membrane), then j' = (5, j;)
gives the same eigenvalue as j = (ji, j»). Together with the solution of (3.32),

uj(t) =ajcosw;t +b;sinwjt,

we construct the general solution of (3.31)) by the linear superposition principle

W(X [) = — sin jl ! sin j2 2
) —
J1:2=1

Taking into account the initial conditions

w(x,0) =wo(x), w,(x,0)=vp(x),

(ajcoswjt +bjsinwjt).

we obtain
- . J1TXy Jzﬂxz
Z sin sin wo(x1,X2),
< b
Jtj2=1
< gin 21T o 2T
2 sin

sin = v (x1,x2).
va 11 J2=1 a b

The orthogonality property can be used to find the coefficients a; and b; from the
initial data wy(x) and vo(x). In the harmonic analysis [10}[38] it is proved that if
functions wp(x) and vy (x) are continuous and piecewise continuously differentiable,
then the double Fourier series converge uniformly to wy(x) and vo(x) in the square
(0,a) x (0,b). Thus, the eigenfunctions found above form a complete orthogonal
basis for this class of initial data.

Circular membrane. For the circular membrane we choose the polar coordinates p
and ¥ (see Fig.[3.1Q) in which equation (3.32), takes the form
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1 1
dpp+—=4p+-—=q90+Aq=0.
PP p P p2

Looking for the solution of this equation as the product
q(p, ) =R(p)O ()
and separating the variables we obtain

R//_'_R//p—"—ﬂ,R:_@_//_Kz

R/p? e

X

Fig. 3.10 Circular membrane and polar coordinates.

Consider first the equation for @ (1)
0"+ x’0 =0,
which yields the solution
O(9¥) = acoskV + Bsinkd.
It is obvious that function © (¥) must be periodic with the period 27
O(22n)=06(0), ©O'(2m)=06'(0).

The periodicity implies that Kk = j, where j is a nonnegative integer j =0,1,2,....
Then the equation for R(p) becomes Bessel’s equation [34]]

1 6()2 2
R'+—R+ (5 -4 k=0
p ¢« p

Its solution is expressed in terms of Bessel’s function of order j

o,

R(p) = (2
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The boundary condition (3.29) at p = r, with r being the radius of the membrane,
requires that

Ji(=)=0.
Thus, the eigenfrequencies are obtained from the zeros of Bessel’s function J;(x),
which we denote by & ik, k=1,2,.... The eigenfunctions now read

qjk(p, ) =J;(Ejxp /) (0 cos j 4 Bjisin jB),

The constants otj; and B, may still be arbitrary, indicating that &, with j # 0 are at
least double eigenvalues.
Together with the solution of (3.32))

ujr(t) = ajicos Wit + b sin wjit,

we construct the general solution of (3.31)) by the linear superposition principle

oo

w= z Ji(Ejxp /r)(0j cos jO + Bjisin j) (ajx cos @jxt + b jxsin wjit).
j=0k=1

Then the initial conditions

W(p,ﬁ,()) :W()(pﬂ}), W,t(pvﬂvo) = V()(pﬂ}),

yield

> adi(&p/r)(aicos jO + Bisin jB) = wo(p, D),
j=0k=1

=

z ]kw]kJ é]kp/ )(OtjkCOSjﬁ-‘rﬁijinjﬁ)=V0(p,l9).
Jj=0,k=1

One can again prove that if functions wy(p, ) and vo(p, ) are continuous, piece-
wise continuously differentiable, and periodic in ¥ with the period 27, then the
above double series converge uniformly to them in the square (0,r) x (0,27). Thus,
the eigenfunctions found above form a complete orthogonal basis for this class of
initial data.

3.5 Plate

Kirchhoff’s plate theory. Under plate we mean a thin elastic body occupying in
its undeformed state a region A X (—h/2,h/2) of the three-dimensional euclidean
point space, where A is an area in the (x1,x;)-plane. The thickness % of the plate is
assumed to be much smaller than the characteristic sizes of A. We shall model the
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plate by a two-dimensional continuum. Let x = (x,x2) € A and w(X,) be the small
transverse displacement of the middle plane in the x3-direction.

According to Kirchhoff’s plate theory the kinetic energy density of the plate is
equal to

1
K(wy) = Ephw?,,

where p is the mass density. The internal energy density of the plate must be a
quadratic function of the curvature of the deformed middle surface w 4

whi?
U(W,ocﬁ) 12 (GW oo TWopW, aﬁ)

with 0 = =52 +2u’ A and u being the Lamé constants of the elastic material. Thus, the
action functional reads
11 g
w(x,1)] = / / L(w o, w,)dxdr,
g JA '

1 h?
L(w o ws) = 5P — 52 (ow

where
aa+W,aﬁW,aB)~ (3.33)

The difference between this action functional and that of the membrane is the pres-
ence of the second partial derivatives in the internal energy density. The deriva-
tion of (3.33) from the three-dimensional elasticity theory based on the variational-
asymptotic method is given in [19].

Since L depends on w 45, the action functional “feels” the change of the deriva-
tive of w at the boundary JdA. If the edge of the plate is free, then it is natural to
assume that no constraints are imposed on w at the boundary. If the edge of the plate
is clamped, we let I[w] be defined on the space of admissible displacement fields
w(x,1) satisfying the kinematic boundary conditions

w(x,t) =0, wgvg=0 atx€dA, (3.34)

where v, denotes the components of the outward unit vector normal to the curve
dA. The last condition of (3.34) expresses the fact that the rotation angle of the plate
about the clamped edge vanishes. Finally, if the edge is simply supported, then only
the displacement should vanish

w(x,1) =0 atx € JdA. (3.35)

Hamilton’s variational principle states that, among all admissible motions w(Xx,)
satisfying the initial and end conditions

w(x,19) = wo(x), w(x,t1)=wi(x),

as well as the kinematic boundary conditions, the true motion is the extremal of the
action functional
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61 =0.

In order to derive the equations of motion of the plate let us calculate the variation
of the action functional

t
57— /t 1 /A(phw,t5w,t —mapdw op)dxdr, (3.36)
0
where
U h
maB = m = ug(cw"y'ysaﬁ +W,(Xﬁ)'

From equation (3.36) one can see that m,g “works” on the bending (or change of
the curvature) of the plate. Therefore it is natural to call m,g bending moments.

Integrating (3.33) by parts with the help of Gauss’ theorem, we obtain for the
variations vanishing at the boundary dA

1
512/] /(—phw,,,—maﬁyaﬁ)ﬁwdxdt=O.
ty JA

Since Ow is arbitrary inside the region A x (fy,#; ), we conclude that

pPhw sy +meg ap =0 or phwy+DAAw =0, (3.37)
where ; ;
h Eh
D = 1 _= —
wo+ D = a—v

is the bending stiffness of the plate. This is the two-dimensional equation of flexural
vibration of the thin plate.

Provided the equation (3.37) is fulfilled we reduce the equation 61 = 0 for the
variations not vanishing at the boundary to

it
/1/a (Meyp Ve W — My Ow Vg ) dsdlt =0, (3.38)
) A

where ds is the length element. Now we need to select independent variations at the
boundary. The gradient dw o may be resolved in the normal and tangential direc-
tions to the boundary as follows:

5W’a == VQVYSW.'Y—F TaT76W7y.

This is due to the identity 5ay = Vg Vy + To T, With T4 being the components of the
vector tangential to the curve dA. Since T,6w y = ddw/ds, we can integrate by parts
that term in (3.38) containing it to get

! d
/ 1 / [maB’ﬁV(x6W+ _(maﬁfavﬁ)sw_maBV(xvﬁvYSW.y] dsdt - 0.
10 JoA ’ ds ’
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For the free edge of the plate the variations dw and v, 0w y are arbitrary at dA; hence

d
Mp gV + %(maﬁfavﬁ) =0,

Mg Va Vg = 0.

(3.39)

These are the free-edge boundary conditions. For the clamped edge, the kinematic
boundary conditions (3.34) should be fulfilled. If the edge is simply supported,
(3:33) and (3.39), are the boundary conditions at dA.

Frequency spectra of circular plate. We investigate the free vibrations of a circular
plate of radius r. We look for solutions of the form

w(x,1) = g(x)u(r).
The standard separation of variables x and ¢ leads to
DAAg—pha’q=0, (3.40)

where o is the frequency of vibration. We introduce the dimensionless variables

Xo 4 2 4 6p w?rt
== — hr/D = ———.
COC ra ﬁ (Dpi"/ ‘U(G—Fl)hz
Now we transform (3.40) to the dimensionless form
(AA = BHg=(A+B*)(A~B*)g=0. (3.41)

Therefore the solution of (3.41)) may be written as

q9=q1+q2,
where g1, ¢g> satisfy respectively
Agqi+B%q1 =0,
1 qu (3.42)
Agy—P g2 =0.

These equations can be solved again by the separation of variables. In the polar
coordinates p, ¥ we have
d’¢ 1adq 1 0°
ag=294 108 1 7q
dp* pdp p*adv

Assuming g1 = Ry(p)O;(9), from (3.42); we obtain the following differential
equation for O (%)

@1// = —K2@1.
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Since ©; (1) must be periodic with the period 27, we find that x = j, where j is a
nonnegative integer, j =0,1,2,..., and

O1(¥) =cosj or O(¥)=sinjd.

Then the equation for Ry (p) reads
/! 1 / 2

This is Bessel’s equation of order j, which has the following non-singular solution

Ri(p) =al;i(Bp).

Combination of R| and O yields

cos jO

q1 _an(ﬁP){

sin jU
For g2 = R»(p)©,(1¥) the same results are obtained for ©, (1), while for R,(p) the
modified Bessel’s equation holds true
Ry + lR’2 —(B*+ ﬁ)Rz =0
p p?
The non-singular solution of this equation is given by

Ry = bI;(Bp)-

Combining ¢g; and g, we get finally

cos j
q=[aJ;(Bp) +blj(l3p)]{ o (3.43)
sin j¥
Consider the simplest case of the clamped edge, for which the boundary condi-
tions
oot = L glpt =0 (3.44)
szl—ap‘]p=1— .
hold true. Substituting (3.43) into (3.44) and equating the determinant to zero, we
obtain the following frequency equation:

Ji(B);(B) —1;(B)J;(B) = 0. (3.45)



96 3 Continuous Oscillators

The three lowest roots 3 of (3.43) for j = 0,1,2 are given in the following table:

J=0lj=1]j=2
3.196(4.611 | 5.906
6.306|7.799 | 9.197
9.439(10.958(12.402

W[N] —| =

Fig. 3.11 Few normal modes of clamped circular plate.

The frequencies of vibrations should be calculated by the formula

2h
o= [ H
KR\ e(1—v)p’

while the corresponding eigenfunctions are given by

3= U(Bip) — 31, Bp)] {

cos ju

sin jU

A few of the deformed shapes of the plate are shown in Fig. 3111
Let us turn to the case of the free edge. The displacement w should then satisfy
the boundary conditions (3.39). In the polar coordinates p, 1 we have

n 0
Mop gV = NK(G‘*‘ 1)%&]7

P11, 9% 19dq

h? 9*
MagVa Vg = .UF(GACI‘F 8—[)Z>

Substituting this into (3.39), we obtain the following conditions at the boundary
p=1
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3 2
(0 +1) 5580+ 5050 - %np:l ~o, "
(oAq+-55%np:1:(x
With ¢ from @.43)) we transform (3.46) to
a{=BJ(B)+ (1—v)/[J;(B) — BT} (B)]}
(3.47)

a{=P%J;(B)+ (1= v)[/2J;(B) — BJ;(B)]}
+b{BL;(B) + (1= Vv)[/’L;(B) — BL;(B)]} =0.

The frequency equation is obtained by the condition of vanishing determinant of
(B.47). When j = 0, the frequency equation can be presented in a simple form

(B) 1o(B) _
B) "B

The three lowest roots B of the frequency equation for j = 0,1,2 and v = 0.31
have the following values:

+b{B°L;(B)+ (1 —v) *[1;(B) — BI}(B)]} =0,
2
(

-B

Jo
0

j=0lj=1]j=2

0.0 [ 0.0 [2.308
5.938
6.202[7.735]9.185

W N = X
»
S
()
g
»
n
¢
(@)

§=0,k=2 j=2,k=1

Fig. 3.12 Two normal modes of free circular plate.

The first two zero frequencies correspond to the translation ¢ = a and small rota-
tion ¢ = ap sin ¥ of the plate without deformation. The frequency according to f35;
is the lowest one that is positive. Two deformed shapes of the plate for j = 0,k =2
and j =2,k =1 are shown in Figure[3.12] If we sum up all these particular solutions,
the obtained Fourier series converges again uniformly to the solution satisfying ar-
bitrary regular initial conditions. The approximate solution for the rectangular plate
can be found in [32]].
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3.6 General Continuous Oscillators

We present in this Section the variational principles for general continuous oscilla-
tors and the method of solution.

Conservative systems. We model an arbitrary continuous oscillator by a contin-
uum occupying the region V in the d-dimensional space, where x = (x1,...,x4)
denotes any point of V. We have in all applications d = 1,2,3. Suppose that each
configuration of this continuum is uniquely determined by a set of functions (fields)
u1(X),. .., upy(x). If u(X),...,u,(x) can vary independently and arbitrarily at each
point x of the continuum, they are called generalized displacements, and » a num-
ber of degrees of freedom at that point. Motion of the system is described by the
time dependent fields u;(x,t). We denote by u;; = (uy,...,un,) the corresponding
velocities.

Hamilton’s variational principle. Hamilton’s variational principle of least action
states that among all admissible motions of the conservative system satisfying the
initial and end conditions

Mi(X,[()) = Mi()(x)a Mi(X,t]) = Uj] (X)v
as well as the boundary conditions
ui(x,1) =0 atxedV, (3.48)

the true motion is the extremal of the action functional
gl
Tui(x,1)] = / /V L(%, i, iy i) dxdr.
fo

Here and in what follows, Latin indices numerating the degrees of freedom run from
1 to n, while Greek indices numerating the coordinates run from 1 to d, the comma
in indices denotes partial derivatives with respect to the corresponding coordinates,
and dx = dx; ...dx; is the volume element. Before deriving the equations of mo-
tion let us consider briefly, without detailed derivations, some further examples of
Lagrangian.

EXAMPLE 3.6 Timoshenko’s beam theory.

In this one-dimensional model (d = 1) we have two degrees of freedom at each
point x: the displacement of the beam axis w(x) and function y(x) describing the
first branch of the thickness-shear vibration of the cross-section. The Lagrangian of
the Timoshenko beam is given by

1 1
L= 5,ohz(w%‘, +ah?yl) — Euhz[shzl//i +B2a(y+w.)Y, (3.49)
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with p the mass density, & the thickness of the cross-section, u the shear modulus,
and a, s, and 3 the constants depending on the geometry of the cross-section (see
the derivation of this formula in [[19]).

EXAMPLE 3.7 Reissner-Mindlin’s plate theory.

This is the two-dimensional model (d = 2) of the plate with three degrees of freedom
at each point: w(x) corresponding to the mean transverse displacement of the plate,
v (x) and y,(x) describing the first branches of the thickness-shear vibration. The
Lagrangian of Reissner-Mindlin’s plate theory reads

1
L= ph(Wi + ah*yi, + ah’ys3,)

1 K
— M [F(G‘l/gc,a+‘l/(a,ﬁ)‘l/(a,ﬁ))+O”T2(‘//Ot +wa)(Wat+wa)l,

where )
1 1 [ n?
Yiap) = E(Wa,ﬁ +Vpa) O= 5\

and all other notations remain the same as for Kirchhoft’s plate theory (see [[19]] for
the derivation of this theory as well as many other shell and rod theories).

EXAMPLE 3.8 Acoustic vibrations (sound waves).

Small amplitude vibrations of ideal compressible fluids (or ideal gases) are governed
by the equations of motion of these media linearized about their equilibrium state
[7129]. The velocity potential @(x) is regarded as the only generalized displacement,
so in 3-D case we have d = 3 and n = 1. The Lagrangian reads

1 1
L=5po(@aPo- ;(p,?%

where py is the equilibrium mass density and ¢ = /dp/dp|p, the speed of sound,
with p being the pressure. The interesting feature of this Lagrangian is that its first
term corresponds to the kinetic energy, while the second term describes the devia-
tion of the internal energy density from that of the equilibrium state. However, the
governing equation does not change if we change the sign of L and interpret the
second term as the kinetic energy, while the first term as the potential energy.

EXAMPLE 3.9 Vibrations of a three-dimensional elastic body.

Vibrations of a three-dimensional elastic body are best described within the 3-D
elasticity theory [20], for which d = n = 3. At each point x of the body we have
three displacements uy(x), o = 1,2, 3. The Lagrangian reads

1 1
L= Ep(x)uav,ua’, — EEaﬁyg (X)&‘aﬁ &5,
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where p(x) is the mass density,

1
Eap = (”aﬁ +ug, )

are the components of the strain tensor and Eg,s(x) the elastic moduli. For homo-
geneous bodies p and Eg,s do not depend on x.

EXAMPLE 3.10 Vibrations of a three-dimensional piezoelectric body.

Piezoelectric crystals and ceramics are widely used as sensors and actuators for
the active vibration control [[19,27]]. Their vibrations are described within the 3-D
dynamic theory of piezoelectricity, for which d = 3 and n = 4. At each point x of
the body we have three displacements uq(x), @ = 1,2,3 and the electric potential
¢(x). The Lagrangian reads

1 1, 1
L= Epum,ua,, — (Ecaﬁyseaﬁgyg — eaﬁyeaﬁE'y— EeaﬁE‘xEﬁ)’

where .
Eap = (ua ptuge) and Eq=—0q
are the components of the strain tensor and the electric field, respectively.

Let us derive the equations of motion from Hamilton’s variational principle. To
this end we calculate the variation of the action functional

51—/ / <8L Su; + 5u, ot =— oL 3141},) dxdt.
to Ui o aMi,t

As before we employ Einstein’s summation convention according to which all terms
with repeated indices will be summed up within their ranges. For example, the sec-
ond term in the above equation reads

JL L& IL
W&um = 2 Z 8—‘5141"06'

o i—10=1 U0

Integrating by parts over x and ¢ with the help of Gauss’ theorem and using the
initial and end conditions as well as the boundary conditions we obtain

g Jd JL d JL
5]—‘/&) / <a—ul—ﬂ—aul’a—gault>6uldxdl 0.

Since du; can be chosen independently and arbitrarily inside the region V x (o, 1),
the variational equation implies Euler-Lagrange’s equation

s o o o
ot dujy  Oxq duig  Ju;

=0, i=1,...,n. (3.50)
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These equations are subject to the kinematic boundary conditions (3.48) for the
fixed boundary. For the free boundary u; may vary arbitrarily at 0V, so the natural
boundary conditions

JdL

&Mj7a

Vo =0 atdV, i=1,...,n,

must be used instead.
Thus, the motion of any conservative mechanical system is governed by a single
function, the Lagrangian, which is of the form

L(Xvuia ui,avui,t) - K(Xaui,t) - U(Xvuia ui,OC)a

where K(x,u;;) is the kinetic energy density and U (X, u;, u; o) the internal energy
density. The kinetic energy density K(x,u;,) is a positive definite quadratic form
with respect to u;;

1
K(X,u;s) = Epij(x)ui,tuj,ta (3.51)
where p;;(X) is n x n symmetric matrix called a mass density matrix. Thus,

oK

—u;; = 2K (u;

aui,t it ( z,t)a
showing that K is a homogeneous function of order two with respect to u;;. We
now prove that the conservation of energy follows from equations (3.30). Indeed,
multiplying (3.50) with u;, and integrating over V we obtain

/(a L —%ui,,)dx—o.
14

5. Uit T 35 Uis
ot du; Y Oxg i o Y Qu;

Integrating the second term by parts using the boundary conditions and keeping in
mind the property of K we get

/V |:%(2K)—8—LMI7U_£M _%Mi’t:l dx=0.

Qu,’J 814,-.,05 hot u;
The last three terms in the integrand give —dL/d¢. Thus,

d d
—E=— [ (K+U)dx=0
dt dt /v( +U)dx=0,
and the total energy E is conserved.

For small vibrations we may assume that both #; and u; o are small and present
the internal energy density U as the quadratic form

1 1
U (X, uj, Ui o) = EAij(X)uiuj +B;;s (X)uiujﬁ + EEiajB (x)uivaujﬁ. (3.52)
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The examples considered above show that the internal energy density U (X, u;, ;)
must be non-negative deﬁmte@ with respect to its arguments #; and u; o, but not
necessarily positive definite. The internal energy density may vanish for example
at rigid-body motions if the boundary conditions admit such motions. Concerning
A;j(x) and Ejq jg(x) we require the following symmetry properties

A,‘j(X) ZAji(X), Eiajl;(x) :Ejﬁia(x).

The partial derivatives of the Lagrangian with respect to u; and u; o give

oL U
du ow i Buptip
oL U
Tie  Bug et Fioiplip

Substituting these formulas into Euler-Lagrange’s equations we obtain the equations
of motion

Pij(X)ujs — (Bjia(X)uj) o — (Eigrjp (X)uj ). +Aij(X)uj+ Bijg (x)u;p = 0.
These equations can be presented also in the operator form as follows
Mu; +Ku =0, (3.53)

where M is the mass density matrix and K the differential operator, called a stiffness
operator, which maps the vector-valued function u(x, ) (having n components) into
the vector-valued function

(Ku); = —(Bjio(X)uj),o = (Eigrjp (X)taj g )00 +Aij(X)uj + Byjg (X g.
We have to find the solution of (3.33)) satisfying the initial conditions
u(x,0) =up(x), u,(x,0)=vp(x). (3.54)

and the boundary conditions (3.48) (or the natural boundary conditions for the free
boundary).

Solution. We seek a particular solution of (3.33)) in the form

u(x,z) = q(x)w(r).
Separating the variables x and ¢ as usual, we arrive at the eigenvalue problem

(K—AM)q =0, (3.55)

2 Except piezoelectric bodies considered in example 3.10] where U represents the electric
enthalpy. Using Legendre transformation we can obtain the non-negative definite internal
energy in terms of the strain tensor and the electric induction field [19].
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subject to the boundary condition
q=0 atxedV,

where A = @?, o being the eigenfrequency. It turns out that all eigenvalues are real
and non-negative. Indeed, if A is an eigenvalue and q(x) a corresponding eigenfunc-
tion, then, by taking the scalar product of (3.33) with q(x) we have

(q,Kq) — 1 (q,Mq) =0.

Here and in what follows the scalar product between two vector-valued functions
u(x) and v(x) is defined by

(mﬂzﬂm@h@ﬂx

Thus,
(q,Kq)

(q,Mq) "

The numerator can be transformed by the integration by parts using the boundary
conditions giving

(q,Kq) = /V‘]i[_(Bjia(X)‘Ij),a — (Eiqjp(X)q;g) . +Aij(X)q; + Bijg(x)q; gldx
= /V[Aij(x)qz'qj'+23ij/3(x)61i6]j,/3 +Eiqjp(X)qi0q;jpldx = 2/‘/U(XaQiaQi,a)dx»

so (q,Kq) > 0. Since the denominator (q,Mq) = 2 [, K(X,¢;)dx is positive, the
eigenvalue A is non-negative. The expression for A is Rayleigh’s quotient, for which
extremal properties of eigenfrequencies of a continuous oscillator can be established

(see exercise[3.11).
Note that the stiffness operator K is self-adjoint in the following sense: for arbi-
trary two functions u(x) and v(x)

(u,Kv) = (v,Ku).

Indeed, integrating the expression on the left-hand side twice using the boundary
conditions and the symmetry properties of A;;(x) and E;, ;g (x) we have

(u,Kv) = /‘;”i[—(Bjia(X)Vj),a — (Eigjp(X)vjp),a +Aij(X)v;+ Bijg(x)v; gldx

:/V[Aij(x)u,-vj+ZBijB(x)u,'vj7ﬁ + Eiqjp(X)ui v gldx

= /VVi[—(Bjia(X)“j),oc — (Eigjp(X)ujp) o +Aij(X)uj + Bjjg (x)u; gldx,
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and thus (u,Kv) = (v,Ku). The self-adjointness of K implies the following orthog-
onality property: two eigenfunctions q, q» corresponding to two different eigenval-
ues A; # A, are orthogonal in the following sense

(q1,Mq,) =0, (qi,Kq,)=0.

To show this we multiply equation (3.533) for A; with q to get

(92, Kqi) = 41 (q2,Mq).

Similar procedure applied to the equation for A, gives

(q1,Kq2) = A2(q1,Mq>).

Subtracting these equations from each other and using the symmetry of M and the
self-adjointness of K we obtain

()‘1 - ﬂ'2)<ql7MqZ> = Oa

which implies the orthogonality. We choose the following normalization condition
for the eigenfunctions

Provided the region V is compact and the operator K is self-adjoint and non-
negative definite, one can show that the problem (3.33)) has a countable set of eigen-
values

0§l]§lg§7 1im7Lj:—|—oo,
]
called a spectrum of the continuous oscillator. Based on this result we can now
solve the initial boundary-value problem by combining the eigenfunctions with the
solutions for w;(r)
wj(t) =ajcos @t +bjsin wjt

to present the general solution of (3.33) in form of the series

™

u(x,r) = ) q;j(x)(ajcoswjt+b;sinw;t).

1

J

The initial conditions (3.34) lead to

oo

i ajq;j(x) =up(x), z bjw;q;(x) = vo(x).
j=1 j=1

Multiplying these equations with Mq; and making use of the orthogonality and nor-
malization conditions, we get
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1
a; = (uo,Mq;), b;= 5<V07M‘li>-

(]

For the compact region V one can prove that the eigenfunctions form an orthogonal
basis in the space of continuous and piecewise continuously differentiable functions
(see, e.g., [10]) and the Fourier series converge uniformly to the solution if its initial
data ugy and v belong to this function space.

Dissipative systems. For dissipative continuous oscillators the following variational
principle holds true: among all admissible motions of an arbitrary dissipative system
constrained by the initial and end conditions

u(x,t0) =wup(x), u(x,t)=u;(x),

as well as the boundary conditions (3.48)), the true motion satisfies the variational
equation

/L X, W, U o, U, )dxdt — / / ( Ou; + oD 5ui.a> dxdr =0. (3.56)
to aull au, ot )

Here D(X,u;;,u; o) is the dissipation function. Calculation of variation in exactly
the same manner as in the previous case leads to

0 L 9 JdL ID 9 9D
/’ / (8’41 Oxg QUi Ot duiy  Juiy T o Oxq Ou; w) duidxdt =0.

Due to the arbitrariness of du; inside the region V x (0,1, ) the following equations
are obtained
(98L+8 JdL 8L+(9D d dD
ot duiy  Oxg duie Jui  Juiy  Ixg Ui

=0, i=1,...,n

These equations are subject to the kinematic boundary conditions (3.48)) for the fixed
boundary. For the free boundary the natural boundary conditions

(aL_aD

aui,a aui,at

>va—0 atdV, i=1,...,n,

must be used instead.

Thus, the motion of continuous dissipative mechanical systems is governed by
two function, the Lagrangian and the dissipation function. We take the Lagrangian
in the form

L(X,ui, uj o uiy) = K(X,ui0) = U(X, ui, i ),

where the kinetic and potential energy densities are given by (3.31) and (3.32), re-
spectively. Concerning the dissipation function the most simple assumption is that
of proportional damping, for which
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D(x, ui,mui,at) = OﬂK(XMi,t) +BU(x, Mi,tyui,at)y

with o and 3 being two constants. The first term in the right-hand side of this
equation is thought of as the external damping due to the resistance to motion by
the surrounding medium (say, the air resistance), while its second term is normally
referred to as the internal damping which must be proportional to the relative motion
of parts of the system. In this case, it is easy to show that the equation of motion can
be presented in the form

Mu + Cu; +Ku =0, (3.57)

where M is the mass density matrix and K the stiffness operator obtained previously.
The operator C, called a damping operator, is given by

C=oaM+ K.
Equation (3.37) is subject to the boundary conditions (3.48) and the initial condi-
tions (3.34).

Solution. We seek a particular solution of (3.37) in the form

u(x,r) = q;(x)w;(1),

where q(x) is an eigenvector found from the eigenvalue problem (3.33) and w;(r)
an unknown scalar function. Substituting this Ansatz into (3.37) and taking into
account the proportionality property, we reduce this equation to

Mg, [0} + (e + B}, + ofw;] = 0.
Since Mq; # 0, the expression in the square brackets must vanish giving
Wi+ (o + i)W, + ofw; = 0.

This ordinary differential equation can be solved by the method of Section The
general solution of (3.37) is obtained as the linear superposition of these particular
solutions. Thus, the problem reduces to solving a countable set of uncoupled differ-
ential equations. Since the damping coefficients of these equations increase with the
frequencies, the amplitudes of high frequency modes decay much faster than those
of low-frequency modes. Thus, the truncation of the mass, stiffness, and damping
matrices makes sense and its error can be controlled if o and f3 are known.

Exercises

3.1 Derive the equation of motion for a chain of atoms, where each atom interacts
with m neighbors on the left as well as m neighbors on the right. Show the transition
to the continuum.
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Fig. 3.13 Initial position of string.

3.2 A string of length [ is released from a position shown in Fig. Determine
its motion.

4 1+u,
El

Fig. 3.14 Uniformly stretched bar.

3.3 An elastic bar of length / has its free end stretched uniformly so that its length
becomes ! + ug, and then is released from that position (see Fig. 3.14). Determine
its motion.

i
™

Fig. 3.15 Shaft with rigid disk attached at its end.

3.4 An elastic shaft having a rigid disk attached at its free end performs torsional
vibrations. The disk has a moment of inertia Jp (see Fig. B.13). Derive the equa-
tion of small vibrations and the boundary conditions from Hamilton’s variational
principle. Determine the eigenfrequencies.

3.5 Find the eigenfrequencies of flexural vibrations of a beam with one clamped
edge and one free edge. Plot the shapes of first three modes of vibrations.

Fig. 3.16 Falling beam.



108 3 Continuous Oscillators

3.6 The beam of length / and mass m sketched in Fig. is released and latches
upon impact onto the support B. Provided there is no rebound and no loss of energy,
determine the flexural vibration of the beam after impact. How to proceed if there is
a rebound.

Fig. 3.17 Beam with spring.

3.7 Derive the boundary condition for a beam connected with a spring shown in
Fig.[3.17] Find the eigenfrequencies.

3.8 An elastic beam is subjected to a harmonic end load as shown in Fig.
Determine its forced vibration.

lfcoswt

Fig. 3.18 Beam under harmonic end load.

3.9 A square membrane is subjected to a harmonic load acting at its center. Deter-
mine the forced vibration.

3.10 Determine the eigenfrequencies of a circular plate with a simply supported
boundary.

3.11 Prove the extremal properties of eigenfrequencies of a continuous oscillator
based on the minimization of Rayleigh’s quotient.

3.12 Find the eigenfrequencies of radial vibrations for an elastic isotropic sphere
of radius a.



Chapter 4
Linear Waves

This chapter studies linear waves propagating in continuous media. For homoge-
neous media the method of solution is Fourier’s transform which is based entirely on
the linear superposition principle. For weakly inhomogeneous media the variational-
asymptotic method has to be used instead.

4.1 Hyperbolic Waves

Differential equation of wave propagation. In contrast to vibrations of continuous
systems, waves transport disturbances and energy from one part of the medium to
another with a recognizable velocity of propagation. Thus, we are dealing locally
with transient processes. The equations governing wave propagation remain exactly
the same as the equations of motion for continuous oscillators. In addition, the initial
and boundary conditions have to be specified. If the influence of the boundary can
be neglected, then it is convenient to consider waves propagating in infinite media.
In this case the radiation conditions are required to select the physically meaningful
solution.

1-D problem. We begin first with the most simple situation, namely, with the prop-
agation of hyperbolic waves in one dimension governed by the equation

_ 2
U = C U xx-

As one remembers from Section [3.2] this equation describes flexural vibrations of
a pre-stretched string, or longitudinal vibrations of an elastic bar. Now instead of
vibrations (or standing waves) we want to analyze wave propagation. If the bound-
aries of the medium are far away from the point of interest so that waves do not still
interact with them, we may consider the idealized situation of waves propagating in
an equivalent infinite medium. Introducing the characteristic coordinates o = x — ct,
B = x+ ct, we transform the above equation to
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0%u

Jaop

which yields the general solution obtained first by d’ Alembert

u(x,t) = f(o) +8(B) = fx—ct) + glx+ct).

This formula represents two waves traveling through the medium with the constant
velocity c; f to the right, and g to the left. Note that the observer moving to the right
(or left) with the velocity ¢ does not see any change of wave shape associated with
f (or g). Such waves are called dispersionless.

For the initial value problem

u(x,0) =up(x), us(x,0)=vo(x),
we determine f and g from the initial conditions

u(x,0) = f(x) +8(x) = uo(x), us(x,0) = —cf'(x) +cg'(x) = vo(x)

giving

1 1 x+-ct

ult) = Sluox —en) +uo(x+ e +5- [ wo(E)dg.

2 2¢ Jx—a
We can also solve the signaling problem for the half-axis x > 0 of outgoing waves
with

ux(0,1) = p(z).

In this case the solution reads

u(x,t) = —cq(t —x/c),

where g(t) is the integral of p(z).

3-D problem. According to Hadamard’s idea, waves propagating in three dimen-
sions will be easier to study than those in two dimensions, so we start with the 3-D
case. We first look for particular solutions of the wave equation

Uy = CZAM (41)

in the 3-D space. This equation describes sound waves in fluids and gases, as well
as dilatational or shear waves propagating in infinite elastic solids (see Section
and exercise[d.2)). Since equation (£.I)) is linear, its particular solutions always exist
in form of harmonic waves

M(X, l) — ei(k‘x—wt) 7

' We work directly with the complex form of the solution keeping in mind that the real or
imaginary part should be taken when necessary.
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where Kk is the wave vector and @ the frequency. Indeed, substituting this Ansatz
into (£.I)) we obtain the equation

(—602 + 62|k|2)ei(k‘x—wt) =0,

with [k| =, /k2 + k2 + k2 being the magnitude of k. As the exponential function is

not identically zero, @ must be related to k by
o = *clk|.

Thus, for each non-zero wave vector k there are two harmonic waves corresponding
to @ = c|k| or @ = —c|k|. We refer to them as branches.

For the moment let us concentrate
just on one branch, since the general so-
lution is simply the linear superposition
of them. Taking the real part, we present
the monochromatic wave as

u(x,t) = cos(k-x — c|klz).

We call 0(x,t) = k-x — c[k|r phase; it
determines the position on the cycle be-
tween a crest, where u has a maximum,
and a trough, where u achieves a min-
imum. This particular solution is called
a plane wave because the phase surfaces
0 = const are parallel planes as shown in  Fig. 4.1 Plot of cos(x+y).

Fig.[T]in 2-D case. The gradient of 6 in

the space is the wave vector k, whose di-

rection is normal to the phase planes and whose magnitude x = |Kk| is the average
number of crests per 27 units of distance in that direction. In Fig. Bl the wave
vector is k = (1,1) in the (x,y)-plane. Similarly, —6, is the frequency m = cx, the
average number of crests per 27 units of time. The wavelength is A = 27/ and the
period is T = 27/ @. The wave motion is recognized from the phase. Any particular
phase surface moves in the space with the normal velocity @/k = ¢ in the direction
of k. Thus, for the wave equation u,, = c?Au the phase velocity agrees with the
usual propagation speed.

The monochromatic plane waves play a key role in the theory of linear waves
propagating in homogeneous media, because the general solution can be obtained
by the linear superposition of these waves with various wave vectors. This leads
to Fourier’s integrals, where the contribution of each monochromatic plane wave
is Fourier’s component of the wave packet. We postpone the derivation of general
solution based on this Fourier’s analysis to the next Section Howeyver, in what
follows we want to use the monochromatic plane waves to study reflection and re-
fraction of waves.
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Reflection and refraction of waves. When a monochromatic plane wave is incident
on the boundary between two different media, it undergoes reflection and refraction.
The motion in the first medium is a combination of the incident and reflected waves,
whereas in the second medium there is only one, the refracted wave. All three waves
have the same frequency ; the relations between their amplitudes and wave vectors
are determined by the boundary conditions. Consider for definiteness the reflection
and refraction of sound wave at a plane surface separating two media, say air and
water, which we take as the (x,y)-plane. Because of the translational invariance in
the x- and y-directions, all three waves have the same components ky, &, of the wave
vector, but not the same component k.

For simplicity let us consider wave propagat-
ing in the (x,z)-plane. Then k, = 0 in all three
waves, so they are coplanar. Let ¢ be the angle
between the direction of wave propagation and the
z-axis (see Fig.[4.2). Then, from the equality k, =
(w/c)sin ¥ for the incident and reflected waves, it
follows that % = 19{ , 1.e. the angle of incidence 1,

ZA

ONp/S: > is equal to the angle of reflection . The similar
X . . . .
S, equation for the incident and refracted waves im-
plies Snell’s law
sin 191 N C1
sint, ¢’
Fig. 4.2 Reflection and refraction  \here ¢; and ¢, are the velocities of sound in these

of waves. two media.

In order to obtain the relation between the in-
tensities of these three waves, we write the velocity
potentials as

o :A]eico[(z/cl)cosl?l-#—(x/cl)sin191—t]7
(P{ :Alleiw[(fz/cl)cosﬂht(x/cl)sim?l 71]7
» :Azeiw[(z/cz)cos192+(x/c2)sin1927t]7
where Ay, A, and A, are the complex amplitudes of waves. At the boundary z =0

the pressure p = —p ¢, and the normal velocities v, = ¢ in the two media must be
equal; these conditions lead to the relations

costh

(&)

cos (AI_AII) _

pi(A1+A]) = prAs, Asz.

The reflection coefficient R is defined as the ratio of the average energy flux in the
reflected and incident waves. Since the energy flux of sound wave is cpv? (see the
general derivation in Section E4), we have R = vZ/v? = |A][*/|A,
denotes the time average. A simple calculation gives

2. where bar




4.1 Hyperbolic Waves 113

B patandy — pytan Y 2
~ \ patand, + pytanth

The angles ¥ and ¥, are related by Snell’s law; expressing ¢, in terms of ¥, we
can put this formula in the form

pacrcos Y — Py C% — C% sin? H

pacacos D %—pn/c1 —c231n 2

For normal incident (% = 0), this formula gives simply
_ (chz —picy >2
p2c2+picy

Solution as a superposition of spherical waves. There is a simple way to obtain
the solution of the wave equation in 3-D case as a superposition of spherical waves.
We start by assuming first the spherical symmetry of a particular solution about
the origin: u = u(r,t), where r is the distance from the origin. The wave equation
reduces to

_zu,tl =Uyr + —Uy.
C r

This equation can be rewritten as

1
—Z(V“),n = (ru) »r
c
which is exactly the 1-D wave equation for ru. Thus, the particular solution reads

f(r—ct)'

r

u(r,t):

Here we select only the outgoing wave. This selection is equivalent to posing the
radiation condition which requires that waves can only propagate from sources to
infinity. If the source generating waves is found at point €, then the particular solu-
tion takes the form

u(x,t) =

Now the particular solution of (4.I]) can be constructed as a linear superposition of

spherical waves
x—&|—ct)
(x,1) / (& a(l §‘|€| dé&, 4.2)

where d& = d&1d&,d&;. In the integrand we take Dirac’s delta function representing
the unit source, while function y(&) accounts for the fact that waves coming from
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different points will have in general different intensities. The form (@.2) suggests
the introduction of spherical coordinates (p, ¥, @) with the origin at x yielding

o W 2W
¢(x,t)=/// w(x+pl)8(p —ct)psind dpdd dp
0 0 JO
T r2n
— ot / / w(x+cil)sind dpdo, 43)
0 0

where 1 is the unit vector from x to € having the cartesian components
1= (sin ¥ cos @, sin ¥ sin @, cos V).

As t — 0 the right-hand side of (.3)) tends to zero. For a continuously differentiable
function w(x) we may differentiate this expression with respect to 7 and find the
limitas ¢t — 0

0+(x,0) =4mcy(x).
Thus, the integral

t T 2
o(x,1) = —/ / vo(x+ctl) sin® do d®
4 Jo Jo
solves equation (4.I)) with the initial conditions
u(x,0) =0, u,(x,0)=vo(x).

Note that this solution can also be represented as a surface integral
( t ) —1 : / ( 1 l)
o(x,t) = vo(x+ctl)da
3 C2 P s() 0 )

where S(¢) is the spherical surface with center at x and radius ct.

To satisfy the remaining initial condition u(x,0) = up(x) we use the following
property: if ¢ is a solution of (4.I), then its time derivative ¢, is also the solution.
Consider the solution of the form

xX(x,1) =9,
where ¢ is given by (@.3). In this case it is easy to check that, as t — 0,
x(x,0) =4mey(x), x:(x,0) =@, =c*A¢p =0.
Therefore we choose now y(x) = ug(x)/4mc and get for y

0 1
X(X,I) = E {m [g(t) MQ(X+Ctl)da:| .
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The complete solution reads

1 1
u(x,t) = % [m /S(z) uo(x—ﬁ—ctl)da} + Anc /S(t) vo(x+ ctl) da. (4.4)
Equation (4.4), called Poisson’s formula, represents the total contribution of the
instantaneous sources which send spherical waves to point x at time #; they are all
exactly a distance ct away and their contributions traveling with speed c arrive at x
just at time 7. Notice that sources inside S(¢) do not contribute to the solution at x.
Thus, there is no “tail” for spherical waves. This is no longer so in 2-D case as will
be seen in the next paragraph.

2-D problem. The solution to the 2-D problem can be obtained from the 3-D so-
lution by assumming uo(x) and vo(x) to be independent of x3. Suppose now that
nonzero values of uy(x1,x2), vo(x1,x2) are specified in a finite domain Cy of the
(x1,x2)-plane. From the 3-D point of view, the non-zero initial data occupy the cylin-
der C with generators parallel to the x3-axis based on the cross section Cy. Thus, the
domain of initial disturbances is no longer compact in the space. For a point outside
the cylinder C, the construction of wavefront is as before, but the spheres with the
center at x will intersect C at all time after the first time of intersection (see Fig.[4.3)).
This accounts for the “tail” in the 2-D case and shows clearly the difference between
2-D and 3-D cases.

% A
T NEELE
o
A .
X, , X e
S(t) c

Fig. 4.3 Reduction of wavefront from three to two dimensions.

Let us consider now the integrals in (£.4) at some fixed point (x;,x3,0). At point
(&1,&,,&3) on S(t) (see Fig.[43) the value of ug is up(&r,&;). The outward normal
to the sphere has a component n3 given by

& _ . Ve —(xn —&1)? - (2 —&)*

ct ct

n3 —=

The surface element da is equal to d&;d&, /|n3|, where d&,d&; is its projection in
the (x,x2)-plane. Therefore, taking into account the two equal contributions from
above and below the (x1,x;)-plane, we have
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1 _ 1 uo(81,82)d&1dS,
o N 3 T B T

where o (¢) is the interior of the projection of S(z) onto the (x|,x;)-plane:

o(t) ={(&1,&) | (x1 = &)+ (n—&)* < 7).

Thus, the solution of 2-D problem reads

o[ 1 uo(&1,6,)dS1d8
) =5 Lm/ NG e

RS V0(§17§2)d51d52
e /0(1) VAT — (=&)Y= (- §)7

Since the integrals are taken over the whole domain inside the circle (x; — &) +
(x2 — &)? = %2, not just its boundary, the disturbance continues even after this
circle completely surrounds the initial domain Cy.

Geometrical optics. Although the exact solution to the wave equation has been
found, the computation of Poisson’s integrals is not always easy, even if we do it
numerically. A simplification is possible if the wave packet may be regarded as
plane in any small region of the medium. For this to be so it is necessary that the
amplitude and the direction of propagation vary only slightly in one wavelength. If
this condition holds, we can introduce the idea of rays as lines whose tangent at any
point coincides with the direction of wave propagation. Then, to find the wavefront
we need just to find the rays while ignoring the nature of wave propagation. This
task will be done within the so-called geometrical optics which turns out to be valid
in the high frequency (short wave) approximation.

We derive the equations of geometrical optics by assuming the periodic solution
with a given frequency : u(x,t) = w(x)e . Then the wave equation reduces to

Helmbholtz’s equation
2

(0]
Aw+ _2WZO~
c

For large value of ®/c, a standard method of finding the asymptotic solutions? is to
take

w =W (x) + T () ., 4.5)

where functions o(x) and wj(x) are to be determined. Substituting (€.5) into
Helmholtz’s equation and keeping the asymptotically leading terms only, we obtain

A 1 1
M0 (~0,40,4 + =) (wo + —wi) +HiO(A0wy +20 gwo.0) + .. ] = 0.
C

2 Which is called WKB-method [3].
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The exponential function can be dropped in this equation. Then, equating the asymp-
totically leading terms at > and @ to zero we obtain

2 (4.6)
Aowy + ZG,aWO’a =0.

The first equation is called eikonal equation which determines o (x). The second
equation, called transport equation, can be used to find wo(x).

The eikonal equation (.6));, as a nonlinear partial differential equation of first
order, may be solved by the method of characteristic curves [10]. If we introduce
Do = O, and write this equation as

1

CPoPo — Ec_l =0,

H=

N —

the characteristic curves are defined by the equation

dxo
ds CPo-
Parameter s is the arc-length along the characteristic curve, because c>pgpo = 1.
The full set of characteristic equations reads
dxg dpa_o do 1
ds P Tas T ds T o
Looking at the asymptotic solution (£.3), one may
recognize that 6 = ®(o(x) — ) is the phase of the
wave packet. Let us choose the initial phase such that
6 = 0 corresponds to the wave front. Thus, the equa-
tion of the wave front is o(x) = ¢. Since the vector
p = Vo is normal to the wavefront, the first equa-
tion for the characteristics tells us that the rays are
also normal to it. The second equation shows that p is
constant on the ray, so the rays must be straight lines.
The new wavefront at time ¢ + #; (with small #;) can
be constructed by drawing the family of straight lines
normal to the wavefront at time ¢, and by the third
equation, 6 = s/c, so t = s/c, and the new wavefront Fig. 4.4 Wavefront and rays.
is a distance ct; out along the rays (see Fig.[4.4). This
is Huygens’ principle which agrees also with Pois-
son’s exact solution (.4) found previously.
It remains to solve the transport equation which is the linear equation for wy. Its
characteristics are the same rays, so we can write this equation as

1 dW() 1
——— =—=Ao.
wo ds 2
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The integration is straightforward once ¢ (x) has been determined. But due to the
implicit form of o(x) we proceed a little differently. First we note that (4.6), takes
the divergence form

(G.awd) .o =0.

Let us consider a tube formed by rays going from the initial wavefront Sy to the
current wavefront S, as shown in Fig.[£.4l We integrate this equation over the volume
of the tube. The use of Gauss’ theorem gives

/naqaw%da =0,

where n is the outward normal and the surface integral must be taken over the sides
XY and ends Sp, S; of the ray tube. As the rays are orthogonal to the wavefronts
o =const, n¢0,¢ = 0 on X. On S; the normal n and Vo are in the same direction,
S0 ng0,q = |Vo|=1/c. Similarly, nq0,4 = —|Vo| = —1/c on Sp. Thus,

/w%da:/ w(z)da.
S So

This equation expresses the conservation of energy flux along the ray tube.

The geometrical optics can also be developed for anisotropic and inhomogeneous
media [36]. However, one should be cautious near the point where ¢ = 0 (called the
turning point) as well as near the caustics, where this type of approximation needs
to be modified.

4.2 Dispersive Waves

Differential equation and dispersion relation. Typically, the differential equation
governing the propagation of dispersive waves in a homogeneous medium can be
written as

P(0;,0¢)u=0. 4.7)

Here P(r,sy) is a polynomial of the variables r and s, with constant coefficients,
0, and dy, are the partial derivatives with respect to ¢ and x,, respectively. Some
examples in 1-D case which will be used as illustration are

u’,t—I—COgu—Czu’X_x:O, P(a,,@x) :9t2+a)§—C28xz,
it + VPl =0,  P(9,,0x) = I} + 705, (4.8)

g+ Oty + Bty =0,  P(0r,0y) = 0, + 00y + B7.
The first equation describes free vibrations of a string with an additional restoring
force proportional to u, or thickness vibrations of a rod [[19]]. It is also the Klein-

Gordon equation of quantum mechanics. The second equation of (.8) corresponds
to Bernoulli-Euler’s beam theory (3.26) with y = \/EI/u. The last equation is the
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linearized version of Korteweg-de Vries equation describing small amplitude long
water waves and various other dispersive waves.

Since (@7 is a linear differential equation with constant coefficients, its particu-
lar solutions always exist in form of harmonic waves

u(X,t) — ei(k»xfwt)7

where k is the wave vector and @ the frequency. Indeed, substituting this Ansatz
into (4.7) and using the property of exponential function, we see that k and @ have
to be related by the equation

P(—iw,ik)=0.

This is the so called dispersion relation which contains all the information about the
differential equation. Knowing this dispersion relation we can restore the governing
equation by using the correspondence: d; < —i®, dy « iky. Note that the above
derivation can easily be generalized for the situation when u is a vector. In this case P
becomes a matrix, whose elements are polynomials of r and s,,. The harmonic wave
form of particular solutions remains, with a small modification that a constant vector
a as form factor has to be included. Nontrivial solutions exist for the vanishing
determinant of the matrix, whose elements are polynomials of —iw and ik, yielding
the dispersion relation (see exercise[d.4).
We assume that the dispersion relation may be solved with respect to @ giving
real roots
o =Q(k). (4.9)

In general there will be a number of such solutions, with different functions Q (k).
We refer to them as branches. For example, if u satisfies Bernoulli-Euler’s beam
equation (4.8)),, then the dispersion relation reads

—0’ +7k* =0.
Solving this with respect to @ we obtain two branches
o=y o=—yk

In contrary, the linearized Korteweg-de Vries equation (4.8))3 yields only one branch
given by
o = ok — Bk,

For the present we study just one branch, since the general solution is simply the
linear superposition of them. The monochromatic plane wave corresponding to this
branch is

u=cos(k-x—Q(Kk)r).

We call as before 8 = k- x — Q (k) phase which determines the wave motion. Any
particular phase surface moves in the space with the normal velocity Q(k)/x in the
direction of k, where x = |k|. We define the phase velocity as
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Q(k)
” n

)

where n is the unit vector in the K-direction. For the hyperbolic waves governed
by the equation u; = c?Au considered in the previous Section the phase velocity
is constant and agrees with the propagation speed c. In general ¢ depends on x, so
different waves propagate with different velocities causing the change of shape. This
explains the adjective “dispersive” for such waves. We classify waves as dispersive
if Q(k) is real and the determinant of the matrix agj—g)@ is not identically zero

(see [136l]). This definition excludes hyperbolic waves.

Solution. The general solution of (4.7) can be obtained by the linear superposition
of particular solutions using Fourier’s integral

u(x0) = [ wik)el-i@0rag,

where dk = dkidkodks. Function y(k) accounts for the intensity of waves with
different k and may be chosen to satisfy arbitrary initial data, provided these data are
described by regular functions admitting the Fourier transform. For illustration let us
consider the first two equations in (@.8). Each of them has two branches ® = +Q (k),
and since we are in 1-D situation,

u(x, 1) = [ " (k)RR g [ T k)W (4.10)
As there are two branches, u(x,#) must satisfy two initial conditions
u(x,0) =up(x), us(x,0)=vo(x).
This leads to
[ w0+ vale®dk = uo(x).
[ —i2®lv® - yak)edk = vo(v).

Applying the Fourier transform to these equations we obtain
1 i »
W0+ o) =5 [ wlwe dx = U(h),
. L= i
QY1) va(0)] = 5 [ vo(we dr=Vo(h)

Solving the above equations with respect to y; (k) and y, (k) gives

v (k) = % {Uo(k) + "_‘(/20(%)} (k)= % [Uo(k) - ig‘;o((:))} '
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Since up(x) and vo(x) are real, their Fourier images Uy(k) and Vy(k) satisfy the
properties
Uo(=k) = Us (k) Vo(—k) = Vy (k)

where asterisks denote complex conjugates. Thus, if (k) is odd function, then

vi(=k) = wi(k), wa(—k)=y5(k).

If Q(k) is even function, we have

vi(=k) =y (k) ya(—k) = yy (k).

It is easy to check that the solution is real in both cases as expected.

Large time asymptotics. Although Fourier’s integrals give the exact solution, its
behavior is still difficult to analyze. For wave propagation it is important to know
the behavior of solution in the limits # — co and x — oo while x/¢ is held fixed. Let
us analyze first the typical integral

u(x 1) = / IV e

in 1-D case. In the limit # — oo at fixed x/t we can write this integral as
u(x 1) = / w(k)e 2 Wi g, @.11)

where y (k) is the following function

Here x/t is regarded as a fixed parameter. The asymptotic behavior of integral (.11))
as t — oo can be studied by the method of stationary phase [3]], according to which
the main contribution to the integral comes from the neighborhood of stationary

points of y (k) such that

¥ (k) = Q' (k) — ; —0. 4.12)

Otherwise, the integrand oscillates rapidly and makes little net contribution to
u(x,t).

Assume first that ) (k) has one stationary point at k = k. To find the leading
contribution we expand y(k) and (k) in Taylor’s series near k = ks

wik) ~ yiks), x(k)~ x(k)+ x" (ks) (k= ks)?,

provided x" (ky) # 0. Substitution of these formulas in (1)) leads to

) 2 (k) 10N [~ bk gy,

—oo
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The remaining integral can be reduced to the standard integral

o P
/ e ¥ dr=,]2
—oo o

by rotating the path of integration through £ /4; the sign should be chosen to be
the same as the sign of " (k). Thus,

2T ik )i— Esigny” (ks
u(x,t) = y(ks) Tl ksx—i€2 (ks )t Fsigny" (ks)

If there are several stationary points, the contributions from their neighborhoods
have to be summed up to get the final result.

For the case of two branches with @ = +Q(k), the solution is given by (.10).
Assume further that Q’(k) is monotonic and positive for k > 0, we analyze the
asymptotic behavior of (£.10) for x > 0. If Q(k) is even, then £’(k) is odd and
there is only one positive stationary point for the first branch denoted by k(x,7):
Q'(k) = x/t for x/t > 0. The second branch has also one stationary point equal to
—ks(x,t). Combining two contributions of the branches we get

2 ; : Im : "
i (k) y | e gikx—iQks)e=Fsient () | forx/t > 0. (4.13)

u(x,t) ~2Re T 6]

It is easy to see that the case of odd function €2 (k) leads to the same result.

Group velocity. At any point (x,¢) formula (£.13) determines a local wave number
ks(x,t) and the corresponding local frequency @ (x,t) = Q (ks(x,t)). By introducing
a phase

0(x,1) = ky(x,1)x — ws(x,1)t

we may present (£.13) in the form
u(x,t) ~ Re[A(x,1)e )], (4.14)
where the complex amplitude is

2r in "
Alx,t) =2 (k) | ———e~ asiem " (ks)
(x,1) = 2wy (ks) t|x”(ks)|e

The difference between (4.14) and the monochromatic waves is that A, k, and ®
are no longer constants. However, this asymptotic formula still represents a nonuni-
form wave packet, with a phase 6 describing the oscillations between crests and
troughs. It is natural to define the local wave number and frequency as 6, and —6,,
respectively. In our nonuniform case we have
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0, = kg xx+ kg — Q' (kg ks it = ky(x,1),
G,t = k_;’tx — .Q/(ks)ksﬁtt — Q(ks) = —C()S(X,t),

so the local wave number and frequency introduced above agree with these defini-
tions. Moreover, the local wave number and frequency satisfy the dispersion relation
even in the nonuniform wave packet. Mention that the relative changes of the local
wave number k; in one period and in one wavelength are small. Indeed, from (@.12)
we see that the quantities

ke Q1
ks k@7

ke 11
ke kQ't

are small for large x and . Thus, k,(x,7) is a slowly changing function in one period
and one wavelength. The same is true of the frequency @, and amplitude A.

e

Fig. 4.5 Group (solid) and phase (dashed) lines for waves in beam.

Let us have a closer look at the equation (£.12)) determining k,(x,7). According to
that equation an observer moving with the velocity ' (k;) will see the wave number
ks and the frequency @,. Therefore we call the velocity

_do

(k) =2

group velocity, or the velocity for a group of waves. To illustrate the distinction be-
tween the phase and the group velocities we consider equation (.8)), for Bernoulli-
Euler’s beam. The dispersion relation for the branch of waves propagating to the
right is

Q(k) = yk>.
Therefore the equation determining k becomes x/f = Q'(k) = 2yk. Thus,
2 2
k=) 0=-—— 0=hki—of=——
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The group lines of constant k and @ are the straight lines ﬁ = const. The lines of

constant phase 0 = const are the parabola % = const. These two families of lines

are shown in Fig. We see that the group velocity Q' (k) = 2k is twice the phase
velocity @/k = vk for waves propagating in Bernoulli-Euler’s beam.

A

0.05

| L L
=190) =5 50 100 X

—0.05 -

=0.10 -

Fig. 4.6 Comparison of exact and approximate solutions.

To compare the solution obtained by the numerical integration of Fourier’s in-
tegrals with the asymptotic solution (@.14) let us set y = 1 and assume the initial
conditions as follows

u(x,0) = up(x) = 2me ™", 1,(x,0) = vo(x) = 0.

Then v (k) = e/ /+/2 and the asymptotic solution takes the form

x. [m ¥ &
u(x,t) ~ y/l(z—t)\/;cos(zt — Z)

Fig.[.Gplots the exact solution in terms of Fourier’s integrals computed numerically
at time ¢ = 100 and the above asymptotic solution at the same time, where the results
are nearly identical.

The other important role of the group velocity appears in studying the distribution
of amplitude A(x,?). It turns out that |A|?> propagates with the group velocity. To
show this let us compute the integral of |A|? between two points x, > x; > 0. From
the above formula for A we have

2k 2y (ko) (ks)
o(t) :/ AA*dx =81 T dx.
X n o 1|€" (k)|

In this integral ks is the root of (@.I2). Using the transformation x = Q'(k)z as a
change of variable x — k, we rewrite Q(¢) in the form

ko

Q(t)=8rn Wi (k)i (k) dk,
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provided Q" (k) > 0, where k; and k; are defined by
X1 = Ql(kl)[, Xy = .Q/(kz)t.

If Q" (k) < 0, the order of the limits must be reversed. Now, if k; and k; are held
fixed as ¢ varies, Q(¢) remains constant. But for the fixed k; and k, the points x;
and x, are moving with the group velocities. Thus, the total amount of |A|?> between
any pairs of group lines remains constant, and in this sense, |A|? propagates with the
group velocity. Moreover, we will show in Section [£.4] that the energy also propa-
gates with the group velocity. This puts the question to the radiation conditions for
the dispersive waves.

Kinematic derivation of group velocity. We see from the previous paragraph that
the concept of group velocity is quite crucial in understanding the phenomenon of
wave propagation. This concept must appear and be equally important for inhomo-
geneous media as well as for non-linear problems, where Fourier’s analysis are not
directly applicable. Therefore we try to develop below the direct kinematic approach
based on the more intuitive arguments rather than using Fourier’s integrals and sta-
tionary phase. We assume that a wave packet under consideration possesses a phase
function 6(x,t), and that the wave number and frequency defined by

k=0, =—0;, (4.15)

are slowly changing functions of x and z. If, further, we know or can derive for them
a dispersion relation
o= Q(k), (4.16)

then we have an equation for 6 and we could proceed to solve it to determine the
geometry of the wave pattern. The convenient way is to use the kinematic relation

k,t + CO,X == 0,

which follows from (.13). This equation can be regarded as the conservation of
waves, with k being the density of waves and ® the flux of waves. Combining it
with (@.I6) we get a non-linear partial differential equation to determine k(x,)

ki+C(K)ky=0, C(k)=Q'(k). (4.17)

We see that the group velocity C(k) is the propagation velocity for the wave num-
ber k. This equation can be solved by the method of characteristics. For an initial
distribution k = f(x) at r = O the solution is

k=f(8), x=&+vg(&),

where vo(&) = C(f(§)). Thus, the observer moving with the group velocity sees
always the same local wave number k. It is interesting that the above equation for k is
non-linear and hyperbolic, even though the original problem is linear and in general
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non-hyperbolic as in example ([.8),. In this sense one can preserve the association
of wave propagation with hyperbolic equations, but there is a considerable non-
hyperbolic background.

Extensions to 2- and 3-D cases. It is not difficult to extend the obtained results to 2-
or 3-D problems. Since the exact solution is expressed in terms of multiple Fourier’s
integrals, the asymptotically leading terms in the limit # — o with x/¢ being held
fixed can be obtained by the method of stationary phase. For d-dimensional space
we can show that

u(x.t) = [yl i20ra

21\ Y/? 20 N o
~ [ntd _vse ik x—iQ (K )t+i§
~ y(ky) ( . ) (det‘ 8ka9kﬁ D e ,

where Kk satisfies the equation

dkqy t’

and § depends on the number of factors 7i/4 arising from the path rotation. We
could use this asymptotic solution to study the group velocity in 2- or 3-D cases.
However, it is simpler to develop the direct kinematic approach which may also be
applied to weakly inhomogeneous media.

We consider the slowly varying wave packet in the form

u(x,t) =acos0

where the amplitude a and the phase 6 are function of x and ¢. We define the wave
vector k and frequency w by

kazeﬁa, CO:—Q,. (418)
We assume that a dispersion relation is known and can be written as
o= Q(x,k). (4.19)

For homogeneous media the dispersion relation does not depend on x and can be ob-
tained from the monochromatic plane waves. For a weakly inhomogeneous medium
it would appears reasonable to find the dispersion relation first for constant parame-
ters of the medium and then reinsert their dependence on x. This will be justified by
the variational-asymptotic method in Section 4.4

Now, by eliminating 6 from (£.18), we have

kot + @ =0, ka,B - kﬁ,a =0.
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Then, if @ = Q(x,Kk) is inserted into the first of these equations,

aQ aQ
kaJ + %kﬁ,a = —E

Since kg g = kg o, this may be modified to

Q2
ko +Cﬁka7ﬁ =—=

Trg’ (4.20)

where
00

The group velocity C defined in this way is the propagation velocity in (.20) for
the determination of k. Equation (4.20) may be written in the characteristic form as

&:—a—g on dﬁ:&—g (4.21)
dt 0xq dt ko

Note that k is constant on each characteristic when the medium is homogeneous in
x, and then the characteristics are straight lines in the (x,7)-space. Each value of
k propagates with the corresponding constant group velocity C(k). For inhomoge-
neous media this is no longer valid: the values of k change as they propagate along
the characteristics and the characteristics themselves become curves. However, since
the medium is time-independent

do 20
E == a)}t+Cﬁa)7ﬁ = W :O7
the frequency remains constant along the characteristics.

It is interesting that equations (£.21)) are identical with Hamilton’s equations in
mechanics if x and k are interpreted as coordinates and impulses while Q(x,k) is
taken to be the Hamilton function (cf. with Section [Z]). If instead of eliminating
0, we substitute for @ and k in the dispersion relation, then the following equation
holds true

d20 a0

E-‘—Q(X,X

This is nothing else but the Hamilton-Jacobi equation, with 0 being regarded as the
action [4]] (see also exercise[7.2).

) =0.

4.3 Elastic Waveguide

In signal processing it is often necessary to delay signals by sending them through
an elastic waveguide which serves as the delay line. Due to the interaction of waves
with the free boundaries, this device exhibits dispersive waves with infinite number
of branches. The other interesting property of elastic waveguides is that the phase
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and group velocities may have different signs for some high-frequency thickness
branches. Such waves are called “backward waves”. Their presence plays a decisive
role in posing the radiation conditions. Guided wave propagation is used intensively
also in nondestructive testing as well as in seismology.

S (o

Fig. 4.7 Strip of thickness 4.

Equation of motion. For simplicity, let us consider the most simple example of
waveguide, namely an elastic strip of thickness &, as shown in Figure[d.7] The carte-
sian coordinate system is selected, with (x,y)-plane coinciding with the middle sur-
face of the strip. The face surfaces of the strip are given by z = +h/2. Assuming
that the strip is made of a homogeneous isotropic elastic material, we write down
the three-dimensional equations of its motion in terms of the displacements 1

Pugs = (A+U)ug go+ Hug gp,

where A and p are Lamé constants. The traction-free boundary conditions on the
face surfaces z = +h/2 read

Gaz|z:ih/2 = M”ﬂ,ﬁ&xz + ,u(”oc,z + Mz,a)] z=+h/2 = 0.
We non-dimensionalize these equations by introducing the following variables

_t 1
t:%7 (-f,)?,Z):Z(x,y,Z),

where ¢; = \/L/p is the speed of shear wave in an infinite solid. The equations of
motion and the boundary conditions then take the dimensionless form

Ug st = (L+7)ug go+Uapp;

(4.22)
[Yup pOuz + (o2 + tza)]| ;=212 =0,
where Y= A /u and the bars are dropped for short.

Rayleigh-Lamb dispersion relation. Let us look for particular solutions of the
boundary-value problem (4.22)) in the form

Uy = fa(Z)€i<kx7wt).
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Substituting this into the equations (#:22)), we obtain two uncoupled systems.

For the shear waves (SH—wavesE with
Uy = f),(z)te"(k"_“”)7 uy=1u, =0,
we have

K +pify =0,
File=z12=0,

where the prime denotes the derivative with respect to z and
Pi=w’ i
The eigenvalue problem (#23) yields the following eigenfunctions:

fy=acos2mnz, pr=2mn, forSS-waves,
fy=asint(2n+1)z, pr=n(2n+1), for AS-waves.

We turn now to the second case, for which
= £ = f(2)e P uy=0.
Substitution of these formulas into equations 22), gives

fl 4 (L4 p)ikfl+ (0> =1 2k*) £ =0,
N2+ (L+p)ikfi+ (0° — k) f. =0,

_ A+2u u 1-2v
2: 2:— = =
n v u n A+2u 2-2v’

v being Poisson’s ratio. The boundary conditions (@.22), become

where

N2 fl +vikf, =0,
fl+ikf,=0.

129

(4.23)

(4.24)

(4.25)

(4.26)

The eigenvalue problem (.23) and (4.26) admits the symmetric and antisymmetric

solutions of the type

fx(z) —even, f.(z)—odd (L-waves),
fx(z)—odd, f.(z)—even (F-waves).

3 This terminology arose in seismology where the boundary surface is usually horizontal.
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The characteristic equation of the system (£.23))

P+ —n"22  (1+7y)iks

det (1+7p)iks N 22 +w*—k|

0

has four roots given by

s12=+ip1, p1=Vnte?— i,
834 = £ips, pr=Vo?>—k.

Therefore the symmetric solutions corresponding to longitudinal waves (L-waves)
read
= i(Akcos p1z+ Bpycos prz),
fe=1i( P12+ Bpacosp ) 4.27)
f. = —Apisinpz+ Bksin p,z,

where A and B are still unknown constants. The four boundary conditions on z =
+1/2 reduce to two equations in A and B

(k2 _ p%) cos %A + 2kp; cos %B =0,

p P2

. (4.28)
—2kpy sin 7A + (k* — p3) sin 73 =0.

Equating the determinant to zero, we obtain from (4.28)) the dispersion relation
(kK2 — p3)?sin(p2/2) cos(p1/2) + 4k*p1pasin(p1 /2) cos(pa/2) = 0.  (4.29)

This is the Rayleigh-Lamb dispersion relation for the propagation of the L-waves in
this waveguide. From (€.28) we also obtain the amplitude ratio

A 2kpscos(py/2) _ (kz—p%)sin(pz/Z).

B (—pd)cos(p1/2)  2kpisin(p1/2)

Next, we consider the antisymmetric solutions corresponding to flexural waves
(F-waves), which are given by

Jx = i(Cksin p1z— Dpysin pz),

(4.30)
f. =Cpicospiz+ Dkcosp;z,

where C,D are unknown constants. The traction-free boundary conditions at z =
+1/2 reduce also in this case to two equations for C,D

(K — p2)sin %c — 2kpssin %D —0,
2kp; cos %C-F (k* — p3) cos %D =0.

Since the determinant should vanish to guarantee nontrivial solutions, we derive
from here the following dispersion relation for the F-waves:
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(k2 - p%)zcos(pz/Z) sin(p;/2) +4k2p1pzcos(p1/2) sin(py/2) =0. (4.31)

This is the Rayleigh-Lamb dispersion relation for F-waves. We also obtain the equa-
tion for the ratio C/D

C _ 2kpysin(ps/2) _ (K*—=p3)cos(p2/2)

D (k*—p3)sin(p1/2) 2kpycos(p1/2)

Mention that both equations (£.29) and (£.3T)) can be combined in a single equation

(4.32)

tan(p/2) [ 4p1pak® }il + for L-waves,
tan(p/2) ’

B (k2 — p3)? —  for F-waves.

Dispersion curves. The dispersion relations (@.24)), (4.29) and (.31)) were obtained
independently by Rayleigh and Lamb [19]]. However, due to their complexity, the
full analysis of branches of the dispersion curves in the (k,®)-plane, as well as
branches with imaginary and complex wave number k, was completed much later.
We provide here the detailed asymptotic analysis and numerical simulations of these
equations.

Y Imk) Re (k)

Fig. 4.8 Dispersion curves of shear waves.

For SH-waves the dispersion relation (4.24) shows that for each number n =
0,1,2,... there are two branches

o = +4/72(2n)2+ k%, for SS(n)-waves,
®=+4/72(2n+1)>+k%, for AS(n)-waves.

The plus or minus sign indicates the direction of wave propagation. All SS- and
AS-waves, except SS(0), are dispersive. At some real and fixed wave number k
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the eigenfunctions (4.24) form a complete orthogonal basis in the space of regu-
lar functions of z. Thus, the series of Fourier’s integrals over all branches solves
the initial value problem for the infinite strip with arbitrary regular initial displace-
ment u,0(x,z) and velocity vyo(x,z). The solvability of signaling problem for a semi-
infinite strip requires the inclusion of solutions with imaginary k. We observe that
the wave number k becomes imaginary for ® < @., where @, = 2nx for SS(n) and
@, = (2n+ 1)x for AS(n). The frequency @, at which the group velocity becomes
zero is called a cutoff frequency. Thus, the free propagation of the correspond-
ing branch does not occur at frequencies lower than the cutoff frequency. Several
branches of the dispersion curves are plotted in Fig.[4.8] Since the dispersion curves
for real k are symmetrical about the w-axis, the (k, ®)-half-plane with negative real
k can be replaced by the (k, )-half-plane with positive imaginary k. Looking at the
dispersion curves we recognize that at a given fixed frequency there are only a finite
number of real k for SH-waves. Thus, we have only a finite number of propagating
waves. To satisfy arbitrary boundary conditions for a semi-infinite strip at x = 0 in
the signaling problem, we have to combine these propagating waves with an infi-
nite number of solutions having imaginary k and corresponding to non-propagating
modes. These modes describe vibrations which are localized near the edge of the
strip.

We turn now to the longitudinal and flexural waves characterized by the disper-
sion relation (£.32)) and consider the case of real k. Depending on whether (k, ®) is
found in the regions I, II, or III, as shown in Figure we may have py, p» being
both imaginary, one imaginary and one real, or both real, respectively. The disper-
sion relations will alter their form accordingly. In the region I p; = igy, p2 = iqo,
where g1 = \/k2 — n2w?, g = Vk* — w?. The dispersion relations take the form

tanh(g; /2)

tanh(q2/2) [ 4q142k* - + for L-waves,
(k2+61%)2 ’ — for F-waves.

To find the asymptote of the first F-branch for small k£ and @ we expand the hyper-
bolic tangent

1
tanhx = x(1 — gxz +...).
Retaining the first two terms, we reduce the dispersion relation for F-waves to

(@2/2)%) (R +43)?

(q1/2)%)  4q192K

g(1—
qi1(1—

W= (2=

We put this in the form
1 1
—( = q3)? = 3K g2 — 541 (K +43)".

Expanding this and keeping the terms according to Newton’s rule, we obtain the
asymptotic formula
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1
2_ 4 44 6
0] _6(1—v)k +O0(k°).

which agrees with that of the plate theory.

w
k/n
8 III k
II
6
4
I
2
2 4 6 8 k

Fig. 4.9 Three regions of the (k, ®)-plane.

In the region II p; = iq, and equation (4.32) becomes

tan(p>/2) —i[ 4q, pok* }il + for L-waves,
tanh(q1/2) | (K2 —p3)2] — for F-waves.

The lowest F-branch has no roots in this region. For the lowest L-branch we replace
tanx ~ x and tanhx ~ x giving

P2 _ 4q1pak®
a1 (R —p3)*

Keeping the main terms in this equation we find that

or (K —p3)=4kqi.

2 2 2 4
o = l—vk +O(k"),
which agrees again with the plate theory [19].

Let us consider now the high-frequency branches of L- and F-waves. We are
interested in the asymptotic behavior of the dispersion curves near the cutoff fre-
quencies in the long-wave range k << 1. Since the dispersion curves are in the range
o ~ 1 and k < 1, we have to analyze and (4.31) in the region I1I of the (k, )-
plane (see Figure[4.9). Setting k = 0 in £.29), we see that the cutoff frequencies @,
of L-waves are the roots of the equation

nwe
2

.
sin — cos =0.
2
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It implies that
. =21n, or .= M
n
The first family of roots correspond to the cutoff frequencies of the series L, the
second one — to the cutoff frequencies of the series L .
Consider the branch L (n). To study the asymptotics of the dispersion curve near
the cutoff frequency @, = 27n we introduce the notation

a)zzwf—&—y, kzzx,

with x and y being small quantities. Expanding the left-hand side of the equation
in the Taylor series of x and y and keeping only the principal terms in accor-
dance with Newton’s rule, we obtain

o 1 W w; ;
a)?cosj‘lwc (y—x)cos% +4xn 2 sin eSS cos7C =0.
Solving this with respect to y we get finally
16nt /2
0 = o 1 (1 10NEnNO/2), 5

@

For the branch L (n) with @, = m(2n+ 1)/1 we obtain after performing the same

operations
1 16cot(w./2
W’ = a)g + (_2 + M)k?
n @
Analogously, the asymptotic analysis of the Rayleigh-Lamb equation for F-waves
leads to the following cutoff frequencies

W = 227 or o =n2n+1).
n
The first family of roots correspond to the cutoff frequencies of the series F |, the
second one — to the cutoff frequencies of the series F. Similar asymptotic formulas
for the corresponding dispersion curves in the long-wave range can also be obtained
(see exercise[4.9).

In the above consideration we implicitly assume the value of 1 such that
cos(nzmn) # 0. In the opposite case the coefficient at y in the approximate disper-
sion equation vanishes, and the above equation fails to provide the true asymptotics
for long waves. Consider, for definiteness, the branch LH(n) and introduce the new
variables

0=0w+y, kK=x
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Expanding (#.29) in x and y and keeping their principal terms, we arrive at

N, 71 2 N W

J— —_— 4 —_— _— =
wcoszsm > 4 +xnws1n > cos2 0,
yielding
4
0= +—k
(0%

Take, for instance, 7 = 0.5 (v = 1/3). One can see from the last equation that the
group velocity vy = dw/dk of L (1) does not vanish at k = 0, but is equal to +2 /7,
and consequently, the wave packet moves without deformation in the long-wave
range. It is also interesting to observe that, for v = 1/3, the cutoff frequency of the
branch L||(1) coincides with that of the branch L (0).

LH(O‘ 5 m 5 »>
’ ) k

Fig. 4.10 Dispersion curves of L-waves.

Figs. 4.10 and [.11] show the dispersion curves of L- and F-waves, respectively,
for v = 0.25. Since the dispersion curves are symmetrical about the w-axis, it is
enough to show them in the first quadrant £ > 0, @ > 0. The lowest branches of
these waves, L|(0) and F, (0), begin from the origin and approach asymptotically
the straight line @ = v,k as k — oo, where v, = ¢, /c; is the dimensionless Rayleigh’s
wave speed which may be obtained as the real root of the equation

Vo — 8+ (24 — 16n* v +16(n*—1) =0.

All other branches are high-frequency thickness branches which begin at the cor-
responding cutoff frequencies and approach the straight line @ = k as k — oo. This
means that the wave speed of these branches approaches that of the shear waves in
an infinite solid, ¢y = /1L /p, as k — oo. It is interesting that the dispersion curves of
some branches, say L (0) or F”(l), have negative curvatures and slopes near k = 0.
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F,(0)

F.(0) ; ‘ ‘

Fig. 4.11 Dispersion curves of F-waves.

We can recognize this also from the asymptotic formulas in the long-wave range de-
rived previously for these branches. Indeed, consider for example the branch L (0)
for which o, = #/n and

@ = (/)4 (o + 10

for small k. If v = 0.25, then the coefficient at k? is negative and equal to

L 16cou@e/2) 5 56565

n @
Consequently, the phase and group velocities have different signs in the long-wave
range. Such waves carry energy in one direction but their phase surfaces appear to
propagate in the opposite direction. Because of this property they are called “back-
ward waves”.

Now let us consider the solvability of the initial value problem for an infinite
waveguide and for arbitrary initial conditions. This solvability is guaranteed if the
eigenfunctions found in @.27)) and #.30) form a complete orthonormal basis in the
space of vector-valued functions of z. To show that this is the case we rewrite the
equations (4.23)) in the operator form

Lf = Af,
where 1 = ©? and

= (B9, oo (The O pikkesn Y
fZ(Z) ’ _n_zfz,zz - (1 - ’}/)ikfx,z +k2f% .
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It is easy to check the following property: if & is real, then the operator L is Hermi-
tian in the sense that

1/2

/
(L)~ (Le.f)= [ L Lgdz =0

for arbitrary two vector-valued functions f(z) and g(z) satisfying the boundary con-
ditions (A.26)). Therefore, the eigenvalue problem @.23) and (@.26) has a discrete
spectrum and the eigenfunctions form a complete orthonormal basis in this function
space [16]. Thus, the series of Fourier’s integrals over all branches solves the ini-
tial value problem for the infinite strip with arbitrary regular initial displacements
ug(x,z) and velocity vo(x, z).

The signaling problem is much more
challenging, where many questions remain
still open. Similar to the SH-waves, we
have at a given fixed frequency only a finite w1
number of real k for L- or F-waves as seen
from Figs. and [£.17] But in contrast to o
the SH-waves, the number of solutions with
imaginary k is also finite. It can be shown,
however, that there exists a countable num- Nl B /C

ber of solutions with the complex conjugate
k. To satisfy arbitrary boundary conditions
for a semi-infinite strip at x = 0 in the signal-
ing problem, we have to combine the prop-
agating waves with those solutions having
imaginary and complex conjugate k. These
modes describe vibrations which are local-
ized near the edge of the strip. The other Fig-4.12 Selected waves.

issue is the radiation conditions. Since the

backward waves are present we propose to

select among propagating waves only those with positive group velocities which
transport the energy from the edge of the strip to infinity. In Fig. £.12] presenting the
dispersion curves of branches L (0) and L, (0) near the cutoff frequency o. = 7 /n
the only waves corresponding to points A,B,C are selected if the frequency of the
sent signal is fixed at the level indicated by the horizontal line.

. . , .
4 -2 0 2 4

Y

4.4 Energy Method

Energy balance equation. Since waves transport energy from one part of the
medium to another, the energy balance of its fixed part must involve energy flux
entering the boundary. We want to derive the energy balance equation from Euler-
Lagrange’s equations of motion (3.30) in the general case. Multiplying equations
(3.50) with u;; and summing up over i yields

4 For instance, the generalization of Saint-Venant’s principle to dynamics.
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d JL Jd JdL JL
Uit

— Uy = — Uiy =— = 0.
1ot duiy " Oxg Qutie " Ous

This equation can be transformed to

d JdL d oL oL dL dL

S (Uig5—)+ 53— (i —) —tin5— —Uir 35— —Uig5— =0.
91‘( ! Qum) axd( ! aui7a) ! auiJ " aui7a " 314,'

Since u;; enter only the kinetic energy density which is quadratic with respect to
u;y, the first term gives

d JdL oK d

ot ( ault) at(ullaT”):E(zK)

It is easy to see that the last three underlined terms lead to

JdL oL oL d

—u w2 2.
R A ault lmau, o ”’814,- at( )
So we obtain the energy balance equation in the form

d d oL

5 (K+U)+5—(uiy5-=—) =0. (4.33)

&Mj7a
The first term of (4.33)) corresponds to the local change of the total energy density
E = K+ U, while its gradient term describes the energy transported by the wave
motion. We therefore call Jo = u;; ai—La an energy flux.

Energy propagation. To see how the energy is transported by the traveling waves
let us first consider the 1-D Klein-Gordon equation (4.8); which can be obtained
from the following Lagrangian

1,

1
L= S~ E(a)ou +C2u2)

According to the energy balance equation (4.33)) we have the energy density
E = luz—ﬁ— l(a) u +c2u2)
2712
and the energy flux

J= —czu,tuvx.

As we know, the asymptotically leading term of solution can be written in form of
wave packet ‘
u~Re(Ae'®) = acos(0+ ¢),



4.4 Energy Method 139

where a = |A|, ¢ = argA. The wave number k = 6, the frequency @ = —6,, the
initial phase ¢, and the amplitude a are slowly changing functions of x and 7. We
use this asymptotic formula to compute the energy density and energy flux.

First we compute the term %uz, in the kinetic energy density

1
"‘2r o~ E(uza2 sin®(0 4 ¢)

N | —

together with terms involving a; and ¢,. Since a and ¢ are slowly changing func-
tions of 7, these terms can be neglected in the first approximation. Treating the other
terms in the same way we obtain for the energy density

1 1
E= E(w2 + ?k*)a?sin® (0 + ¢) + Ewgaz cos? (6 +¢).
Similarly, the energy flux becomes

J = > oka*sin*(6 + ¢).

Now let us take the average of these quantities over one period. Since the average
values of cos?(8 + ¢) and sin?(6 + ¢) over one period are equal to 1/2, we get

_ 1 -1
E= Z(w2—|—c2k2—|—a)§)a2, J= Eczwkaz7

where bars over quantities denote their averaged values over one period. For Klein-
Gordon equation the dispersion relation of waves propagating to the right reads

o =/ o]+ 2.
_ 1 1
E= E(czk2 +od)a*, J= Eczk, [ @f + c2k2a?

As we remember, the group velocity is

Therefore

_dQk) Pk
- dk

C(k) 7
\/ OF + k>

so we get the following relation

This relation turns out to be general.
Based on the above relation we are going to derive now the average energy bal-
ance equation
E;+(CE),=0, (4.34)



140 4 Linear Waves

which can be interpreted as follows: the total average energy between any two group
lines remains constant, or, in other words, energy propagates with the group velocity.

For, if we consider the energy
x(t) _
E(t) = / Edx
X

1(1)
between two points x; () and x»(¢) moving with the group velocities C(k; ), C(kz),
respectively, then
dE 2 9 _ _
— = —dx+CGE,—CiE =0
i /x o x+Coky — (L
if @34) is valid. Conversely, (#.34) is just the limit of the last equation as
X2 —x1 — 0.
To prove @34) we use the above formula for the average energy E = f(k)a>.
Substituting it into the left-hand side of (£.34) we obtain

E 4 (CE) x = f(k)[(a®) + (Ca®) x] + £/ (k)a® (k, + Ck ).

The last term on the right-hand side vanishes due to (£.17). By the same arguments
given for E, the first term must vanish too, since the expression in the square brackets
is the differential form of the result found in Section[4.2] that

remains constant between group lines.

The established equations of energy propagation can easily be extended to the
cases involving more unknown functions and to higher dimension. Consider for
example the scalar Klein-Gordon equation in 3-D case corresponding to the La-
grangian

1 1
L= EMZ — 5(6()3142 —+ Czu’all’a).

From (4.33) follows the energy balance equation
E,z +J o, — 07
where

1 1 1
E = Euz + Ewguz + Eczuvau,a, Jo = —czl}tu,a.

For a slowly varying wave packet u = acos(6 + ¢) the average values of E and Jy,
over one period are

_ 1 - 1
E = Z(a)z + Pkokg + a)g)az, Jo = Eczwkaaz,

with k = V0 being the wave vector and @ = — 6, the frequency. Since the dispersion
relation for the first branch reads ® = Q(k) = y/ @3 + c2|k|?, we see that
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J- o = CaE B
where Cy, is the group velocity

0Q (kg

Ok Ja2 + 2k ]2

The average energy balance equation becomes

Co

E;+(CoE) o =0. (4.35)

Equivalently, the total energy in any volume V(f) moving with the group lines re-
mains constant

i/ de:/ Ev,dx—k/ ECyngda =0,
dt Jv) V() (1)

where S(r) is the boundary of V(¢), n is the outward normal vector to S(¢), and Cyng
is its normal velocity. The last equation is obtained from (£.33) by integrating it over
V (¢) and applying Gauss’ theorem. Note that equation (4.33) can be presented in the
characteristic form

E dCq - dx
E:—aTZE on d—ta:Ca(k)
So, the energy decays due to the divergence Cy, o of the group lines. This effect is
due lonely to the dispersion as there is no energy loss in this case.
It seems clear that these results should be established once and for all by general
arguments without pursuing the detailed derivation each time. Such arguments are
provided by the variational-asymptotic method.

Variational-asymptotic method. In this paragraph we are going to apply the
variational-asymptotic method to quadratic functionals only. The generalization to
non-linear problems will be given in Chapter [8l

Consider the variational problem in form of Hamilton’s variational principle: find
the extremal of the action functional

Hui(x,0)] = [[ L) dxa, (436
R

where R =V X (fy,1) is any finite and fixed region in (d + 1)-dimensional space-
time. We assume that u; are prescribed at the boundary dR. We look for the extremal
of this variational problem in form of a slowly varying wave packetﬁ

5 The amplitudes a; appear later.
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ui:l//i(evxvt)a (437)

where 6 is a function of x and ¢, y; are periodic functions (with the period 27) with
respect to 8. Function @ plays the role of the phase, while 8 o and —8, correspond
to the wave vector kg, and the frequency ®, respectively. We assume that the char-
acteristic scales A and T of changes of the functions 6 o, 6, and y;(0,X,)|g—const
are considerably larger than the characteristic wavelength A and period 7. The latter
are defined as the best constants in the inequalities

2r 2n
00| <=, [6:]<

— 4.38
e (4.38)
while the former are the best constants in the inequalities
2r 2 2r 2r
|9,Ocﬁlgma |9,az|§ﬁ7 |6,OCI|ST_A7 |9,II|ST_Ta
Vi Vi .
Pail < 5, |dvil < 0 [Wiol < Wi (4.39)

where dy Wi = dy;/dxy with 6 = const, and J,y; = Jy;/dt with 6 = const. In
other words, the wave vector k, = 0 ¢, the frequency @ = —8,, and functions y;
change little in one wavelength and one period. Therefore it makes sense to call 0
“fast” variable as opposed to the “slow” variables x,, and ¢. Thus, in this variational
problem we have two small parameters A /A and 7/T.

We now calculate the derivatives u; o and u;;. According to @37

Ujo = da Vi + Vo0, U= oI Vi+ W00,
Because of (4.38)) and (£.39) they can be approximately replaced by
Ui = WipOo, Ui =10,

Keeping in the action functional (#.36) the asymptotically principal terms, we obtain
in the first approximation

Io[yi] ://L(l//iaWi,@e,avl//i,ee,t)dx‘h'
R

Let us decompose the domain R into the (d + 1)-dimensional strips bounded by the
d-dimensional phase surfaces 8 = 2zn, n = 0,£1,42,.... The integral over R can
then be replaced by the sum of the integrals over the strips

//dedt _ Z//L(y/,-, Vio.a, Vig0,)kdOdC, (4.40)

R



4.4 Energy Method 143

where {,, are the coordinates along the phase surface 8 = const, and K is the Jaco-
bian of transformation from xg,7 to 8, {y. In the first approximation we may regard
K,04 and 0, in each strip as independent from 6. Therefore we obtain the same
problem in each strip at the first step of the variational-asymptotic procedure: find
the extremal of the functional

_ 2n
Ilyi] = A L(yi, Wi00.a,Vi00,)dO (4.41)

among periodic functions ;(0) with the period 27. Since the quantities ko = 60 o
and — = 0, change little within one strip, they are regarded as constants in the
functional (£.41). The Euler-Lagrange equation of this functional is a system of n
second-order ordinary differential equations. Its solutions contain 2n arbitrary con-
stants: n of them is determined from the conditions that y;(0) are 2z-periodic func-
tions, the other n conditions can be chosen by fixing the amplitudes a; as follows:
max y; = |a;|, where q; are arbitrary real constants. We call this variational problem
strip problem.

Let us denote by 27L the value of the functional (£.41)) at its extremal. The quan-
tity L is a function of a;, 0 o and 6. The sum #.40), as A /A — 0 and 7/T — 0, can
again be replaced by the integral

//I:(a,-, 6.,0;)dxdr. (4.42)
R
Euler-Lagrange’s equations of the average functional (£.42)) read
oL 0 oL 0 JL
_— = O _— _ = = O. 4.43
9ai = 9196, 9%y 904 (443)

We will see that equations ({.43); express the solvability condition for the strip
problem leading to the dispersion relation, while (£.43), is equivalent to the equation
of energy propagation.

Notice that the variational approach described here was initiated by Whitham
[36]]. His arguments were based on some heuristic reasoning. The variational-
asymptotic method in its most general formulation was proposed a little later by
Berdichevsky [6]. It has then been applied to a wide class of variational problems
having small parameters, including the homogenization of periodic and random
structures leading to the cell problems, as well as approximate theories of shells and
rods resulting in the thickness and cross-section problems (see [7,[19]]). In all prob-
lems the variational-asymptotic method yielded the same results as the traditional
asymptotic analysis of differential equations. But the former has some advantages
compared with the latter. First, as we have to deal only with the variational equation,
neglecting a small term in this equation means neglecting terms in several differen-
tial equations which are not always easy to be recognized as small ones. Second,
no ad hoc assumptions about the order of smallness are needed. The order of small-
ness of terms in the asymptotic expansion is determined exclusively by minimizing
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the action functional. Thus, the more degrees of freedom and the more complicated
the energy and dissipation we have to deal with, the more effective we may expect
from the variational-asymptotic method compared with other traditional asymptotic
methods as will be seen in the subsequent chapters.

Applications. Let us investigate the strip problem and the average variational prob-
lem on some concrete examples. As the first example we consider 1-D Klein-Gordon
equation (4.8)); corresponding to the Lagrangian

1 1
L= Euz — 5(605142 —+ czulz).

Then the strip problem becomes: find the extremal of the functional

2z 1 1
hivl = [ 502 =)y — 50yl de

among 27-periodic functions y(0) satisfying the constraint max ¥ = a. The quan-
tities @ = —0, and k = 0, are regarded as constants in this variational problem.
Lagrange’s equation implies that the 27-periodic extremal can only be of the form

¥(60) = acos(6 + 9).

provided m? — ¢?k* = a)g. The latter is the solvability condition for the strip problem.

Substituting this back to Iy, we obtain the average Lagrangian
- 1
L(a,6.,6,) = ; (67 — wf —c*03)a’.

Thus, the average Lagrangian does not depend on the initial phase ¢. Let us ana-
lyze now Euler-Lagrange’s equations of the average variational problem. Once these
equations have been obtained, it is convenient to work with them in terms of a, k, @:
oL d dL 9 JL
— =0, =—=——-—=——=—=0, (4.44)
da dtdw dx dk

where

1
L=G(w,k)d®, Glok) = Z((u2 —af —*P).

We see that the equation L , = 0 is nothing else, but the solvability condition for the
strip problem which leads to the dispersion relation G(®, k) = 0. We can solve this
relation with respect to @ to have the explicit form @ = £Q(k) = £/ a)g + k2.
The second equation of (£.44) can be written as

J 2 9 2
E(G,wa )_a(G,ka )—O~
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Since G(Q(k),k) = 0, we have
G,wQ/(k) + G7k =0,

and consequently,
Gy
Go ’
If we denote G ,(£2,k) by g(k), then (4.44), takes the form

C=0Q'k) =

(g(k)a) + (g(k)C(k)a?) = 0.
It follows from the consistency condition k; + @ = O that
k;+Ck,=0.
By using this kinematic relation, the factor g(k) can be removed so that
(@®);+ (Ca®) x=0.

This is nothing else, but the equation of amplitude modulations. The equation gov-
erning energy propagation can easily be derived from here. We can also obtain the
energy equation directly from balance equation (£.33) for the average variational
problem.

Let us turn now to waves propagating in Timoshenko’s beam with the Lagrangian
given by (3.49). Introducing the unknown function « and the dimensionless variables
according to

u=nhy, i=tc/h, X=x/h,

we present the Lagrangian in the form (the bar is dropped for short)

1 1
L= E(w2 + oui®) — 3 s+ Bo(u+w,).

The strip problem becomes: find the extremal of the functional

7 RS BCPN™ 2 L oao 1o 2

by, ya] = /0 [50’ (Wigtay;g)— 55k W6 — 5/3 a(yr+kye)7]do
among 27-periodic functions y;(0), y»(0) satisfying the constraints max y; = |a;|.

In this functional @ = —0; and k = 0, are treated as constants. Lagrange’s equations
of this problem imply that the 2-periodic extremal can only be of the form

yi(0) =ajcos(0+¢), yr(0)=arsin(0+¢).

The average Lagrangian becomes

- 1 1 1
L(ay,a2,0,,0,) = 4—163(61% +aad) — Zsefca% - Zﬁza(az +0,a;)>.
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The Euler-Lagrange’s equations dL/da; = 0 yield the system of two linear equa-
tions

(0* — B?ok?)ay — B2 otkar =0,

—B*atka; + (0* — sk> — B*t)a, =0,

which has non-trivial solutions only if the determinant vanishes. This is the solv-
ability condition for the strip problem which leads also to the dispersion relation

(0* — B2 ok?)(0® — sk* — B?o) — B*a®k> = 0.

One can check that this equation coincides with the dispersion relation obtained by
assuming the harmonic wave form. One can also find the amplitude ratio a; /a; from
this system. Finally, one can verify that the other Euler-Lagrange equation implies
the equation of energy propagation in this Timoshenko’s beam (see exercise (4.10)).

It is not difficult now to rederive the geometrical optics considered in Section
E.1] from the variational-asymptotic method. The same can be said about weakly
inhomogeneous media. This would be the case, for example, if the parameters @y
and c in the Klein-Gordon equation were functions of x. The derivation of the strip
problem remains without changes. If the characteristic length of change of material
parameters is much larger than the characteristic wavelength, then we can again
regard them as constant in this strip problem. After finding the average Lagrangian
the slow dependence of the material parameters on x can be reinsert. The method
can also be applied for the case of external forces which change slowly in time.
In this case the Lagrangian depends explicitly on time, but this dependence can be
ignored in the strip problem. However, the energy is no longer conserved. But notice
that wave action is conserved in all cases.

Exercises

4.1 Solve the 1-D wave equation with ¢ = 1 and with the following initial condi-
tions
x+1 forxe (—1,0),

u(x,0)=0, wu;(x,00=¢1—x forxe(0,1),
0 otherwise.

Plot the solution at t = 0.5 and at # = 10.
4.2 For waves propagating in an infinite elastic material which is homogeneous

and isotropic we seek particular solutions in form of plane waves u = ae!¥x~@1)
Show that there are two velocities of propagation given by

A+2u u
Cqa = ) Cs = )
p Vp
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corresponding to dilatational waves (a is parallel to k) and shear waves (a is orthog-
onal to k). Generalize this to homogeneous anisotropic materials.

4.3 Consider the “balloon problem” in acoustics: the pressure inside a sphere of
radius Ry is po + P while the pressure outside is pg. The gas is initially at rest, and
the balloon is burst at # = 0. The initial conditions for the velocity potential reads

—P/po 1 <Ry,
0 otherwise.

¢(x,0)=0, @,(x,0)= {

Find the change of pressure with time.

4.4 Search for particular solution in form of plane waves and derive the disper-
sion relation for 1-D waves propagating in Timoshenko’s beam, the dimensionless
Lagrangian of which is

1 1
L= 5 (wj+ou) = 5 [sul+ Bror(u+w,)?).

Plot the dispersion curves and study their asymptotic behavior as k — 0 and k — oo.

4.5 Solve the linearized Korteweg-de Vries equation with oo = 0, § = 1 and with

the initial condition u(x,0) = e, Compute Fourier’s integral numericallyﬁ and
plot the solution at r = 100.

4.6 Use the method of stationary phase to find the asymptotically leading term of
the solution obtained in the previous exercise as t — oo at fixed x/t. Compare this
asymptotic solution with the exact one.

4.7 Show that the lowest branches of the dispersion curves of F- and L-waves in
an elastic waveguide approach the straight line @ = v,k as k — oo.

4.8 Prove that all high-frequency thickness branches of F- and L-waves in an elas-
tic waveguide approach the line @ = k from above as k — co.

4.9 Derive the following asymptotic formulas valid in the long-wave range

1 l6tan(w/2) e
n? (o) ’

0% = o} +(

where @, = 2mn/n, for the branch F, (n), and

1 /2
o’ = o?+(1 +—6ncoz()nw / ))k2

)

6 Since the integrand is highly oscillatory, the accuracy is achieved only by increasing the
maximum number of recursive subdivisions.
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where @, = 7(2n+ 1), for the branch Fj(n) of the flexural waves in an elastic
waveguide.

4.10 Derive the equation of energy propagation for Timoshenko’s beam using the
variational-asymptotic method and compare it with the similar equation obtained
from averaging the energy balance equation.

4.11 Solve the strip problem for 3-D Klein-Gordon equation to find the average
Lagrangian, the dispersion relation, and the equation of energy propagation.

4.12 Derive the following equations

(0L —L);+(=0Lk,) .0 =0,
(kL) + (_kaz,kﬁ +Ldgp) g =0,
for homogeneous media, which can be interpreted as the energy and “wave momen-

tum” equations, respectively. What happens if L depends on the slow variables x
and f.



Chapter 5
Autonomous Single Oscillator

This chapter studies finite amplitude vibrations of the autonomous mechanical sys-
tems having one degree of freedom. The character of solutions depends strongly on
the type of the system. The solution methods may range from phase portrait and
Lindstedt-Poincaré method for conservative systems up to Bogoliubov-Mitropolsky
method for systems with weak dissipation.

5.1 Conservative Oscillator

Differential equation of motion. As before, Hamilton’s variational principle with
the Lagrange function L(g, ¢), g and ¢ being the generalized coordinate and velocity,
is our tool for deriving the equation of motion of conservative systems. However,
in contrast to the linear theory, we will see that the kinetic energy may now depend
on g as well, and the potential energy is no longer quadratic with respect to g. We
consider three simple examples.

EXAMPLE 5.1 Mass-spring oscillator. A point-mass m moves horizontally under
the action of a non-linear spring (see Fig. [5.1). Derive the equation of motion for
this oscillator.

Like the oscillator considered in example [l

the kinetic energy is given by K = %mxz.

Concerning the potential energy of the non-

linear spring we first consider the most gen- J-rovrrmm—en f:;_[.] (%)
eral case, for which U(x) is an arbitrary >

smooth function. Then Lagrange’s equation

reads

Fig. 5.1 Mass-spring oscillator.
du

mi—flx)=0, flx)=-——.
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The spring force f(x) is called a restoring force. However, it is quite reasonable to
assume that the potential energy of the spring deviates only slightly from that of the

linear spring, i.e.,

U(x) = Ekx —‘rZa%x 5

where [ is the original length of the spring and & a small parameter. If o > 0, the
spring is called hardening; on the contrary if o < 0 itis called softening. Lagrange’s
equation becomes

k
mx + kx + al—2x3 =0.
0

Dividing this equation by kly and rewriting it in terms of the dimensionless function
% =x/l and the dimensionless time 7 = \/k/mt we obtairl}

it+x+ox’ =0. (5.1)
Equation (3.I)) is known as Duffing’s equation.

EXAMPLE 5.2 Derive the equation of motion of the mathematical pendulum con-
sidered in example[[.2

As has been shown already in that example, the Lagrange function is

Ry
L(,¢) = 5ml*§* —mgl(1 - cosg),

but now ¢ is no longer small. Thus, the finite amplitude vibrations of this pendulum
are described by the equation

P+ alsing =0, wy= \/%

By expanding sin ¢ in the Taylor series about ¢ = 0 and keeping the terms up to ¢°
we obtain the approximate equation

2 ¢’
P+ ay(e— ?) =0,
which can be transformed to (5.1) with o = —1/6.

EXAMPLE 5.3 A point-mass m is constrained to move along a frictionless path
represented by a smooth curve y = y(x) in the (x,y)-plane under the action of gravity
(see Fig.[5.2). Derive the equation of motion.

! The bar is dropped for short.
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This is the typical example of systems with

holonomic constraints. Any holonomic con- Y
straint like that of the curve y = y(x) can be gi m
realized by a strong potential energy U (x,y)

which forces the point-mass to move along y=y (x)
the path. In the limit when the potential en-
ergy goes to infinity in the neighborhood of
the path, one gets the Lagrange function eval- x
uated under this constraint [4]. Using in our

example x (or, equivalently, the arc-length Fig. 5.2 Motion of point-mass along a
s along the curve) as the coordinate of the Path.

point-mass, we find its constrained velocity

along the path
v=g§=+/14+y2%

Thus, the kinetic energy of the point-mass equals

1 1
K(x,x) = Emv2 = Em(\/ 1+y2%)%,

Observe that the kinetic energy depends not only on X, but also on x through the
function y(x). Choosing the zero level at y = 0, the potential energy is given by

U(x) = mgh = mgy(x).

Therefore, Lagrange’s equation yields

d Yy
1 /2 . == 0
7 (my/1+y )c)—kmgi_1 =

/

Phase portrait. As we know from Section[2.4] for conservative oscillators the total
energy remains constant during the motion

K(x,%) + U (x) = Eo.

This first integral describes the level curves (phase curves) in the phase plane (x,y),
where y = x. Consider for instance example[5.1] for which

1
mez +U(x) = Ep.

Solving this equation with respect to x we find explicitly

x:i\/%\/Eo—U(x). (5.2)
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The plus or minus sign depends on whether we are in the upper half or lower half of
the phase plane.

U(X)A
4
3
2
1
"
Yy

\/

S 773 %

Fig. 5.3 Potential energy and phase portrait of conservative oscillator.

Fig.[5.3]shows in its upper part a prototype potential energy as function of x, while
in the lower part, with exactly the same x-scale, the corresponding phase portrait.
From (2.2) we see that the phase portrait is symmetric with respect to the x-axis and
that the phase curves must run from left to right in the upper half-plane and from
right to left in the lower half-plane as time increases. The horizontal lines 1,2,3, and
4 in the upper graph label different energy levels Ey of the oscillator for different
types of motions. Since the kinetic energy is non-negative, the potential energy of
a particular motion must lie below the corresponding energy level. The intersection
points of any Ey-line with the potential energy correspond to the intersection points
of the phase curve with the x-axis. For levels 1,2 the phase curves are closed orbits
which look like ellipses intersecting the x-axis in two turning points at right angles.
These closed orbits describe periodic vibrations of the point-mass about the equi-
librium position C. The latter corresponds to the local minimum of the potential
energy, so C is the stable center. For level 3 the phase curve is quite special. This
curve passes through a saddle point S (corresponding to the local maximum of the
potential energy), and consists of four branches, called separatrices@ which do not
intersect the x-axis at right angles. In our case the separatrices separate closed orbits
from open phase curves like that of level 4, which describe aperiodic motions of
the point-mass. The motion along any separatrix requires infinite amount of time to
reach the unstable equilibrium position S. Such motions are called limit motions.

2 The given name originates from the fact that these branches separate regions filled with
phase curves of different types.
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Using equation (5.2) we can now compute the time required to go from the initial
point xg to point x along a fixed phase curve

ok
[ mﬁ@wﬁm—ma

Again, the plus or minus sign depends on whether we are in the upper half or lower
half of the phase plane. Taking into account the symmetry with respect to the x-axis,
we obtain the period of vibration along any closed orbit

oM 48
' 241wﬁ%—ugﬁ

where x;, and xjs are the minimum and maximum of x corresponding to the turning
points. We see that the period of vibration (and therefore the related frequency)
in the nonlinear theory depends on the initial energy, or, in other words, on the
amplitude of vibration, in contrast to the linear theory.

(5.3)

Variational-asymptotic method. If the action functional contains some small pa-
rameter in the nonlinear term, then it is possible to find the correction to the solution
and to the frequency without computing complicated integral (3.3). Let us consider
for instance Duffing’s equation (5.1)) which can be obtained as Lagrange’s equation
of the functional

with T being the period of vibration. We assume simply o = € as a small parameter.
We know that the extremal of this functional depends on €. On the other hand, the
results of the previous paragraph show that the period (and the related frequency
® =21 /T) of vibration depends on the amplitude, and thus, on € too. We want to
make @ enter the action functional explicitly by stretching the time T = wt so that
the functional now takes the form
L7l 5 1, 1y,
()] = — /0 (3032 - 52— zext)dr,

with prime denoting the derivative with respect to 7. Since the constant factor 1/
does not influence the extremal, instead of the obtained functional we consider the
following one

() = | Tl Lo 1osyu (5.4)

Do 2 27 4 ' '

We try to find the periodic extremal of this functional. As x(7) is periodic with
respect to T with the period 27, we call T phase (or angular time). Since the func-
tional contains a small parameter €, we shall use the variational-asymptotic method
to study this variational problem (see [7,19]). At the first step we put simply € =0
to get from (3.4)
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2
Iolx(1)] = /0 (%a)zx’z—%xz)dr.

As we know from the linear theory, the 27-periodic extremal of this functional is
x0(T) = acosTt. (5.5)

Here a is the amplitude of vibration, the frequency w is equal to 1 as expected, and
we have chosen the initial phase ¢ = 0 which is possible because functional (3.4)
does not depend explicitly on time.

At the second step we seek the periodic extremal and the corresponding fre-
quency in the form

x(t) =x0(7) +x1(1), ©=1+0, (5.6)

where x;(7) is smaller than xy(7) in the asymptotic sense and ®; < 1. We may
assume that x; (7) and @; are of the order € of smallness although this is even not
necessary. The order of smallness of x;(7) and @, will automatically be determined
in this step. Substituting (3.6) into (3.4) and keeping the asymptotically principal
terms containing x| and the principal cross terms between xy and x; we obtai

2 1
Li[xi (7)) = /0 (Ex/lz +xpx] + 201xpx) — Ex% — xox| — £xpx1) dT.
Integrating the second and the third terms by parts taking into account the periodicity

of x1(7) we see that the underlined terms are canceled out. Besides, the cubic of
Xo = acos T can be transformed into the sum of harmonic cosine functions like that

3 1
xpg=a’cos’ T = a3(ZcosT+ 100331).

Finally we have

1 1 3 1
Lix(7)] = /0 (= — Ex% + 2wa— 81a3)cos TX] — Zsa3 cos37x;)dT.

This functional is reminiscent of that of forced linear oscillator, where the two last
terms play the role of the work done by the external forces. The underlined term
would lead then to resonance causing non-periodic x; with the amplitude tending to
infinity as T — oo. However, it is obvious that such resonance cannot appear! Thus,
for the consistency of our asymptotic expansion we require the coefficient of cost
in the functional /; to vanish. This consistency condition implies

3 3
2a)1a—eza3:(), that is, a)lzegaz. (5.7)

3 The terms containing only xg are dropped because xg is not subject to variation at this step.
4 Allowing some strong expression, we would say that the resonant or secular terms must
be “killed”.
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Substituting the result into (3.6),, we get the correction for the frequency-amplitude
relation

3
®= 1+e§a2+0(52). (5.8)
The period T = 27/ @ may then be written as

2r

3, 2
T=—————F—=2n|l—-¢€¢-a"+0(&)]. (5.9)

1+eda?+0(€?) 8 (&)
With the underlined resonant term being “killed” we find the extremal of functional

L
3

x1(7) :SZ—Z(cos%—cosT). (5.10)

Here we have chosen the initial condition such that x(0) = a which is consistent
with our choice ¢ = 0.
Then at the next step we seek the corrections to the extremal and the frequency
in the form
x(1) =x0(7) +x1(7) +x2(7), ©@=1+ 0o + wp,

where x(7) and @, are smaller than x;(7) and @; in the asymptotic sense, and
repeat the same procedure as before (see exercise[5.2).

Notice that the similar procedure applied to the differential equations containing
a small parameter has first been proposed by Lindstedt and Poincaré (see [23]).

Comparison with the exact solution. It turns out that Duffing’s equation can be
solved exactly in terms of Jacobian elliptic functions [2]]. In this paragraph we want
to get the frequency from this exact solution and compare it with the result obtained
by the variational-asymptotic method.

First of all, let us collect some well known facts about Jacobian elliptic functions.
There are three such functions: sn, cn, and dn. They depend on two variables, # and
m, where u is called an argument and m = k> a modulus. In working with Jacobian
elliptic functions the modulus m is often dropped, so we write sn(u,m) = sn(u). Two
of them, sn and cn, are quite similar to trigonometric sine and cosine. For example
there are several identities resembling the well-known trigonometric formulas like

sn?(u) +cn®(u) = 1,
sn’(u) = cn(u)dn(u), cn’(u) = —sn(u)dn(u),

where prime denotes the derivative with respect to u. The elliptic function dn satis-
fies the equations

dn’(u) = —msn(u)en(u), and  msn?(u)+dn?(u) = 1.

The period of sn and cn in their argument u is 4K which is the complete elliptic
integral of the first kind. The period of dn is 2K. The asymptotic expansion of K (m)
is given by
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2 2
T 1 1.3 2
We look for the solution of Duffing’s equation (3.1)) in the form
x(t) =acn(u), whereu=bt+c, (5.12)

and a, b, ¢, and m are still unknown constants. Only two of them may be determined
from the initial conditions. Let us fix the initial phase ¢ = 0. Thus, there must be two
relations for the remaining constants. To find these relations we compute the time
derivative of x(¢)

i =abcn'(u) = —absn(u)dn(u).

Differentiating once again to get
¥ = —ab*[en(u)dn? (1) — msn? (u)cn(u)].
Using the above identities, this becomes
¥ = —ab®en(u)[1 — 2m+ 2men® (u)).

Substituting the last equation into Duffing’s equation (3.1} (where o = €) and equat-
ing to zero the coefficients of cn and cn® gives two equations relating a, b, and m

a2b*m—b*+1) =

—a(2b*m —ea®) =

9

Solving for b and m in terms of a we obtain finally

b =1+ed L (5.13)
= a’, m= . :
’ 2(1+ea?)
x(t)
1.0
0.5
1 2 3 jt 5 t

05

1.0+

Fig. 5.4 Solution of Duffing’s equation for € = 0.5: i) Bold line: exact solution, ii) Dashed
line: approximate solution.
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Formulas (5.12) and (3.13)) give the exact solution of Duffing’s equation. Its am-
plitude a corresponds to the amplitude of the approximate solution (3.3) and (Z.10).
The period T of the exact solution is 4K /b which may be written, using asymptotic

formula (G110,

=220 A g .
3 3 [ —|—4m—|—64m +0(m”)

Substituting (3.13) into this equation and expanding for small €, we obtain
3
T=2n [1 - sgaz + 0(82):|

which agrees with formula (3.9)). Fig.[5.4] shows the comparison between the exact
solution and the approximate one found in the previous paragraph for € = 0.5. One
can find for example in [15,5] the rigorous mathematical proof of convergence of the
approximate solution to the exact one as € — 0 in any finite time interval. However,
it is intuitively clear that for any small but finite € the errors in period and in solution
accumulate with the time and become of the order 1 for the time greater than 7'/€.

5.2 Dissipative Oscillator

Differential equation of motion. For dissipative oscillators there are three types of
nonlinearity: i) Non-quadratic energy and quadratic dissipation, ii) Quadratic energy
and non-quadratic dissipation, iii) Both energy and dissipation are non-quadratic.
The common feature of all dissipative oscillators is the positive definiteness of the
dissipation causing the decrease of the energy. Therefore periodic motions in au-
tonomous dissipative systems are clearly impossible. We consider three examples.

EXAMPLE 5.4 Mathematical pendulum with viscous damping. Derive the equation
of motion of the mathematical pendulum considered in example taking into
account the air resistance through viscous damping.

As before the Lagrange function is given by

Ny
L, ) = Emlzq)2 —mgl(1 —cosQ).

For the viscous damping we may assume that the dissipation function is quadratic
with respect to the velocity v =[¢

D= %c(l("p)z.
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Thus, generalized Lagrange’s equation (Z.30) yields
.. 2 . c .
(p—|-a)0s1n(p+%(p=0. (5.14)

This pendulum belongs to the first type of dissipative oscillator with the nonlinear
restoring force and the linear damping force.

EXAMPLE 5.5 Mass-spring oscillator with Coulomb’s friction. A mass m moves on
the rough solid foundation under the action of a linear spring (see Fig.[5.5)). Derive
the equation of motion for this oscillator.

Up to now we have analyzed dissipative oscillators with

quadratic dissipation leading to the velocity proportional

damping force. However, we are often confronted in re-
ality with another type of damping, namely with the fric-
% tion between solids with rough and unlubricated surfaces,
called Coulomb’s (or “dry”) friction. The most important
features of Coulomb’s friction are the existence of a thresh-
old value fy for the zero velocity and the constant friction
force for nonzero velocities. The force-velocity diagram for
Coulomb’s friction is shown schematically in Fig. We see that this “constant”
friction force is constant in magnitude but not in direction since its direction is al-
ways opposite to the direction of velocity.

Fig. 5.5 Dry friction.

£

Moy

Fig. 5.6 Coulomb’s friction force.

Looking at the force-velocity diagram we find that Coulomb’s friction force can
be described by the equation

~ S for x < 0,
fr(x)_{—fo forx > 0.

For x = 0 the friction force may take an arbitrary value in between. Since f, =
—dD/dx, we have
D(¥) = foli]. (5.15)
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Thus, the dissipation function D(x) of Coulomb’s friction is a positive definite ho-
mogeneous function of the first order. Its graph is shown schematically in Fig.[5.7
Mention that D(x) is non-smooth at x = 0, but we can still use the constitutive equa-
tion f, = —dD/dx for % = 0 if dD/dx is understood in the sense of sub-differential.
In this case f; can take any value between — f; and fj.

DA

tana=f£,

x

XV

Fig. 5.7 Dissipation function of Coulomb’s friction.

Now, the equation of motion of this oscillator reads
mi = —kx+ fr(%). (5.16)

As the consequence, we see that as long as the magnitude of spring force |kx| is less
than fp, the mass cannot move: it is “sticked” to the surface. So we have the “sticky”
zone — fo/k < x < fo/k in which all positions of the oscillator are the equilibrium
positions. The motion is possible only outside of this “sticky” zone. This is the
example of oscillators of the second type.

EXAMPLE 5.6 Nonlinear oscillator with a quadratic damping.

If a small mass connected with a non-linear spring moves very fast in a gas or a
fluid with a small viscosity, vorticities may occur around it. The resistance from
these vorticities on the moving body may sometimes be approximated as propor-
tional to the square of velocity of the point-mass. Such kind of damping is called a
“turbulent” damping. Since the damping force acts in the opposite direction to the
direction of motion, it must be equal to f, = —c|#|x. The corresponding dissipation
function is

N
D(x) = §c|x|3.

Now the equation of motion reads

mi+clx|x— f(x) =0, f(x)= —C;—Z. (5.17)

As the spring force f(x) is also non-linear, this oscillator belongs to the third type.
Phase portrait. Since the energy decreases with time, it is for sure that the ampli-

tude of vibration decays also. There are different methods to determine the evolution
to equilibrium for dissipative systems with one degree of freedom. The most general
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and at the same time most descriptive method remains still that of phase portrait [3]].
For all types of dissipative oscillators we may combine the restoring and damping

forces in one and present the equation of motion in the form

X = f(x,%),

where f(x,x) is the resultant force (divided by m) acting on the point-mass. With
y = x we may reduce this differential equation of second order to the system of
equations of first order
i=y, (5.18)
y=fxy).

Thus, at each point (x,y) of the phase plane there is one vector (y, f(x,y)) tangent
to the phase curve. One can plot this vector field and construct the phase curves by

integrating numerically equations (3.18)) using for example Euler’s or Runge-Kutta’s

algorithm.
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Fig. 5.8 Phase portrait of damped pendulum.

Consider for instant the pendulum with viscous damping in example 5.4l The
equation of motion (3.14) can be written in the dimensionless form as follows

¢ +28¢" +sing =0,

where prime denotes the derivative with respect to T = wyt, and 6 = 2m°w0 is Lehr’s

damping ratio. Reducing this equation to
¢ =o,
o' = —sing — 28w,
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we show the plot of the vector field (@, —sin ¢ — 28 ) and the phase curves in the
phase plane on Fig. By wrapping the phase plane onto the cylinder along the
lines ¢ = 7 we obtain the phase portrait of the damped pendulum on the cylinder.
We see that there are no periodic motions and that almost all phase curves tend to
the stable equilibrium position ¢ = 0.

Oscillator with Coulomb friction. For this type of oscillator the solution can di-
rectly be found from the energy balance equation. Let us first mention that the
energy balance equation (2.31) derived in Section 2.4] should be modified for
Coulomb’s friction. Since the dissipation function (3.13)) is homogeneous function
of the first order, we have merely

‘;—?x =D(%).

Thus, instead of (2.31)) the energy balance equation for the Coulomb’s friction reads
1
K+U—Ey=— | D(x(s))ds,
fo
so that the factor 2 disappears here. With D(%) from (5.13) we obtain

1 1
me2+§kx2 = Eo — folx—xo, (5.19)

as long as xy is found outside of the “sticky” zone, where Ej is the initial energy at
point xg. It is interesting to note that the dissipation is rate-independent: it depends
only on the initial and end coordinates of the point-mass.

Fig. 5.9 Total energy and turning points of oscillator with Coulomb’s friction.

Energy balance equation (3.19) gives a clear geometric method for determining
the amplitude decay and the turning points of this oscillator. Fig. shows the
potential energy of the oscillator as well as the total energy during the process of
motion. Assume that the point-mass is released from x( with the zero initial velocity
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and then moves to the right. According to (5.19) the total energy at x is Eg — fo(x —
Xo) since x > xo. This is the straight line with the negative slop — fy describing
the decay rate of the energy. The kinetic energy is the height between the total
energy and the potential energy. It becomes zero at the turning point x; which is the
intersection point between the parabola U (x) and the straight line. Using this point
x1 and the corresponding energy Ey; as the initial data, we find that the total energy
of the motion thereafter must be Ey; + fy(x —x;), since the point mass moves now to
the left with x < x1. This is the straight line with the positive slop fy which intersects
the parabola at the turning point x,. We can then repeat this geometric construction
until |x,| < fo/k where the point mass will be sticked there.

Y

Fig. 5.10 Phase portrait of oscillator with Coulomb’s friction.

We can also use the energy balance equation (3.19) to plot the phase curves.
Indeed, for x > 0 we have

1 1
mez + Ekx2 =Ep— folx—xo).

Bringing term — fpx to the left-hand side and forming there the square of x4+ cq (with
co = fo/k) we obtain

1m)'cz + lk()f-kco)2 = Eo+ foxo + fi
2 2 2k’
or with y = x/ @y (where (ug =k/m)
2 2_ 2 2 2 f
Yt lte) =" =Bt foxo+ 5 ).

We see that the phase curves in the upper half of the phase plane are half-circles with
the center at point —cg on the x-axis. In the lower half-plane they are also half-circles
but with the center at point ¢y on the x-axis. The sticky zone lies between these
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centers. As long as the phase curve does not hit the sticky zone, its continuation in
the other half-plane is possible. The sticky zone is the “dead” zone for the phase
curves (see Fig.[5.10).

Oscillator with “turbulent” damping. The equation of motion for the oscillator
considered in example[5.6]can be integrated separately for x > 0 and x < 0. Indeed,
consider first the case X > 0 and denote x = v. Since

c_dv_dvdx _ dv_1av
YTU T dedr Vdx 2dx

we can rewrite equation (3.17) in the form

dv2 2 2
_ R =0
dx tav mf(x) ’

where @ = 2¢/m. This inhomogeneous differential equation of first order can be
integrated by the standard method of variation of coefficients [9] yielding

) = e <c1 +%/0xf(§)e°‘5 dg) .

Similarly, for x < 0 we have

V(x) = e® <c2 + % /Oxf(g)e—“é d§> .

The constants C; and C, are determined from the initial conditions. Let
2 [ 2 [
V) === [ f@)etag == [Tvr@)eac,
m Jo m Jo
2 X 2 X
U= [ @) tas == [[v'(&e e,
m Jo m.Jo

Assume that the point-mass is released from xq with the zero velocity vy = 0 and
that it moves afterward in the positive direction. Then C; = U, (xp) and

V2 (x) = e U, (x0) — Uy (x)], for x> 0.

The first turning point x; can then be found as the root of the equation U4 (x;) =
U4 (xp). Choosing now x; as the initial coordinate from which the point-mass is
released and moves in the negative direction, we find that C; = U_(x;) and that

V(x) = e [U_(x;) —U_(x)], forx<O0.

Therefore, the second turning point, x,, must be the root of the equation U_(x;) =
U_(x1). Then we can choose x; as the initial coordinate from which the point-mass
is released and repeat the procedure. So, if functions U, (x) and U_(x) are known,
then the solution and the turning points can successively be determined.
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A -X, X, -X, X

L

Fig. 5.11 Functions U} (x) and U* (x) and sequence of turning points.

For illustration let us consider the case of the quadratic potential energy (linear
spring) with U (x) = 3kx?. In this case functions U, (x) and U-_(x) can easily be

computed

Un ) = 2 ["keeeag = — e (1 - a) 1],

U, (x) = %/Oxkée""é dE = —mz—o’;[efwm +ax)—1].

The constant factor % and the subtrahend —1 in the square brackets do not ob-
viously influence the determination of the turning points. So, instead of U, (x) and
U_(x) we can take the following functions

Uj(x)=—e®(l—ox) and UZ(x)=—e *(1+ax)

for this purpose. Besides, U (x) = U*(—x), so it is enough to plot them for x > 0.
Fig.[3. 11 shows the plot of these function and the geometric method of determining
the sequence of turning points. As function U7 (x) cuts the x-axis at point 1/c,
whatever we take for the initial coordinate xg, the amplitude x; is always less than
1/a.

5.3 Self-excited Oscillator

This Section analyzes self-excited oscillators with one degree of freedom having
sustained vibrations. The key features of such oscillators are the presence of an
energy source and of a switcher, which switches the energy supply regime to the
energy dissipation regime when the amplitude (or velocity) of vibrations becomes
large.

Differential equations of motion. It was shown in the previous Section that free
vibrations of any dissipative system about an equilibrium position decay with time,
and in the limit # — oo the system approaches equilibrium. Since in reality there are
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always some sources of small energy dissipation (viscosity, friction, drag force etc.),
one might think that permanent vibrations of autonomous mechanical systems are
not possible at all. However, the opposite is the case: one can observe everywhere in
nature and technique permanent vibrations of living organisms, machines, and con-
structions. Examples may range from the beating of our heart to pendulum clocks
or flutter of bridges and airplane wings. Let us consider here some simple cases.

EXAMPLE 5.7 Stick-slip oscillator. A mass m connected with a linear spring of
stiffness k moves on the rough band of a treadmill that rolls with a constant velocity
vo (see Fig.[3.12). Derive the equation of motion for this oscillator taking into ac-
count Coulomb’s friction between the mass and the rolling band. Plot the power of
the friction force against the velocity of the mass.

Fig. 5.12 Stick-slip oscillator.

This example represents a primitive model of vibrations of a violin string. In terms
of the displacement x and velocity x the Lagrange function reads
LTI
L(x,xX) = —mx~ — —kx~.
(.4) = 3mi® = 3
The dissipation function due to Coulomb’s friction between the rolling band and the
mass must depend on their relative velocity X — v, SO

D(xX) = folx—vol.
Thus, generalized Lagrange’s equation is
mi+ kx = f(x —vo),

where
. fo for X < vg
fr(&—vo) = . ’
—fo forx>vyg.
For x = v the friction force f, must be equal to the spring force taken with minus
sign.

The most interesting property of this oscillator is that the power of the friction
force may have both plus and minus sign. Indeed, doing the same calculations as in
Section 2.4] for dissipative systems we obtain the balance of energy in the form

d dD(x—vy) |
—

a K0 =-—%
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Fig. 5.13 Power of Coulomb’s friction force.

The expression in the right-hand side is the power of the friction force f,. For the
oscillator vibrating about the equilibrium position with vo = 0 we have shown pre-
viously that this is equal to —D(%), and thus, the energy dissipation rate is positive.
In our case, the power may have both signs as one can see in Fig.

The positive power of the fric-
tion force means that energy is sup-
plied to the oscillator amplifying

N the vibrations. In contrary, the neg-
T f, ative power of the friction force
(or, equivalently, the positive dissi-
pation rate) means the energy loss
which slows down the vibrations.
. We see that for our oscillator there
is the possibility of amplifying the
vibration in the region 0 < x < vy.
L This does not still guarantee the
self-excitation of small vibrations
since we have also the energy loss
for x < 0 plus the air resistance
through viscous damping which is
always present. It should be men-
tioned however that the more accu-
rate experiments show a slight dependence of the friction force on the relative
velocity as sketched in Fig.[5.14l This, as well as the air resistance through viscous
damping in the system may have some influence on the stability of the equilibrium
state. We will show later that, under some favorable conditions, the oscillator may
develop self-sustained vibrations. From Fig. we see also that the two different
regimes of energy supply and energy dissipation is switched at the velocities X = 0
and X = vg. Thus, in this case the switcher is velocity sensitive.

<y

Fig. 5.14 Friction force f, versus relative velocity
Ve =X—1Vp.
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EXAMPLE 5.8 Froude’s pendulum. A compound pendulum that is rigidly fasten to
a sleeve in form of a ring mounted on a shaft rotating with a constant angular veloc-
ity vy (see Fig.[3.13)). Derive the equation of motion of this pendulum taking into
account the air resistance as well as Coulomb’s friction between the rotating shaft
and the sleeve. Plot the power of the friction moment against the angular velocity.

This example is quite similar to the previous one,
except for non-quadratic potential energy. The La-

grange function of the pendulum is
Rotating

shaft

.
L(g,¢) = §J<p2—mgl(1 —cosg),

where J is the moment of inertia of the pendulum
about the center O of the rotating shaft, and / the dis-
tance from the center of mass S to O. The dissipation
function includes the dissipation due to the air resis-
tance and the dissipation due to Coulomb’s friction
between the sleeve of the pendulum and the rotating  Fig. 5.15 Froude’s pendulum.
shaft. The latter must be a function of the relative

angular velocity. Thus,

D(9) = 5el’¢> +Del9— Vo)
and the generalized Lagrange’s equation reads
J§+mglsing+ cl>¢ — M (¢ — vy) = 0.
Here M, (¢ — vp) is the friction moment acting on the pendulum

D.(¢ — Vv

R

If we take D (@ — vp) = for|@® — vo| as in the previous case, with r being the
radius of the shaft (which is equal to the inner radius of the sleeve), then the plot of
the power of the friction moment, M, ¢, is exactly the same as that of the stick-slip
oscillator. There exists the energy supply regime for the angular velocity ¢ € (0, vp).
This does not still guarantee the self-excitation of small vibrations since we have
also the energy loss for ¢ < 0 plus that due to the air resistance. However, for the
more realistic response curve of friction moment versus relative angular velocity
similar to that shown in Fig.[5.14] the Froude’s pendulum may also develop self-
sustained vibrations (see exercise[3. 7).

EXAMPLE 5.9 van der Pol’s and similar oscillators.

If the mass-spring oscillator is connected with some energy source through a
switcher, which switches from the energy dissipation to the energy supply regime
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when a certain combination of amplitude and velocity is less than 1, then the dissi-
pation function may be proposed for example in the form

1 1
D(x,x) = Ec(owc2 + 5[3)52 — 1),

where ¢, o, and 3 are positive constants. This formula does not contradict the second
law of thermodynamics as the system under consideration is open and is connected
with the energy sourcd (or, equivalently, with an external force producing a positive
power). Generalized Lagrange’s equation takes the form

mi + kx + c(ox® + Bi* — 1)x = 0.

If B =0, the oscillator is called van der Pol’s oscillatofd. In this case the
switcher is amplitude sensitive. On the contrary, for the case o = 0 corresponding
to Rayleigh’s equation, the switcher is velocity sensitive like that of the stick-slip
oscillator. In the general case (both o and 3 are non-zero), the switcher is of the
mixed type. Mention that Rayleigh’s equation can be transformed to van der Pol’s
equation as well (see exercise[3.8)).

In what follows we shall study mainly van der Pol’s oscillator as the prototype of
self-excited oscillators. It is therefore convenient to bring its governing equation to
the dimensionless form. For this purpose let us introduce the dimensionless quanti-
ties 7 = \/k/mt and X = /ocx. In their terms van der Pol’s equation can be written
as follow

K+x4p(—1)x=0, (5.20)

where 4 = cy/k/m, and the bar is dropped for short. Introducing y = % we can
rewrite van der Pol’s equation as the system of first order differential equations

=y, (5.21)
y=—xtpu(l-2)y,
which has one fixed point at (x,y) = (0,0).

Energy household and the existence of limit cycles. To recognize, whether van der
Pol’s oscillator has a limit cycle in the phase plane or not, all we need is Poincaré-
Bendixson theorem proved in the theory of ordinary differential equations (see [9]).
Roughly speaking, this theorem states that if there exists a phase curve C of the 2-D
continuous dynamical system that is “confined” to stay in some compact ring-shape
region R of the phase plane not containing any fixed point, then either C is a limit
cycle, or it spirals toward a limit cycle as 7 goes to infinity (see Fig.[5.16).

5 Of course, the dissipation function in this model can no longer be interpreted as the pure
dissipative potential leading to the energy loss only.

® Historically, this equation was deduced by van der Pol in 1922 to describe the self-excited
oscillations of an electrical circuit used in the first radios. Later on, this type of equation
has been widely used in other physical systems as well, i.e., in laser, plasma, or flutter of
airplane wings.



5.3 Self-excited Oscillator 171

The finding of this “trapping” region for

van der Pol’s oscillator is based on the analy-
sis of energy change as the angle in the phase
plane changes on one period 27. Indeed, let
us write down the energy balance equation for
van der Pol’s oscillator

ld , » 2\:2

2 dt (F+27) =p{1 =) (5-22) Fig. 5.16 “Trapping” region R.
Consider some phase curve starting at point
(x,y) = (ao,0) in the phase plane. As the angle changes on 27 the phase curve cuts
the x-axis again at another point (aj,0). Integrating equation (5.22) over the time
interval spent by the phase curve between these two points and taking into account
that y = x = 0 at the end-points we obtain

T
%(a%—a(z)) :/]u(l _2)di = AE. (5.23)
0]
The integral standing on the right-hand side is the energy change AE in one angular
period 27. Thus, if the energy is gained in one angular period (AE > 0), then |a;| >
|ag|. In contrary, if the energy is loss in one angular period (AE < 0), then |a;| < |ag|.
Now, let p be small. Then for the phase curve starting near the origin with
small ap > 0 we expect that the solution remains small in one angular period. Then
|x(r)| < 1 fort € (t,1) and the integrand in the right-hand side of (5.23) is positive.
Thus, in one angular period we have the energy gain (AE > 0), so a; > ag and the
phase curve must be repelled from the origin. For the phase curve with a large initial
amplitude ap > 1 the situation is more subtle. Since in one angular period the oscil-
lator may dissipate energy as well as gain it when x(¢) comes close to zero, we must
compute the energy change precisely. For u = 0 equation (3.20) is the equation of
the harmonic oscillator having the solution x(¢) = agcost. It is natural to expect that
for small u the solution of (3.20) is close to agcost in one angular period. Since
stands also in the integral (3.23)), we may use this approximate solution to estimate
the energy change in one angular period

2n T
AE = u/ (1 —ageosr)agsin® rdt = —p7ag(ag —4).
0

Thus, if ag > 2 then the energy change AE is negative, and the phase curve must
be attracted to the origin. So, in the polar coordinates the ring-shape region trapping
the phase curve is r € (81, 0;), with &; a small positive number and &, > 2. We see
also that the amplitude of a limit cycle must be close to 2 for small p.

Up to now we do not know how many limit cycles van der Pol’s oscillator may
have. This information can be obtained from Liénard’s theorem which is applied to
all differential equations of the form

i+ f(x)x+gx)=0. (5.24)
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Equation (3.24) describes the motion of a unit mass subject to a nonlinear damping
force — f(x)% and a nonlinear restoring force —g(x). The formulation of Liénard’s
theorem is as follows: If

f(x) and g(x) are continuously differentiable;

g(x) is an odd function and g(x) > 0 for x > 0;

f(x) is an even function;

the odd function F(x) = [ f(&)d& has exactly one positive zero at x = b, is
negative for 0 < x < b, is positive and nondecreasing for x > b, and F (x) — oo as

X — o9]

then equation (5.24) has one stable limit cycle surrounding the origin of the phase
plane. Since this limit cycle attracts phase curves to it, it is called an attractor. Now,
for van der Pol’s oscillator we have

g)=x, f)=p0"-1).

Integrating f(x) we obtain F(x) = /Jx(%x2 — 1). Thus, all conditions required in
Liénard’s theorem are satisfied (for the last condition we have b = v/3). Conse-
quently, van der Pol’s equation has only one stable limit cycle.

Fig. 5.17 Phase curves and limit cycle of van der Pol’s equation with = 0.1.

Numerical solutions. Now we know that all phase curves of van der Pol’s oscilla-
tor are attracted to the limit cycle. But how do they approach this cycle and what
does the limit cycle look like? These questions can only be answered by integrating
equation (3.2Q), or equivalently, system (3.21). Unfortunately, analytical solutions
are not available. So, let us try to integrate (5.21)) numerically by using for instance
Mathematica. We open a notebook in Mathematica and simply write a command
like this

sol=NDSolve[{x’[t]==y[t],y’ [t]==-x[t]+0.1(1-x[t] 2)ylt],
x[0]==4,y[0]==0},{x,y },{t,30}]

then
ParametricPlot[Evaluate[{x[t],y[t]}/.s0l],{t,0,30}]
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In this case we took ¢ = 0.1 and assumed the initial conditions x(0) = 4, y(0) = 0.
The result of computations is shown in Fig.[3.17] and we see that the phase curve
is really attracted to the limit cycle drawn by the thick line which is close in form
to the circle of radius 2. If we take a starting point inside the cycle, the phase curve
also spirals to the limit cycle from inside.

If we want to know how the solution changes in time we add a command

Plot[Evaluate[x[t]/.sol],{t,0,30}]

Niwimive

_a¥

Fig. 5.18 Solution x(¢) of van der Pol’s equation for y = 0.1: i) bold line: x(¢), ii) dashed
lines: envelopes.

and the computer gives us the curve x(r) shown in Fig. 518l The behavior of this
solution is quite similar to that of damped oscillator discussed in Section[I.2] except
that the amplitude of vibration does not tend to zero but to some value close to 2.
As one can observe, there are two characteristic time scales: i) one describing the
period of fast oscillation of x(¢), ii) the other associated with the monotonic and
slow change of amplitude of vibration toward that of the limit cycle shown by the
envelopes.

Fig. 5.19 Limit cycle (left) and solution x(¢) (right) of van der Pol’s equation with u = 10.
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If we enlarge the parameter u, the limit cycle deviates more and more from the
circle. The motion deviates also from the harmonic motion. For very large y van
der Pol’s oscillator exhibits quite interesting type of vibrations called relaxation
oscillations. The limit cycle and the corresponding plot of x(¢) for 4 = 10 is shown
in Fig. One can see a sequence of slow motions which are quickly switched to
other slow motions. This phenomenon will be explained in the next Section.

Limit cycle of stick-slip oscillator. Poincaré-Bendixson’s or Liénard’s theorem
cannot be applied to oscillators with Coulomb’s friction because of the discontinuity
of the friction force. So this type of oscillators requires always a special treatment.
Let us analyze the stick-slip oscillator considered in example [3.7] Taking also the
air resistance into account, we write down the equation of motion

mi+ cx+kx = fr(x—vp).
Dividing this equation by k and introducing the notation

k
3 : 63 V_O = Vo,
o

m = 2V km -

we rewrite it in the form (compare with (I.13))

x4+ 26x +x=r(x —w),

where

) = =)

and prime denotes the derivative with respect to T = wpt. This second order differ-
ential equation is equivalent to the system of equations

K=y, (5.25)
¥ =r(y—wvo) —28y—x,

which has one fixed point S on the x-axis with the coordinate xo = r(—Vp). The
slope of the phase curve at point (x,y) is equal to

dy r(y—vo)—28y—x

5.26
Ix y (5.26)

The first interesting thing to know is whether the fixed point S of this dynamical
system is a stable equilibrium position or not. To do the stability analysis near the
fixed point we seek the neighboring solution of (3.23) in the form

x=xotu, y=v,



5.3 Self-excited Oscillator 175

where u < 1 and v < 1 and linearize the system (5.23]) with respect to u and v. Since

dr
rv=vo)=r(=vo)+ —| v+ o),
v
we obtain
d
Ww=v, V= a —26 |v—u,
dv .
what is equivalent to the equation
u” — dr —28 | +u=0.
dv v
Thus, if
d
ar > 20,
dv v

then the fixed point is an unstable focus, and the phase curves starting near this fixed
point are repelled from it.

To be able to simulate the phase curves numerically let us assume that the dy-
namic friction force is described by a function r(v) of the form

) = {%—1&-%(1\/4- 1)? i for v <0,
—5—3(v—=1)7 forv>0.
The threshold friction force is ro = 1 in this case, and for v = 0 function r(v) can
take any value between —r( and ry. The constant velocity is vy = 0.5, while Lehr’s
damping ratio is chosen to be 6 = 0.01. It is easy to check that 7/ (—0.5) = 0.5 > 28.
The vector field and some phase curves of
this oscillator are plotted in Fig. The
phase curves hitting the horizontal line y =
Vo must change their slopes abruptly when
crossing this line. By this reason the line y =
Vp is called a jump line. According to equa-
tion (3.26) the jump of the slopes must be
equal to —2ry/Vvp. Besides, there is a “sticky”
zone —ry —26Vy < x < rg — 26Vp on this
jump line (the segment AC), where the mass
is sticked to the band and move together with
it with the constant velocity vy. When the
phase curves hit this sticky zone, they have
to move along the horizontal line up to point
C with coordinates (rp — 28 Vg, Vo), where the ~ Fig. 5.20 Limit cycle of stick-slip
mass is detached from the band and the slip ~©scillator.
begins. The phase curve starting from point
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C is a spiral, which hit the segment AC at point B if the damping ratio § is small.
This phase curve together with the segment BC correspond to the limit cycle of the
stick-slip oscillator. Indeed, the phase curves starting inside this cycle are repelled
from S and will hit the jump line at some point between B and C and merges with the
limit cycle afterwards. The phase curves starting outside of this cycle will sooner or
later hit the segment AC and after a while merges with the limit cycle. The specific
feature of the stick-slip oscillator is that the limit cycle is established after a finite

tANALn

SVVY

Fig. 5.21 Plot of x(r) at the limit cycle.

It is interesting to plot the velocity x at the limit cycle as function of time. This
plot is shown in Fig.[5.21l We can see clearly the sequence of stick and slip regimes,
where x = vg in the stick regime.

5.4 Oscillator with Weak or Strong Dissipation

Mathematical formulation. The results of previous two Sections show that the
phase curves of dissipative systems may approach some attractor in the phase plane
as time goes to infinity. If the energy dissipation rate is positive definite, then the
attractor corresponds just to the equilibrium states. In contrary, if the energy dissi-
pation rate is no longer positive definite, the attractor may become a limit cycle. In
both case the amplitude and phase of vibration change slowly with time. It turns out
that if the dissipation function of the system is small in the sense that the governing
equation is obtained from the following variational equation

6/”(1'2—l %) dr — s&—(s dt = (5.27)
A AR 55 9% :

with eD(x,x) being the dissipation function and € a small parameter, then the evolu-
tion of the system to the attractor can be determined analytically in the limit € — 0.
It is easy to see that the governing equation of this system reads

f+x = ef(x,x),
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where 2D
f(x,)&) = —g

We need to find the asymptotic behavior of solution in the limit € — 0.

Variational-asymptotic method. We have seen from the numerical simulations of
van der Pol’s oscillator in the previous Section that, if € is not equal to zero, the am-
plitude of vibration will change slowly with time due to the energy dissipation. The
same can happen also to the period T as well as to the related frequency w as they
are in general amplitude-dependent. Similar to the asymptotic analysis provided for
Duffing’s equation in Section [5.J] we want to make @ enter the variational equation
(5.27) explicitly. For this purpose we multiply (3.27) with @ and rewrite it in terms
of the stretched angular time 7 = @t for one fix period 27

T+27m | 2 1 5 To+2m
5 / (Lo - L) dr+ / £f(x, ox')Sxdt =0, (5.28)
0 2 2 0

where prime denotes the derivative with respect to the angular time 7, and 7p is an
arbitrary time instant. For short we set 75 = 0.
At the first step of the variational-asymptotic procedure we put simply € =0 to

get from (3.28)

1 2.2 12
5/ (ECOX —E)C )dTZO
0

This leads to the eigenvalue problem yielding the following 27-periodic extremal
x0(T) =acost.

Here a is the amplitude of vibration, the frequency  is equal to 1 as expected, and
we have chosen the initial phase ¢ = 0, which is possible because the governing
equation does not depend explicitly on time.

Taking into account that the amplitude a and the frequency @ are becoming
slightly dependent on time for € # 0, we introduce the slow time n = £7 and seek
the corrections to the extremal and to the frequency at the second step in the form]

x(f):a(n)COST+x1(T7n)a o= 1+w1(n)7 (5.29)

where x| (7,1) is a 2m-periodic function with respect to the fast time 7 and is much
smaller than xo(7,7) in the asymptotic sense, and @; (1) is much smaller than 1.
To make the asymptotic analysis of small terms easier we may assume that x; and
w are of the order € although this is even not necessary. The order of smallness of
x1 and @; will automatically be determined in this step. Since the angular time 7 is
present also in 1, the time derivative of x(7) becomes

X' (T) = —a(t)sinT+ €aycosT+x) 1+ €xy p,

7 This is the crucial idea of two-timing or multi-scaling.
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where the comma before an index denotes the partial derivative with respect to the
corresponding variable. Let us substitute into (3.28) and keep the asymptot-
ically principal terms containing x; and the principal cross terms between xo and
x1. Because the small parameter € is already present in the last term of (3.28)), it is
accurate at this step to replace f(x, wx") by f(acost,—asin 7). Now the variational
equation becomes

2r
5/0 [Ex%’f —asinTx|;+€ayCcosTx| r —2@asinTxy ¢
1 2 .
— 53X —acosTx +ef(acost,—asint)x|dt = 0.

Integrating the underlined terms by parts using the periodicity of x; in T we obtain
finally

21
5/ x%T xl 2 +2(eapsinT+ wjacosT)x; +ef(acos T, —asin T)x;]dt =

(5.30)
Aside from the negligibly small change of amplitude a in one period we may regard
function f(acosT,—asinT) as 27-periodic with respect to 7. Let us expand it in the
Fourier series on the interval (0,27)

=

flacost,—asint) = go(a)+ Y. [gn(a)cosnT + hy(a)sinnt).

n=1

Substituting this expansion into equation (3.30) we see that there are two resonant
terms in this functional, namely

€[2an+hi(a)lsintx; and [2wa+egi(a)lcosTx.

From the linear theory we know that such resonant (or secular) terms would lead to
nonperiodic x; contradicting our asymptotic expansion. To be consistent, we have
to remove them. These consistency conditions yield two equations for the amplitude
a(n) and for the correction of the frequency o,

1 1
an= _Ehl(a) =37 s flacost,—asint)sintdr,
) (5.31)
£ g [T .
o = _2_ag1(a) = _2—7w/0 flacost,—asint)costdT.

Since the change of a(1) in one period is of the order €, we may regard it as “frozen”
in the integrals on the right-hand sides.

With the resonant terms being “killed” we can find in principle the extremal
x1(t,m) in the above variational problem. It has to satisfy the following equation

oo

x1e+x1 = e{go(a) + Y. [gn(a) cosnt + hy(a)sinnt]}.
n=2
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Then at the next step we seek the corrections to the extremal and to the frequency
in the form

x(1) =xo(7,n) +x1(7,n) +x2(7,M), @=1+w1(n)+w(n),

where x, and @, are much smaller than x; and @, in the asymptotic sense, and repeat
the same procedure as before.

Notice that the similar procedure applied to the differential equations containing
a small parameter has first been proposed by Bogoliubov and Mitropolsky [8].

Applications. Since the developed variational-asymptotic method does not put any
constraint on the dissipation function, we can apply it to both dissipative and self-
excited oscillators.

We illustrate how the method works first on the simple example of the linear
damped oscillator whose solution is given by formula (LIS). In this case f(x,%) =
—x and € = 28. Computing the integrals on the right-hand sides of (3.31)) we obtain

two equations
a
Cl’rl = — E, )] = O

According to the second equation there is no correction to the frequency and the
period of vibration within the first approximation. Concerning the amplitude of
vibration we obtain the law of its change by integrating the first equation giving
a = age "% = age %7, with ag being the initial amplitude. Combining this formula
for a with (3.29) we get in the first approximation

8

x(7) = ape °"cosT.

In comparison with the exact solution x(7) = aoe"sf cos VT (which is obtained from
(L.I8) when ¢ = 0), we see only a slight difference in the frequency of vibration:
the exact conditional frequency v = v/1 — 8% =~ 1 + O(€?). The evolution of the
amplitude coincides with that of the exact solution.

Next, let us apply the method to van der Pol’s oscillator, for which no analytical
solution is available. In this case f(x,%) = (1 —x?)x and &£ = u. Similar calculations

of integrals in (5.31) give
a 2
an=3gd-da), o =0. (5.32)
As in the previous example there is no correction to the frequency and the period
of vibration. In contrast to the exact van der Pol equation, equation (5.32) for a can

be integrated analytically. Indeed, multiplying this equation with a and noting that
aay = %(az),n we transform it to the following equation

1
Y = Zy(4—y),
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where y = a. The above equation can be integrated by separating the variables
giving
In

=n+C.

4—y n
The constant of integration can be obtained from the initial condition y(0) = yo:
C=In 4{—"‘0 Substituting this constant in the last equation and solving it with respect
to y we obtain

B 4ypel
YT Ay — 1)’
or, in terms of the original amplitude a and time 7
2 et/2
a= % (5.33)

4—|—a(2)(eET -1

In order to compare with the numerical solution we plot a(7) from (3.33) and show
it together with x(¢) in Fig. 5.18] (the dashed envelope). The agreement is striking,
although € = 0.1 is not quite small. We can also check that a approaches 2 as T — co.

Limit cycle of relaxation oscillations. We have seen that for small y the limit cycle
of van der Pol’s oscillator is nearly a circle of radius 2, and its frequency is nearly
equal to 1. Consider now the opposite case of van der Pol’s oscillator with a large
parameter (L. As our numerical simulations have shown, the solution corresponding
to the limit cycle spends most of time in a slow motion, and then quickly jumps to
another slow motion. We analyze this motion by applying the variational-asymptotic
method to the variational equation

1 1
5/1(1x2—1x2)dt+ lu(l—xz)x&cdt:(). (5.34)
to 2 2 )

Let us first concentrate on the slow motion. Introducing the slow time 1 = ¢/, we
have x = x /1, with x , the derivative with respect to 7. Thus, equation (5.34),
multiplied by u, becomes

m 1 1 m
8| (z=x%—=2)dn+ [ (1—x*)xy8xdn=0.
Mo 2.112 2 Mo "
Neglecting the first term in this equatiorﬁ as small in accordance with the variational-
asymptotic method, we arrive at the equation

X

_x“r (1 —xz)x”ﬂ, = O, or x’n = ﬁ
' —X

8 This means neglecting the kinetic energy as small compared with the potential energy and
dissipation. Thus, the slow motion can be regarded as the motion without inertia.
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This differential equation can be solved by separation of variables yielding

2
x
In|x| — - =1 +const.

The slow motion proceeds according to this equation until it reaches x = -1 where
the speed x 5 is infinite. At this point the assumption of slow motion is violated,
so we need to change to another time scale. Introducing now the fast time 7 = ut,
X = ux ¢, we rewrite (5.34), divided by u, in the form

] 1 Tl
5/ (—[,szzr——xz)dr—k/ P2(1 - P)x28xdT =0,
n 20 2 0

Neglecting the second term as small compared with other terms, we arrive at the
differential equation
xzr—(1 —xz)xJ =0.

This equation possesses the first integral
X1 —x+x°/3=const,

representing the fast motion (jump). We choose the constant of integration so that
this fast motion starting at x = 1 as an equilibrium point (with x ; = 0) will end at
another equilibrium point with x ; = 0. It is easy to see that the constant is equal to
—2/3 giving the second equilibrium point at x = —2. Similarly, the jump starting at
x=—lendsupatx=2.

Knowing the solution, we can now easily compute the period of this relaxation
oscillation. Since the time spent for jumps is negligible compared to the time spent
at slow motions, we compute just the half-period of slow motion as

x=1 3
T/2=p (Inf| = 2/2)[ 2, = u(; ~n2)

Thus, the period T = p(3 —21n2) tends to infinity as g — eo.

Exercises

5.1 A point-mass m moves under the action of gravity along a frictionless circular
wire of radius r that is rotating with a constant angular velocity 2 about its vertical
diameter (see Fig. @ﬂ Derive the equation of motion. Plot the potential energy
and the phase portrait.

5.2 Do the next step of the variational-asymptotic procedure for Duffing’s equation
and show that

3 2 257 4 3
1 T £ga +e€ 757 +0(¢e”)

9 A pendulum oscillating on a rotating platform can serve as a similar example.
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Fig. 5.22 Point-mass on rotating circular wire.

5.3 Consider a mass-spring oscillator with an asymmetric spring obeying the
equation
¥+x+ex?=0.

Find the period of vibration for € = 0.1 and x(0) = 1, %(0) = 0 using the numerical
integration based on (3.3). Compare it with the result obtained by the variational-
asymptotic method.

5.4 Find and classify the fixed points of equation (3.14) of a damped pendulum for
all ¢ > 0, and plot the phase portraits for the qualitatively different cases.

5.5 The motion of a mass-spring oscillator with the linear restoring force —kx
(k=2N/cm) is damped by a constant braking force f, = 1N, this force acts however
only in the region —1lcm < x < lcm. Outside this region the oscillator carries out
a free vibration. Find the sequence of turning points and the number of halves of
vibrations for the initial conditions x = —3cm and x = 0.

5.6 Consider a damped pendulum with “turbulent” damping described by the
equation
&+ c|p| + of sing = 0.

Find the sequence of turning angles.

5.7 Consider Froude’s pendulum described by the following dimensionless equa-
tion
¢ +28¢+ @ sing = my(¢ — vo),
where |
c mg
26 =- 2= =—.
7 (23 7 my 7
Find conditions, under which this oscillator develops self-sustained vibrations.

5.8 Consider the mechanical system governed by the differential equation

X+ éesinx+x=0.
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Construct several phase curves for € = 0.1 using numerical integration. Show that
more than one limit cycle exists. Use the variational-asymptotic method to calculate
the amplitude of limit cycles.

5.9 Show that Rayleigh’s equation
i+i—e(l— %xz)x =0
can be written as van der Pol’s equation
ii+1i—e(1—u?)i=0,
where u = X. Find its limit cycle for small €.
5.10 Consider the equation
i4+x+pu(jx] - Dx=0.
Find the approximate period and amplitude of the limit cycle for small and large u.
5.11 Use the variational-asymptotic method to study the equation
iti—e(l1-x"%=0
for small €. Find the approximate amplitude of the limit cycle.
5.12 Use the variational-asymptotic method to study the equation
itx—p(l+x—xHx=0,

where U is a large parameter. Find the amplitude and period of the limit cycle.
Compare the results with those obtained by numerical integration for y = 10.



Chapter 6
Non-autonomous Single Oscillator

This Chapter analyzes non-autonomous mechanical systems with one degree of
freedom whose Lagrange function depends explicitly on time. This involves ei-
ther some time-dependent parameter or a harmonic excitation. The variational-
asymptotic analysis, combined with multi-scaling, belongs again to the arsenal of
mostly used analytical methods of solution of variational problems containing small
parameters.

6.1 Parametrically-Excited Oscillator

Differential equation of motion. If some parameter of an oscillator changes in
such a way that the energy supply is synchronized with the period of vibration, the
parametric resonance may occur. We consider some examples.

EXAMPLE 6.1 Pendulum with periodically moving support. The support of a pen-
dulum moves in accordance with the equation x = a(t) (see Fig. [6.1). Derive the
equation of motion for this pendulum.

In a fixed (x,y)-coordinate system the coordinates
of the point-mass are

x=a+Ilcosp, y=Ising.

Differentiating these equations with respect to ¢ we
obtain the velocity

X=a—Isinpp, y=Icosp@.

Therefore the kinetic energy is equal to

Fig. 6.1 Pendulum with moving
support.

1 1
K= Em(ﬁ +y?) = Em(az —2Usin@ag + 1> ¢?).
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The potential energy of the point mass is
U=—-mg(a+Ilcoso).

Note that the zero level of potential energy corresponds to x = 0. Thus, the Lagrange
function L(¢, ¢,t) = K — U depends explicitly on time through a(¢). Mechanical
systems with the Lagrange function depending explicitly on time are classified as
non-autonomous. Substitution of this Lagrange function into Lagrange’s equation
gives

mi® + mglsin — mlising =0,

or

1
(b-i-?(g—c'i)sincpzo. (6.1)

If a(r) is a periodic function of ¢, say a(t) = apcoswt, then (6.I) is a nonlinear
equation with periodic coefficients. In order to investigate the stability of one of the
equilibrium positions ¢ = 0 or ¢ = &, we would linearize (6.1)) about the desired
equilibrium. In case ¢ = 0 the linearization yields

1
¢+ 7(g+aowzcoswt)(p =0. (6.2)

This is called Mathieu’s equation. We will show later that the parametric resonance
may occur for some values of @ and ay.

EXAMPLE 6.2 Stability of a limit cycle.

Assume that x = x,(¢) is a periodic solution of the equation of motion

¥ = f(x,%). 6.3)

We would like to study the dynamic stability of this periodic solution. For this pur-
pose we investigate the neighboring solutions

x=x(0)+E@), x=x()+&(), x=3x(t)+E(),

where &(¢) and its first derivative are assumed to be small. Substituting these for-
mulas into the equation of motion, we obtain

E5(1)+E() = fxs(1) + & (1), %) + & (1)),

Since &(¢) and & (¢) are small, we expand the right-hand side into the Taylor series
and neglect all nonlinear terms

FOs(0) + & (0),5() + & (1)) = flxs, k) + g—i(xs(f)ds(t))ﬁ(t)

+ %(xs(t),xs(t))é(t) +...
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Taking into account that x(¢) is the solution of (6.3), we obtain for & (r)

E= %(xs(t),xs(t))é(t) + %(xs(t),xs(t))é(t)

Thus, the stability analysis of a limit cycle puts a question, whether or not the linear
differential equation with periodic coefficients has bounded solutions. This is quite
similar to the problem of parametric resonance.

EXAMPLE 6.3 Pendulum with periodically changeable length (z).

The swing known from our childhood is described by this mechanical model. The
kinetic and potential energies of the point-mass are

K= %mlz(t)(pz, U =mgl(t)(1 —cos ).

Lagrange’s equation has the form
mi?§ +2mlli¢ + mglsin @ = 0.

Dividing this equation by m/*> we obtain
N
q)—+-2i(p+ 751n(p =0.

In reality, the change of length of the swing is realized by the motion of the swinger.
This changes the center of gravity causing the change of the effective length of the
physical pendulum. To pump the swing the swinger must raise his or her body as
the swing passes through the lowest point and lower themselves near the extremes
of the motion.

Solution in a simplified model of swing. To get the
“feeling” of how the parametric resonance may oc-
cur, we analyze a simplified model of swing, in which
the effective length of the pendulum changes abruptly
from /; to I, at @ =0, and from /; to /; as the max-
imum (or minimum) of ¢ is achieved at the turning
angle. The trajectory of the center of mass is shown in
Fig.[6.21by a loop with arrows. Since [ = [; =const in
the first quarter of vibration, energy must be conserved
if the air resistance is neglected

%ml]z('p2 +mgli(1—cosp) =mgl;(1—cosqp), Fig. 6.2 A simplified model
of swing.
where @ is the starting angle when the swing is re-
leased. Using this equation we can compute the angu-
lar velocity ¢ just before the change of length at ¢ =0
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. 28
P = 7, (1= cosgv). (6.4)
Similarly, in the next quarter of vibration in which the swing’s length is / = /;=const,
we have

1
Emlg(i)2+mglz(1 —cos@) =mgl(1—cosq),

where ¢, is the turning angle, so, the angular velocity immediately after the change
of length at ¢ =0 is equal to
. 2g
o = E(l—cos(pz). (6.5)
During the short time when the length of the swing changes abruptly the force
in the radial direction is applied. Since the moment of this radial force about the
support is zero, the angular momentum must be conserved

mi_ = ml3 ¢y . (6.6)

This relation can be used to determine ¢, through ¢p. Indeed, squaring (6.6) and
using (6.4) and (6.3) we get

B(1—cosqp) =B5(1—cosq). (6.7)

Similar arguments lead to the generalization of this equation for all subsequent
halves of vibration

B (1= cos @yu_1)) = 5 (1 —cos 92,).

Thus, the sequence of turning angles can be constructed geometrically as shown
in Fig. Starting from the point Ag = (¢, f1(¢o)) on the curve fi (@) = I3 (1 —
cos @) we find the next turning angle ¢, at the intersection between the horizon-
tal line going though Ay and the curve f>(¢) = I3(1 —cos @). Then, starting from
Ay = (@2, f1(¢2)) we find the next turning angle ¢4, and the whole process can be
continued. We see that after a finite number of halves of vibration the angle may
become larger than 7.

It is interesting to find out the energy gain after each swing act. Obviously, the
energy does not change during the time when / =const. As the length of the swing
changes abruptly from /; to I, the energy gain is

1
E, =mgh+ Em(v%+ —3),

where h = [} — [,. The first term is the gain of potential energy, the second term
correspond to the increase of kinetic energy. Taking into account (6.4)-(6.6) and
v =1, we express E, in terms of ¢y

Eg =mg{h+1,(1—cosg)[(li/r)* —1]}.
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Fig. 6.3 Sequence of turning angles.

After the change of the length from /; to /; at the turning angle ¢, we have the loss
of potential energy
E; = mghcos ¢,.

Thus, the total energy gain in a half of vibration is equal to
AE = E; — Ej = mg{h(1 —cos @) + 1, (1 —cosgo)[(I1/12)* — 1]}
Recalling (6.7), this can be transformed to

(I +hb+13
AE = ngll (1 —cosqy) = kEy,
2
where k = h(I? + 111, +13) /13 and Ej is the initial energy. Thus, the energy after the
first half of vibration is
E, =Ey+ AE = Eo(l +k)

Similar formulas can be derived for the subsequent halves of vibration. Thus, the
energy after n halves of vibration becomes

Eny = Eo(1+K)".

We see that the energy grows in a geometrical progression, like an accumulation
of a capital invested with the interest rate k. In reality, this energy accumulation is
reduced by the energy loss due to the drag force of the air so that a stationary regime
may be established under certain conditions.

Numerical solutions. We turn now to Mathieu’s equation (6.2) as the prototype
equation describing parametrically excited oscillators. We present it in the for

i+ (U +ecost)x=0. (6.8)

1t is easy to show that equation (6.2) assumes this form with u = (@y/ )2, € = ag/I, and
wy = +/g/l, if time is replaced by the dimensionless time .
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The main concern of this equation is whether or not all solutions are bounded for
given values of the parameters t and €. If all solutions are bounded, then the corre-
sponding point in the (U, €)-plane is said to be stable. In the opposite case we have
the parametric resonance and the point is classified as unstable. The problem is to
find the stability chart of Mathieu’s equation.

i
U

—roflH

Fig. 6.4 Solution of Mathieu’s equation for 4 = 0.24 and € = 0.01.

Although equation (6.8) can be solved analytically in terms of Mathieu’s func-
tions [2], it is even simpler first to find a solution for some pt and € by numerical
integration. Similar commands in Mathematica like those presented in Section [3.3]
work quite well. Fig. shows the solution x(¢) satisfying the initial conditions
x(0) =1, %(0) =0, for 4 = 0.24 and € = 0.01. We can observe that there are two
characteristic time scales: i) one describing the period of fast oscillation of x(¢), ii)
the other associated with the slow oscillation of amplitude of vibration marked by
the dashed envelopes. The solution remains bounded in this case.

X
A

5k

mmmnm\f\W\ﬂMN\MMn—ﬂ‘ﬂfﬂmmrm,ﬂf g

Fig. 6.5 Solution of Mathieu’s equation for 4 = 0.25 and € = 0.01.

If we change parameters (1 and € a little bit, the character of solutions may change
radically. For example, if we take pt = 0.25 while keeping € = 0.01 as before, then
the solution satisfying the same initial conditions shown in Fig. exhibits the
exponential growth of the amplitude. So, it is reasonable to guess that the point
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(0.25,0.01) of the (u,€)-plane causes the parametric resonance. Also in this case
we can observe two characteristic time scales: i) one describing the period of fast
oscillation of x(t), ii) the other associated with the exponential growth of amplitude
of vibration marked by the dashed envelopes.

It should be noted, however, that the numerical integration, which is quite useful
when studying the behavior of particular solutions, is not appropriate for the deter-
mination of the stability chart of Mathieu’s equation. This is due to two reasons.
First, these numerical simulations cannot be provided for an infinite time interval,
so the boundedness of solutions cannot strictly be proved. Second, one cannot do
infinite number of numerical simulations for all possible values of u and € as well
as for all possible initial data. Thus, other more “intelligent” methods should be
developed for this purpose.

Variational-asymptotic method. Let us find the approximate solutions to Math-
ieu’s equation for small € by using the variational-asymptotic method. These solu-
tions are also the extremals of the functional

Iix(t)] = /I:I [%xz - %(u — gcost)x?]dt, (6.9)
0

with 7y and #; being arbitrary time instants. For short we set #p = 0, r; = T. At the
first step we put simply € = 0 to get from (6.9)

W)= [ G2~ tud)a

The extremal of Iy[x(¢)] satisfies the equation
i+ux=0
yielding the periodic solution with the period T = 27/ /it

xo(t) = Acos /Ut + Bsin/uut. (6.10)

Taking into account that the coefficients A and B are becoming slightly dependent
on time for € # 0, we introduce the slow time 17 = & and seek the corrections to the
extremal at the second step in the two-timing fashion

x(t) =A(n)cos/ut + B(n)sin/ut +x,(¢,M), (6.11)

where x;(t,1) is a periodic function of the period T with respect to ¢ and is much
smaller than xo(z, 1) in the asymptotic sense. The time derivative of x(¢) becomes

X = —A\/usin\/t + €A  cos /Ut + B\/lLcos /it 4 €B ysin /it +x1 ; + €X1 5.

Substituting (6.11) into (6.9) and keeping the asymptotically principal terms con-
taining x; and the principal cross terms between xq and x|, we obtain
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T 1
Ii[x1 ()] :/0 [Exi,—A\//.Tsin\/,l_ttxl,,—&-B\/ﬁcos\/ﬁtxl’t

1
+ €A jcos /LUt x; + EB ysiny /Ut x; — E/Jx% — HACOS /UL X
— uBsin/ut x| — ecost(Acos+/Ut + Bsiny/put)x; | dt.

Integrating the second up to fifth terms by parts taking into account the periodicity
of x(t) we see that the underlined terms give 2&./11(A y sin /[t — B 5 cos \ /Mt )xy.
Besides, the products costcos./ut and costsin,/ut can be transformed into the
sum of harmonic functions like that

costcos /It = %[cos(l + /)t +cos(l — \/u)t],
costsin /Ut = %[sin(l + /)t —sin(1 — \/p)t].

So, finally we obtain

T1 1
Ii[x (t)]:/o [Ex2 x? 4+ 2€A /I sin \/H1 x| — 2€B y/H cos /Ht x|

1t 5
- %SA(cos(l + /)t +cos(1 —\/l)t)x;
- %sB(sin(l + /)t —sin(1 — \/u)t)x; | dt. (6.12)

For a general value of u removal of resonant terms yields the trivial equations
A7n = 0, B7n = 0.

Thus, for general p the coss term has no effect. However, if \/u =1— /L, i.e.
W = 1/4, then there are additional contributions to the resonant terms. In this case
removal of resonant terms gives the slow flow

M 277
1
M 2

These equations lead to A ,; = A/4. Thus, A and B involve exponential growth, and
the parameter value = 1/4 causes instability. This corresponds to a 2:1 subhar-
monic resonance in which the driving frequency is twice the natural frequency as in
the example of swing.

Let us seek the correction for u in the neighborhood of 1/4 in the form

1
.u_Z—"_.uh
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where (] is much smaller than 1. This brings additional resonant terms of the form
—ui(Acos’ + Bsin§)x; into functional (&I2). Thus, the equations for A and B
change to

Hro 1 My

An=(—- E)B’ By =—(

+ha (6.13)
)

£ 2

This means, A ny + (17 /> — 1/4)A = 0, and A and B will be sine and cosine func-
tions of 1 if ui > €2/4. That is, if either y; > €/2 or y; < —¢/2, then A and B
remain bounded. Thus, the following two curves in the (i, €)-plane represent sta-
bility changes, and are called transition curves:

1 e 2

u—4i2+0(8 ). (6.14)
These two curves emanate from the point tt = 1/4 on the u-axis and define a region
of instability called a fongue. Inside the tongue, for small &, x grows exponentially
in time. Outside the tongue x is the sum of terms, each of which is the product
of two harmonic functions with generally incommensurate frequencies, so x is a
bounded quasiperiodic function of ¢. This confirms our numerical simulations done
in the previous paragraph. One can also show that the approximate solution given
by equations (6.10) and (&.13) converges to the exact solution of (6.8) in any finite
time interval as € — 0. The indirect check of this result can be done also by solv-
ing equations (6.13)) and comparing it with the numerical solutions (see the dashed
envelopes in Figs.[6.4] and[6.3] computed by the equations (6.13)).

6.2 Mathieu’s Differential Equation

This Section presents the exact treatment of Mathieu’s equation based on Floquet’s
theory of linear differential equations with periodic coefficients and the finding of
stability chart.

Floquet’s theory. We first study the general theory of linear differential equations
with periodic coefficients (Floquet’s theory). Let x be an n x 1 column vector, and A
an n X n matrix whose elements are periodic functions with a period 7. We consider
the following vectorial differential equation

x=A(1)x. (6.15)

Notice that, since A(r+T) = A(t), this equation is invariant with respect to the shift
of time by a constant period T. Thus, if x(¢) is a solution of (6.13), then x(t + T')
must also be a solution of (6.13)).

Now let us consider the fundamental solution matrix of (6.13), X(¢), which is
defined as follows. X(r) is an n X n matrix, whose columns are solutions of (6.13))
such that X(0) = I, I being the identity matrix. As the columns of X(¢) are linearly
independent, they form a basis for the n-dimensional solution space of (6.13)). Since
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X(¢+ T) is also the solution matrix of equation (6.13)), each of its column may be
written as a linear combination of the columns of X(), so

X(t+T) =X(1)C, (6.16)

where C is a n x n constant matrix. Atz = 0 we have X(7') = X(0)C = C, so Cisin
fact equal to the fundamental matrix evaluated at time 7. Thus, C could be obtained
by numerically integrating (6.13) from ¢ = 0 to t = T, n times, once for each of the
n initial conditions satisfied by the i-th column of X(0). Taking the time instants 27,
3T, and so on and applying similar arguments, we can show that X(nT) = C".

Let us transform (6.16)) to normal coordinates. We seek another fundamental so-
lution matrix Y(z) such that

Y(r) = X(¢)R,

where R is as yet unknown n x n matrix. Combining this equation with (6.16), we
obtain
Y(t+T)=Y()R'CR. (6.17)

Suppose that C has n linearly independent eingenvectors. If we choose the columns
of R to be these eigenvectors, then the product R"!CR will be a diagonal matrix
with the eigenvalues A; of C on its diagonal. With R~! CR diagonal, the matrix Y (¢)
satisfying (6.17) will also be diagonal. Indeed, let us construct this diagonal matrix
explicitly. Its elements satisfy the equations

yi(t +T) = Aiyi(t). (6.18)
We look for a solution to this functional equation in the form
vi(t) = A pi(t),

where k is an unknown constant and p;(¢) is an unknown function. Substitution into

(©.138) gives
Vilt +T) = A pie +T) = LA pi(1)).

This equation is satisfied if we take k = 1/T and p;(¢) a periodic function of period
T. Thus, the constructed matrix with the diagonal elements

yilt) = 2T pi(t) (6.19)

satisfies (@.17). This implies that the original system (&.13) will be stable if every
eigenvalue A; of C has modulus less than 1. In the opposite case the solution will
grow exponentially as t — oo leading to instability and parametric resonance.

Hill’s equation. Let us first apply Floquet’s theory to Hill’s equation

54+ F(x =0, f(t+T)=f().
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which contains Mathieu’s equation as a special case. This equation can be written
as a system of differential equation

i ()= (o) C)

We construct a fundamental solution matrix from two solution vectors satisfying the

initial conditions
()= (0) o) -0)

Then the matrix C is the fundamental solution matrix evaluated at time T

_ (x1(T) x2(T)
€= (yl(T) yz(T)> '

From the previous paragraph we know that stability is determined by the eigenvalues
of C
A% — (trC)A +detC =0, (6.20)

where trC and detC are the trace and determinant of C. It turns out that detC = 1
for Hill’s equation. Indeed, let us compute the time derivative of the Wronskian

d

d
EWU) —(x1y2 = y1x2) = y1y2 — f()x1x2 + f(t)x1x2 — y1y2 = 0.

T i
Thus, W(T) = detC = W(0) = 1 and equation (6.20) can be written as
A% — (trC)A +1 =0,

yielding two roots
1
;1,1’2 = E(H'Ci (trC)2—4).

According to Floquet’s theory instability occurs if either eigenvalue has modulus
larger than 1. So, if |trC| > 2, then we have two real roots, and since their product
is 1, one of them has modulus greater than 1. In this case we have instability as-
sociated with the exponential growth of solutions. If |trC| < 2, then the roots are
complex conjugate, and since their product is 1, they lie on the unit circle, with
the consequence that the solutions are bounded. The transition from stable to un-
stable behavior corresponds to those parameter values giving |trC| = 2. If trC =2,
then we have the double root A = 1, and formula (6.19) implies that the solutions
must be periodic functions with period 7. In case trC = —2 we have the double
root A = —1 corresponding to the periodic solutions with period 27. Thus, on the
transition curves in parameter space, the motions are periodic with period 7' or 27 .
In accordance with this theory, the stability of a given pair (i, €) can be determined
by finding the fundamental solution matrix at + = T through numerical integration
and investigating its eigenvalues. However, for the whole (i, €)-plane the method is
still ineffective.
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Stability chart. In case of Mathieu’s equation the period of f(¢) is 27, so we may
seek the periodic solutions on the transition curves in form of a Fourier series

)= (ajcos=+bjsin= .
x(1) : 0<a]cos > Js1n2>

The factor 1/2 in the arguments of sine and cosine guarantees that periodic functions
of period 47 are included. Substituting this Fourier series into Mathieu’s equation
(6.8), transforming the products of trigonometric functions into harmonic functions
and collecting similar terms gives four sets of homogeneous linear equations on the
coefficients a; and b;. Each set contains only coefficients a; or b; with even or odd
indices j. For a nontrivial solution of one set to exist the corresponding determinant
must vanish. This gives four infinite determinants known as Hill’s determinants. For
aj with even j we have

ue/2 0 0
eu—1e¢€/2 0

0 €/2 u—4e/2 =0
For b; with even j,
u—1¢/2 0 0
/2 u—4 ¢/2 0 ... _o
0 €2 upu-9¢/2 | 7
For a; with odd j,
u—1/4+¢/2 /2 0 0
€/2 u—9/4 €/2 0 ... _o
0 €/2 u-25/4¢g/2 |7
Finally, for b; with odd j,
u—1/4—¢e/2 €/2 0 0
€/2 u—9/4 ¢€/2 0 ... _0
0 €/2 u—-25/4¢/2 -

In all four determinants the typical row is
0 /2 u—j*/4 €2 0

except for the first one or two rows.
Each of these equations represents a relation between pt and &, which plots as a
set of transition curves in the (U, €)-plane (see Fig.[6.6). Since the transition curves



6.2 Mathieu’s Differential Equation 197

are symmetric about the L-axis, only the upper half of chart is shown. The equations
obtained at € = 0 give the intersections of these curves with the p-axis. For a; or b;
with even j the transition curves intersect the p-axis at 4 = j2, j=0,1,2,..., while
those curves obtained from the determinants with odd j intersect the p-axis at 4t =
(2j+1)2/4,j=0,1,2,.... For &€ > 0, each of these points give rise to two transition
curves, one obtained from the a-determinant, and the other from the b-determinant.
Thus, there is a tongue of instability emanating from each of the following points
on the u-axis: g = j2/4, j=0,1,2,.... Exception is the case j = 0 for which only
one transition curve exists.

-1.0 -0.5

[

1.0 15 /,,l
Fig. 6.6 Stability chart of Mathieu’s equation (U: unstable, S: stable).

To find the asymptote of a transition curve u = f(&) emanating from j2 /4 on the
u-axis we expand the function f(€) in the power series

2
u:%+uls+u282+... (6.21)

Substituting this into one of the determinants and equating terms of equal order of
€ to zero, we can determine the coefficients ;. For example, for j = 1 we may take
the truncated 3 x 3 a-determinant with odd j to obtain

8 2 8

e ue* 13 ple 17ue 225¢ 5 354 259u 225
2 4 T Ry 6 64

Substituting (6.21)) (with j = 1) into the above equation and equating terms with
€ and €2 to zero, we obtain g = —1/2 and u, = —1/8. This procedure can be
continued to any order of truncation. Here are the asymptotes of first five transition
curves computed in this way
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-5 for j=0

2 .
%—%—%2 for j=1
p=qi+-2 forj=1
l—f—; for j=2
1—1—% for j=2

Note that the transition curves (6.14) obtained in Section by the variational-
asymptotic method corresponds to j = 1. Why other tongues of instability were
missed? If we continue the next steps of the variational-asymptotic method, the
other tongues can be found also (see exercise[6.3)).

6.3 Duffing’s Forced Oscillator

Differential equation of motion. As we know from Section [3.2] the free vibra-
tions of a nonlinear damped oscillator must decay as time increases because of the
positive dissipation rate. We want now to analyze the situation, when some external
harmonic force acts on such the oscillator. As prototype we consider a damped Duff-
ing’s oscillator subjected to a small harmonic excitation. For this forced oscillator
the displacement x(¢) satisfies the variational equation

1

o1 1 1 A 1
5/ (z#2 — —x* — —eax* + ef cos ot x) dt —/ ecxdxdr =0, (6.22)
1 I

) 2 4 o
where ¢ is a small parameter. This implies the following equation of motion

¥+x+eci+eox’ =efcoswr. (6.23)

In contrast to the Duffing’s equation (3.I) describing free
undamped vibrations, equation (6.23)) is nonautonomous,
that is, time ¢ appears explicitly in the force term. There-
fore the phase plane is no longer appropriate for this equa-
tion since the vector field changes in time, allowing a tra-
jectory to return to the previous point and intersect itself.
However, the system may be made autonomous by intro-
ducing the angular time T and rewriting (6.23) as follows

xX=y,

y= fxfscyfsocx3+£fcos‘c

T=w.

Fig. 6.7 Poincaré map.

This system of three differential equations of first order is
defined on a phase space with topology R? x S, where the
circle S comes from the 27-periodicity in 7 of the vector field. A convenient way
to view this 3-D flow in two dimensions is to use the Poincaré map. This map is
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obtained by the intersection of the trajectory with a plane of section ¥ which may
be taken as T = 0 (mod 27) as shown schematically in Fig. Thus, when f =0,
the equilibria that would normally lie in the (x,y)-plane, now become periodic orbits
of period 27 in this 3-D phase space. For small f > 0, we may expect by a continuity
argument that these periodic orbits persist giving rise to 27-periodic motions. Such
periodic motions correspond to fixed points of the Poincaré map.

Numerical solutions. Since no analytical solution to the forced Duffing equation
(&.23) is available, we first try to find some particular solutions by numerical in-
tegration to study their behavior. Take for example € = 0.1, ¢ = 0, a = 1. For the
harmonic force we choose f =1 and o = 1, together with the initial condition
x(0) = 1, %(0) = 0. The numerical integration with standard commands like those
in Section[3.3 gives the graph of x(¢) shown in Fig. Looking at this solution, we
observe that there are two time scales characterizing the vibration: i) one describ-
ing the period of fast oscillation of x(¢), ii) the other associated with the slow and
periodic change of amplitude of vibration.

Fig. 6.8 Numerical solution of forced Duffing equation for 0 = 1.

o
o

3

It turns out that for certain values of frequency and amplitude of force as well
as certain initial conditions, purely periodic solutions can be obtained. This corre-
sponds to a fixed point of the Poincaré’s map introduced in the previous paragraph.
For example, if we take @ = 0.9875 while keeping all other parameters unchanged,
the solution is purely periodic as seen in Fig.

As soon as the damping becomes nonzero, the character of solutions changes.
Take for example € = 0.1, c = o = f =1, o = 1, together with the initial con-
dition x(0) = 1, %(0) = 0. Now the amplitude shows first a transient character be-
fore approaching a certain steady-state amplitude that depends only on the forcing
frequency and the initial conditions (see Fig.[6.10). The steady-state response fre-
quency coincides with the forcing frequency, what is similar to the linear theory.

If we increase the forcing frequency while keeping all other parameters as well as
the initial conditions, the steady-state amplitude may become even smaller as shown
in Fig.[6.10] for the case @ = 1.2. Since we cannot do infinite number of numerical
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I
I

Fig. 6.9 Numerical solution of forced Duffing equation for @ = 0.9875.

X

o
3]

-0.

3y

-1.0

I
R

Fig. 6.10 Numerical solution of forced and damped Duffing oscillator for c =1 and ® = 1.

o
3

-0.

13

A0f

simulations to establish the behavior of slow change of amplitude due to the change
of frequency and other factors, more “intelligent” methods have to be invented for
this purpose.

0.5

-0.5

a0

Fig. 6.11 Numerical solution of forced and damped Duffing oscillator for c =1 and w = 1.2.

Variational-asymptotic method. For the convenience of our analysis let us intro-
duce the stretched angular time T = wr explicitly in the variational equation (6.22)).
Since X = @x', where prime denotes the derivative with respect to 7, equation (6.22))
becomes
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T0+27m T0+27
6/ o (l(uzx’2 S efcostx)dt — / " e Sxdt — 0,
3 2 2 4 T
(6.24)
where T; = Ty + 27 and 7y is an arbitrary time instant. For short we set 79 = 0.
At the first step of the variational-asymptotic procedure we neglect all terms con-
taining € to get

6/2”(1002 n_ ] Ndt=0

, 3 XX =0.

The 2x-periodic extremal of this variational problem is
x0(T) =Acost+ Bsint.

We see that the frequency equals 1 which is not surprising because the external
force, the damping and the nonlinear spring force are neglected. The coefficients A
and B are still unknown and should be determined from the initial conditions.

From the numerical simulations provided previously we know that, for € # 0,
the coefficients A and B are becoming dependent on time. In general the forcing
frequency differs from 1 also. Taking all this into account we introduce the slow
time 1 = €7 and search for the corrections to the extremal and to the frequency at
the second step in the form

x(t)=A(n)cost+B(n)sint+x;(1,1n), 0=1+wo, (6.25)

where x| (7,1) is a 2m-periodic function with respect to 7 and is much smaller than
xo(T,n) in the asymptotic sense, and @ is assumed to be much smaller than 1. The
second equation of (6.23) means that we are restricting to the case where the forcing
frequency is nearly equal to 1. Note that the time derivative of x(7) is equal to

/!

X = —A(n)sint+B(N)cosT+ €A ncosT+EB ysinT+xq ¢+ €x1 .

We substitute (6.23)) into (6.24) and keep the asymptotically principal terms con-
taining x; and the principal cross terms between xy and x;. The variational equation
becomes

2r 1
5/ [Ex% :+ (—AsinT+BcosT+ €A ;cos T+ €B ysinT)xy ¢
0 ;

1
— 2w (—Asint+BcosT)x| ; — Ex% — (AcosT+BsinT)x;

— 806(A3 cos® T —3A%Bcos® Tsin T — 3B*Asin? Tcos T)x]
—¢efcosTx; +£c(—AsinT+ Bcost)x;]dT = 0.
Next, we integrate the underlined terms by parts using the periodicity of x; and

transform the products of sine and cosine into the sum of harmonic functions ac-
cording to
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;3 1 N P
cos T:Zcos‘H— Zcos?n’, cos ‘Esmﬂc:1(51n1'+s1n3‘5)7

. 3. L. . 1
sin® 7 = ~sint— —sin37, sin®7cosT = —(cosT —cos37).
4 4 4
The variational equation takes the form

2r ] 1
5/ [Ex% r— Ex% +(...)sinTx; + (...)cos Tx; + nonresonant terms] d7 = 0.
0 ;

The consistency condition requires the expressions in parentheses to vanish, giving
the following equations for A and B

3

24y +cA+220B - ZaB(4?+B?) =0,
£ 3 (6.26)

2B +cB— Z?IA +70AA +B%) = .

The fixed point of these equations correspond to periodic motions of the forced
Duffing equation (6.23). To find them we set A ;; and B ;, equal to zero. Multiplying
the first equation of (6.26) by A and adding it to the second equation multiplied by
B gives

ca’> = fB, where a* = A>+ B>

Similarly, multiplying the first equation of (6.26) by B and subtracting it from the
second one multiplied by A yields

3

—2—a +Zoat = = fA.

4

Adding the squares of two last equations together and dividing by a> we obtain
o 3 ~
a*lc* + (—2?1 + Zaaz)z] =72

Solving the last equation with respect to w; leads to

3 Vy)
ol fgeocazizs\/f——c

Thus, the correction to the frequency of the external force is of the order €. Together
with (6.23)) we have the following nonlinear relation between the frequency w of the
external force and the response amplitude a of the corresponding forced periodic

motion
3 9]
—1+88aa izs\/f——c (6.27)
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aA

w )

Fig. 6.12 Amplitude versus frequency curves of forced Duffing’s oscillator: i) dashed line:
f =c=0,ii) dotted and dashed line: ¢ = 0, f > 0, iii) bold line: both f and c are positive.

Note that if both the force f and the damping ¢ are zero, then (6.27) reduces to
the well-known formula (3.8) obtained previously for the free undamped Duffing’s
oscillator. If f > 0, then there exists @, such that for @ > @, the amplitude a is a
multi-valued function of the frequency. However, if ¢ > 0, then a is a multi-valued
function of @ only in the range ® € (@, 1 + %ea(f/c)z). Fig. shows the am-
plitude versus frequency curves in these three different cases for o > 0 (hardening
spring). Thus, for the fixed frequency @ and magnitude # > 0 of the external force
we may find in general either one or three steady-state amplitudes of forced vibra-
tions. The phase of forced vibrations deviates also from that of the linear theory.
Introducing the phase of forced vibrations as

B
tanl//:Z = ——,

we show the plot of y versus o in Fig.[6.13for e = 0.1, ¢ = f = 1, and ¢ = 1 (bold
line), ¢ = 0.3 (dashed line), ¢ = 0.1 (dotted line).

B s 4}

Fig. 6.13 Phase versus frequency curves of forced Duffing’s oscillator.
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Since there are several fixed points of system (6.26) we have to study their sta-
bility to select realizable solutions. As these fixed points correspond to the periodic
solutions of (6.23)), their stability means also the stability of the periodic solutions.
For simplicity of our analysis, we consider the case ¢ = 0. Denoting ®; /& = k;, we
write (6.26) in the form

3
An=—kiB+ gocB(A2 +B?),

A 6.28
7 (6.28)

3
By =kA— gocA(AerBz) +5-

For @ > @, there are three roots of (6.27), a1, a», a3, such that a; > a; > a3 > 0.
The corresponding fixed points Sy, S, S3 have the coordinates given by

(AlaBl) = (Cl],()), (Az,Bz) = (_a270)7 (A3,B3) = (_a370)'

To determine the stability of these fixed
points we set A = A; +u, B=v and linearize
(6.28) in u and v, giving

3 9
M,n:(gaz“?—h)v, vy = (—gaA?Jrkl)u.

Thus, if

3 9
D=(3 A%—kl)(gaA%—kl) >0, (6.29)
then the fixed point is a center, and if this
same quantity is negative, the fixed point is
a saddle point. For S| we have

> f
2

26117

Fig. 6.14 Phase portrait of system
(16.28). 3

k] = gaa

and condition (6.29) is satisfied for all @ so that the fixed point is a center. For S

ki = %aa% + 2%2,
so in this case
and the fixed point is a saddle point. Finally, for S3
RN

“2a; (3%
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so the fixed point is a center. It is interesting to note that, for S, and S3 the sign of D
is opposite to the sign of the derivative %' The vector field and the phase portrait of
(6.28) for w > w, are shown in Fig.[6.14] If some small damping is included (¢ > 0),
then, by the continuity reasoning we expect that the centers would become a stable
foci attracting phase curves, while the saddle point remains unstable.

Imagine now that we can change the forcing
frequency @ so slowly that the steady-state re-
sponse amplitude a can follow it after a short
transient period. Thus, if the forcing frequency
is increased starting from zero, then the re-
sponse amplitude follows first the stable upper
branch OA up to point A. After point A no so- E//
lution of this branch is possible, so the ampli-
tude has to jump to the lower branch (this jump |
is marked by the vertical line AB) and then D
follows this stable branch down to point C. If
the forcing frequency were now to reverse its g
course (again quasistatically), then the ampli-
tude would go back along the lower branch CD,
after which it jumps to the upper branch (the
jump is marked by the vertical line DE), and fi-
nally follows this upper curve down to the end
point O. This closed loop OABCDEQO is called
a hysteresis loop.

Note that the convergence of the approximate solution given by equations (6.23)
and (6.26) to the exact solution of (6.23)) as € — 0 can be established for any finite
time interval. We can also indirectly verify this result by comparing the solutions
of (6.26) (presented by the dashed envelopes in Figs. [6.8l6.11)) with the numerical
solutions of (6.23). The agreement is excellent, although £ = 0.1 is not quite small.

B— C

Fig. 6.15 Jump phenomenon and
hysteresis.

6.4 Forced Vibration of Self-excited Oscillator

Differential equation of motion. As we know from Section[3.3 a self-excited os-
cillator may have limit cycles as attractors of the phase curves. We want now to
analyze the situation, when some external harmonic force acts on such the oscilla-
tor. As prototype we consider van der Pol’s oscillator subjected to a small harmonic
excitation. For this forced oscillator the displacement x(z) satisfies the variational
equation

o1 1 n 1y
5 / (§x2 - Ex2 +efcosorx)dt+ | e(1—x*)idxdt =0, (6.30)
o fo

where € is a small parameter. This implies the following equation of motion

i+x—g(1—x?)i=¢efcosot. (6.31)
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Equation (6.31)) is called forced van der Pol’s equation. In the previous Section we
have seen that, when a damped Duffing-type oscillator is driven by a harmonic force,
the steady-state response will have the same frequency as the forcing frequency.
If a self-excited oscillator is driven by some harmonic force, the steady state of
vibration may not exist at all and the forced response may include both the unforced
limit cycle oscillation as well as a response at the forcing frequency. However, if the
amplitude of the force is strong enough, and the frequency difference between the
limit cycle oscillation and the harmonic force is small enough, then it may happen
that the steady-state response exists and occurs only at the forcing frequency. In this
case the forcing function is said to have entrained the limit cycle oscillator, and the
system is said to be frequency-locked.

Numerical solutions. Similar to the unforced van der Pol’s equation, does
not permit exact analytical treatment. Therefore, to study the behavior of forced
vibrations and illustrate the possibility of entrainment let us first do some numerical
simulations.

We take € = 0.1, f = 1.06, and @ = 1.02 and find the solution to (&.31) sat-
isfying the initial conditions x(0) = 1, %(0) = 0 by the numerical integration with
Mathematica. The result shown in Fig. exhibits the entrainment: a steady-state
vibration with the forcing frequency is settled after a short transient period.

,.x,,\\m,\..,ux.umxu
wwlmuwrrumrurr il

Fig. 6.16 Numerical solution of forced van der Pol’s oscillator for € = 0.1, f = 1.06, and
o =1.02.

If we increase a little bit the forcing frequency while keeping all other parameters
and initial data, the response may change drastically. For example, the solution for
® = 1.05 shown in Fig. exhibits a beating behavior typical for the oscillation
with two nearly equal frequencies. Thus, in this case entrainment does not occur,
and the system is unlocked.

In the next paragraph we will use the variational-asymptotic method to establish
the law of slow change of response amplitude as function of the forcing parameters
and to predict the entrainment effect for small €. The outcome of this asymptotic
analysis is shown in Figs. and the dashed envelopes are computed ac-
cording to the obtained equations of slow change. The agreement is good although
€ = 0.1 is not quite small.
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Fig. 6.17 Numerical solution of forced van der Pol’s oscillator for € = 0.1, f = 1.06, and
o =1.05.

Variational-asymptotic method. Let us introduce the stretched angular time 7 =
t explicitly in the variational equation (@.30). Since X = wx’, where prime denotes
the derivative with respect to 7, equation (6.30) becomes

T+27 ] 2 n 1 5 . To+21 5
5/ (zo0°x” — =x +8fcosrx)dr+/ e(1 —x")wx'dxdt =0, (6.32)
70 2 2 70
where T; = Ty + 27 and 7y is an arbitrary time instant. For short we set 79 = 0.
At the first step of the variational-asymptotic procedure we neglect all terms con-

taining € to get
5/2ﬂ(1602 2 Loyar—o
—0° X" — =x =0.
0o 2 2

The 2r-periodic extremal of this variational problem is
xo(T) =Acost+ Bsint.

The coefficients A and B in this solution are still unknown.

For € # 0 the coefficients A and B are becoming dependent on time and the
forcing frequency deviates from 1. Therefore we introduce the slow time n = €7
and search for the corrections to the extremal and to the frequency at the second
step in the form

(1) =A(n)cosT+B(N)sinT+x(1,n), @=1+a,  (633)

where x| (7,1) is a 2m-periodic function with respect to 7 and is much smaller than
xo(T,n) in the asymptotic sense, and @ is assumed to be much smaller than 1. The
second equation of means that we are restricting to the case where the forcing
frequency is nearly equal to the unforced limit cycle frequency, which is called a 1:1
resonance. Note that the time derivative of x(7) is equal to

/

x'=—A(n)sint+B(N)cosT+ €A cosT+EB ysinT+xq ¢+ €xp 5.
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Here the comma in index means the partial derivative. We substitute (6.33) into
(6.32) and keep the asymptotically principal terms containing x; and the principal
cross terms between xp and x1. The variational equation becomes

2 1
0 / {Exif + (—AsinT+BcosT+ €A cos T+ €B ysinT)x| ¢
A , : : :

1 N
— 2w (—AsinT+ BcosT)xy ; — Ex% —(AcosT+ BsinT)x| + €f cosTx)
+ €[l — (AcosT + Bsint)?)(—Asin T+ Bcos T)x; } dT = 0.

Next, integrating the underlined terms by parts using the periodicity of x; and reduc-
ing the products of sine and cosine in the last term to the sum of harmonic functiond}
we transform the variational equation to

2r 1 1
5/ [Ex%‘f — Ex% +(...)sintx; 4 (...)cos Tx; + nonresonant terms] dt = 0.
0 :

The consistency condition requires removal of the resonant terms that leads to

A
24, = —2%B+A— S4B,

® B \
2B, :2?1A+B— A +B+ ]

We see that the correction to the frequency must be of the order €. Denoting w; by
w; = k€ we rewrite this system of equation in the form
Ao,
2Ay = —2kiB+A— Z(A +B°),
B R (6.34)
2B =2kA+B— Z(A2 +BY)+f.

System (6.34) can be simplified by using polar coordinates a and y in the phase
plane
A=acosy, B=asiny. (6.35)

In terms of a and y we can present xj as

x0(7,m) = a(n)cos(t—y(n)).

Thus, a(n) has the meaning of amplitude of vibration, while y(n) can be inter-
preted as the phase; both are slowly changing functions of time. Substituting (6.35)

into (&.34) gives

2 This can be done quite nicely in Mathematica with the help of TrigReduce command.
Another way is to use the complex representations of sine and cosine, then multiply every-
thing out and finally collect terms.




6.4 Forced Vibration of Self-excited Oscillator 209

an = g(4—a2) +§sinq/,
: (6.36)

_ f
Yy =ki+ > cos Y.

When f = 0, equations (6.36) reduce to the well-known equations (3.32) derived
for the self-excited vibrations of val der Pol’s oscillator. We seek fixed points of
the slow flow (6.36) which correspond to locked periodic motions of (6.31). Setting
an = Yy =0, solving for siny and cos y and using the identity sin® +cos? = 1,

we obtain
a? 2 "
a® (1 — Z) +4k3a® = f2.

Expanding this equation and denoting p = a2, we have
P 2
_ 4 1 )
T 2—5—(k—|— p— 2= (6.37)

This cubic equation in p, in view of its 3 sign changes, has either 3 positive roots,
or one positive and two complex conjugate roots. The transition between these two
cases occurs when there is a double root, which is equivalent to the condition that
the derivative of the left-hand side expression vanishes

3 2
%—p+l+4k2 (6.38)
Eliminating p in the last two equations,
we obtain
Mo

1
E—ﬁ(1+36k%)+2—3k%(1+4k%)2 =0.
This equation gives two curves meeting
at a cusp in the (kj,f)-plane. As one
of this curve is traversed quasistatically,
a saddle-node bifurcation occurs. At the
cusp we have a triple root leading to a fur-
ther degeneracy. The condition for this is

W] oo

L 1=0 =p=
g P

With this value p = 8/3 we can easily find
the location of the cusp at

~0.288, f= \/ ~1088

Fig. 6.18 Response-frequency curves.

k:

ﬁ%
V]
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The square of amplitude versus frequency curves in terms of p = a” and k; are
shown in Fig. 618 for different forcing amplitudes f. For f = 0, the curves degen-
erate into the kj-axis and the point (0,4) corresponding to the limit cycle unforced
vibration. As f increases, the curves first consist of two branches- a branch running
near the k;-axis and a closed curve surrounding the point (0,4). When f = % , the

two branches coalesce, and the resultant curve has a double point at (0,4/3). As f
increases beyond this critical value, the response curves are open curves. However,
p is still not single-valued function of k; until f exceeds the second critical value
Ff=32 / V/27. Beyond this critical value the response curves are single-valued for
all kl.

A
)
1.0F P
det=0
0.8 7
*********** A tr= O
0.6
04l det=0
0.2
‘ ‘ ‘ ‘ ‘ > k,
0.05 0.10 0.15 0.20 0.25 0.30

Fig. 6.19 Curves given by: i) detM = 0 (bold lines), ii) trM = 0 (dashed line).

Since several fixed points of (6.36) are present, we must investigate their stability.
Let (ap, W) be a fixed point of (©.36). We search for the solutions of (6.36)) in the
form

a=ap+tu, Y=yYptv,

where u and v are small perturbations. Substituting this into (6.36) and linearizing
in # and v gives

3
Un = g — ga%u—i— g Cos Yy v,
V= —=—%5CoSWoU— isinl,l/ov.
’ 2a(2) 2ay
This system may be simplified by using the following expressions valid at the fixed
point
3 A
a
—%+§07 JECCOSl[/():—kla().

Thus, the stability is determined by the eigenvalues of the following matrix M

1 32
5 —zay —kia
_[27 8% 140
M= "1_ 1,/
o 2 8%

sin Yo =

/
2
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Its eigenvalues A are the roots of the characteristic equation

A2 —ttM A + detM = 0,

where
2
a p
tM=1-2=1-2
f 2 2
1 3 1 1 1,3p?

For stability, the eigenvalues of M must have negative real parts. This puts on the
trace and determinant of M the following conditions
14 1 3p? 2
trM = 1 ) <0, detM= Z(I—6—p+1+kl) > 0.
The curves corresponding to detM = 0 (bold lines) and trM = 0 (dashed line) in the
(ky, f)-plane are shown in Fig.

Comparing the last condition with equation
(6.38), we see that detM vanishes on the curve
(6.38)) along which there are saddle-node bifurca-
tions. This is a typical feature of nonlinear vibra-
tions, namely that a change in stability is accom-
panied by a bifurcation. The first condition on the
trace of M requires that p > 2 for the stability. Sub-
stitute p = 2 in ([@.37)), we obtain

2= % +8k7. (6.39)
Fig. 6.20 Bifurcation curves.
Hopf bifurcations occur along the curve repre-
sented by (6.39), provided detM > 0. This curve
intersects the lower curve of saddle-node bifurca-
tions obtained from (6.38) at point P, and touches the upper curve of saddle-node

bifurcations at point Q in the (k, f )-plane with the coordinates (see Fig.[6.20)

A 5

1
7 Qihi=7, f Noxh

Thus, the stability analysis predicts that the forced van der Pol oscillator exhibits
stable entrainment solutions everywhere in the first quadrant of the (ki, f )-plane
except in that region bounded by i) the lower curve of saddle node bifurcations cor-
responding to detM = 0 from the origin to point P, ii) the curve of Hopf bifurcation
corresponding to trM = 0 from point P to infinity, and iii) the k;-axis. In terms of p
and k| the boundary between stable and unstable solutions is marked by the dashed
lines shown in Fig. This means that for a given detuning k; there is a minimum
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value of forcing f required in order for entrainment to occur. Note that, since k; al-
ways appears in the form k% in the equations of the bifurcation and stability curves,
the above conclusions are independent of whether we are above or below the 1:1
resonance. The discussions about other resonances can be found in [22].

The entrainment is widely used in engineering to synchronize nonlinear oscil-
lators (for instance clocks). Another positive and pleasant spillover effect of en-
trainment often takes place when an orchestra is playing music. Various string- and
wind-instruments are self-excited oscillators, which may experience extra excita-
tions through the sound waves generated by other players of the orchestra. When
one of these musical instrument produces a tone which is not quite clean, it may be
entrained by the remaining instruments so that only one tone will be heard, provided
the forcing amplitude of the sound waves is strong enough.

Exercises

6.1 A point-mass m is constrained to move in the (x,y)-plane and is restrained by

two linear springs of equal stiffness k& and equal unstretched length /. The anchor
points of the springs are located on the x-axis at x = —b and x = b (see Fig. [6.21)).
Study the stability of the motion along the x-axis, x = acos wpt, y = 0 under the
assumption that a < b.

Fig. 6.21 Point-mass in (x,y)-plane.

6.2 The support of a pendulum considered in example moves in accordance
with the equation x = agcos wt, where ayp = 0.1/. How large must the frequency @
be to stabilize the vertical position ¢ = 7.

6.3 Apply the variational-asymptotic method to find the asymptotes of the transi-
tion curves of Mathiew’s equation emanating from the point 4 = 1.

6.4 Consider the damped Mathiew equation

i+eci+ (U+ecost)x =0,



6.4 Forced Vibration of Self-excited Oscillator 213

with € being a small parameter. Apply the variational-asymptotic method to find the
asymptotes of the transition curves near the point 4 = 1/4.

6.5 Non-linear parametric resonance. Consider the following equation
.. 2 3
X+ wyx+ecostx” =0,

with € being a small parameter. Apply the variational-asymptotic method to study
the behavior of solutions near the frequency wy = 1/2.

6.6 Solve the slow flow system (6.26) numerically for e =0.1,¢c =0, o = f = 1
and for two detuning values k; = 0 and k| = —0.125, with the initial conditions
A(0) =1and B(0) =0. Plot the curves a(7) = V'A% + B together with the numerical
solutions shown in Figs. [6.8] and [6.9]

6.7 Find the steady-state amplitude versus frequency curve of the forced Duffing
equation with the softening spring (¢ < 0). Discuss the jump phenomenon and the
hysteresis loop.

6.8 Consider the forced oscillator with the quadratic damping described by the
equation
4 x+ ecx|x| = efcos wt,

where € is small. Apply the variational-asymptotic method to find the amplitude
versus frequency curve near the 1:1 resonant frequency.

6.9 Consider the forced Duffing oscillator described by the equation
¥4 x+ eci+eax® = feosor,

where ¢ is small, but f is finite (sometimes called a “hard excitation”). Apply the
variational-asymptotic method to show that to O(€), the only resonant frequencies
are 1,3, and 1/3.

6.10 Study the excitation of 3:1 subharmonics in the previous exercise by setting
® =3 +kje. Obtain a slow flow of the coefficients A(1) and B(n). Then transform
to the polar coordinates a(1) and y(n) and look for fixed points of those equations.
Eliminate v in order to find a relation between a®> and other parameters. For o =

A

c= f =1plota versus k.

6.11 Solve the slow flow system (6.36) numerically for € = 0.1, k; = 0.2 and
ki = 0.5, with the initial conditions a(0) = 1 and y(0) = 0. Plot the curves a(7)
together with the numerical solutions shown in Figs. and[6.17
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6.12 Subharmonic resonance. Consider the forced van der Pol’s oscillator de-
scribed by the equation

i+ x—e(l—x*)x = fcosar,

where € is small, but f is finite. Apply the variational-asymptotic method to show
that to O(¢), the only resonant frequencies are 1,3, and 1/3. Study the subharmonic
3:1 resonance case.



Chapter 7
Coupled Oscillators

This chapter deals with finite amplitude vibrations of coupled oscillators having
two or more degrees of freedom. As a rule, the governing equations are not inte-
grable and can be solved only by numerical integration. The numerical solutions
have to be visualized by the Poincaré map. For mechanical systems with weak cou-
pling the variational-asymptotic method is applicable. This enables one to study the
bifurcation of nonlinear normal modes and KAM-theory for coupled conservative
oscillators and synchronization of the coupled self-excited oscillators.

7.1 Conservative Oscillators

Differential equations of motion. To begin with, let us consider some simple non-
linear coupled conservative oscillators.

EXAMPLE 7.1 Nonlinear mass-spring oscillators. Two equal masses m move hor-
izontally under the action of three springs with cubic nonlinearity (see Fig. [Z.1)).
Derive the equations of motion for these oscillators.

x,tox,’ B(x,-x,)°  x+ax,
> >
X, X,

Fig. 7.1 Coupled oscillators with nonlinear springs.

Let x; and x, be the displacements from the equilibrium positions of the point-
masses. The kinetic energy of the masses is given by

1
K(%1,%) = Em(x% +13).
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We assume that all springs are nonlinear, but the connecting spring differs from the

anchor springs. We write the potential energy of the springs in the form

1
k[xl + xl +x2—|— x2+ B (2 —x1)4].

U
(v1,32) =3 22 22727 22

Thus, Lagrange’s equations are

o
miq + kx —&—kl—zx% — klﬁz(xg —x1)3 =0,
0 0

mxz+kxz+klzx2+kg( —x1)°=0.

Dividing these equation by k and introducing the dimensionless quantities
l_:(l)()t, Xi =, i=1,2,
where @y = +/k/m, we rewrite them as (the bar is dropped)
X1 +x1+ otx? —ﬁ()Q —x1)3 =0,
X+ x2+ox + B(xa—x1)* =0.

(7.1)

EXAMPLE 7.2 A spring pendulum. A point mass m is attached to a linear spring
of stiffness k that is swinging in the vertical plane as shown in Fig.[7.2l Derive the

equations of motion for this pendulum.

Denoting the elongation of the spring from the equilib-
rium length / by x, we write the kinetic and potential en-

ergies of the pendulum as

1
K(x,%, @) = 5ml& + (1+x)%¢7],

1
Ux,p) = Ek)c2 +mg(l+x)(1 —cos@) — mgx.

Lagrange’s equations read

Fig. 7.2 Spring pendulum. mi + kx — m(l +x)¢* — mgcos @ = 0,

m(l+x)?¢ 4+ mg (Il +x) sin @ 4 2m(I +x)i¢ = 0.

Dividing the first equation by m and the second one by m (I 4-x)? we obtain

i+ 03x— (1+x)¢* —gcosp =0,
. 2id
+gsm(p+ XQ _
I+x

where @3 = k/m.
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Note that the linearization of the above equations leads to uncoupled equations
describing two independent modes of vibrations: a spring mode with a frequency
@, and a pendulum mode with a frequency w; = \/w However, when @, =~ 2@
the two modes are coupled causing the energy transfer between them.

EXAMPLE 7.3 Chain of nonlinear mass-spring oscillators. A chain of points of
equal mass m connected by identical nonlinear springs is constrained to move in
the longitudinal direction (see Fig.[Z3). Derive the equation of motion.

i

j-1 j+1

Sy
v

Fig. 7.3 Chain of nonlinear mass-spring oscillators.

Denoting the displacement of the point-mass j from the equilibrium position by
uj(r) we write down the kinetic energy of the chain

1
K(u) = Emzlz?.
j

The potential energy of the chain is the sum of energies of the springs. Considering
the springs with cubic nonlinearity, we take the potential energy in the form

U(u) = %kZ[(W —uj1)*+ %('41 —uj1)Y),
J

where [y is the original length of the spring which is equal to the spacing between
the point-masses in equilibrium. Here we assume that the ends of the chain are fixed:
uy = u,+1 = 0. So, the chain has n degrees of freedom. Lagrange’s equations of this
chain read

o [0

miij + k[(uj —uj—1)+ l—z(uj —uj 1)) = k[(uj —uj) + l—z( jr1—u)’]=0
0 0
for all j =1,...,n. Introducing the dimensionless quantities
_ _ uj
t=awot, uj=--,
lo

where @y = \/k/m, we rewrite these equations in the form (the bar is dropped)

i+ (= wjor) + oy —ujo1)’ = (ujpr —uj) = (ujpr —uj)* = 0.
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Hamilton’s equations. The equations of motion derived in the previous paragraph
are differential equations of second order. As a rule they are not integrable and can
be solved only by numerical integration. For this purpose it is more convenient to
transform them from Lagrange’s to the equivalent Hamilton’s form|. This transfor-
mation is quite straightforward. Let us do it in the most general case.

We take the differential of the Lagrange function as function of the generalized
coordinates ¢ and velocities

2 dL JdL
dL = —dqj+—=—dq;j).

We introduce the generalized impulses as p; = dL/d¢;. Then Lagrange’s equations
becomes
JdL

szg—qjg

Thus, the above differential can be written as
n
dL = Z(ﬂjdqj +pjdqj).
j=1

Since the second term in the summand is equal to p;d¢; = d(p;q;) — ¢;dp;, we
present this equation in the form

n

d(Y pjgj—L)= Y. (—pjdg;+q;dp;). (7.2)
=1 =1

The expression in parentheses on the left-hand side represents energy of the system;
cf. with 2.27). Expressing it in terms of the coordinates and impulses means doing

Legendre’s transform [4] of L(q,q) with respect to q. We call the result Hamilton
function

n
H(q,p)= Y, pj4;—L.
=1

Equation (Z.2)) then implies
oH oH
4j==— Pj=—35 (7.3)
/ apj / aq]'
for all j =1,2,...,n. These are the equations of motion in Hamilton’s (or canoni-

cal) form. For any conservative mechanical system with n degrees of freedom this
system of 2n differential equations of first order replaces n differential equations of
second order. If the Hamilton function does not depend explicitly on time, then

! Except the convenience for numerical integration Hamilton’s form of equations of motion
provides a number of advantages just as the representation of motion as a phase curve in
the phase space, the treatment of various theoretical questions of mechanics as well as the
links to physics and thermodynamics.



7.1 Conservative Oscillators 219

d & OH  OH
EH*];(&_qjq’Jra—pjp’) =0,

so the conservation of the energy H(q,p) = Eq follows.
For the coupled oscillators in example[Z.1] the dimensionless Hamilton’s function
reads

o
2

o

Sar+ Plag) a4

1 1
H(g,p) = 5(P1+p3)+5lai+5di+a3+ 5

where x; = g1 and x, = ¢». Hamilton’s equations become

q1=p1, P1=—q —0661?+/3(612—611)37

) ) (7.5)
G=py Pr=-q—oq—Blg—q).

Phase curves and Poincaré map. Just as for single oscillators, the solutions of
Hamilton’s equations (Z.3)) for coupled oscillators may be drawn as phase curves
in the 2n-dimensional (q,p)-phase space. There is only one phase curve passing
through a given point of the phase space. Therefore, one may think of points in the
phase space as particles of some fluid which move in accordance with Hamilton’s
equations. This motion generates a flow with an interesting property that it conserves
volumes of the phase space (Liouville’s theorem). This means that if we draw all
phase curves that begin from points inside a region of volume V in the phase space
at time ¢ = 0, then the end points of these phase curves at time 7 fill a region with the
same volume. Indeed, the velocity of this Hamilton’s flow, (q,p), is divergent-free

. 04 Jdp J*H 9*H
AP =5t ap " dpoa dadp

which implies Liouville’s theorem.

To see what the phase curves look like let us turn to example[Z1l Equations (Z.3)
do not permit in general analytical solutions except perhaps, the case § = 0 for
which the oscillators become uncoupled. We analyze first this simple case. Since
now the oscillators are uncoupled, the energy of each of them is conserved

o

1 1
—p§+—q§+ n

This leads immediately to the solution in form of elliptic integrals obtained already

in Section[5.1] .
J
=1 :|:/ .
90 \/2Ej — x> — §x*

dx

Based on this solution we may express ¢; and p; as periodic functions of ¢ with two
different periods
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qiM d.
szz// X

dm \[2Ejo — x* — Sx*

Note that the periods T; as well as the corresponding frequencies w; = 27 /T; de-
pend on the initial energies of the oscillators. It turns out that for integrable sys-
tems there exist always angle-action variables (@, I) in terms of which the Hamilton
function becomes independent of @: H = H(I) (see [4]). The solution of Hamilton’s
equations

on ., L=-22 o

=27 _

Qj ol ji(
is quite simple in these variables: ¢; = w;t + ¢;o and
I; = const. For our uncoupled oscillators the action
variables /; are computed as follows

1
Ij= E]{deqj',

while the angle variables @; correspond to the angu-
lar times. Topologically, each phase curve can then
be regarded as a curve on a 2-D torus shown in
Fig. [[4l If the frequency ratio @,/®, is a rational
number, then the phase curves are closed orbits on the torus corresponding to the pe-
riodic motions. If this ratio is irrational, the phase curves wind around endlessly on
the torus and correspond to the quasiperiodic motions (cf. with the Lissajous figures
in exercise 2.3)). The tori are called invariant because each phase curve starting on
some torus stays there forever. By changing the energy of one of the oscillators, we
get the one-parameter family of invariant tori which fill the whole three-dimensional
energy level surface.

As soon as 3 # 0 we expect that Hamilton’s equations of these coupled oscillators
becomes non-integrable. KAM theory which will be considered in Section [Z.3] pre-
dicts that for sufficiently small 8 most of invariant tori, corresponding to irrational
frequency ratios and called non-resonant tori, survive this small disturbance: they
are just slightly deformed. The resonant tori and maybe some of the non-resonant
tori are destroyed by the disturbance, resulting in layers of chaotic motion and filling
the space between preserved tori. However, the volume of the chaotic motion and
destroyed tori tends to zero as 3 — O (see Section 7.3).

Thus, from what is said above it is clear that, for § # 0, the only way to obtain
the solution is to do numerical integration. Assume that we have found by numerical
integration a particular solution of (Z.3) satisfying the initial conditions q(0) = qo
and p(0) = po. Then the question arises: how can we visualize the phase curve
in the four-dimensional phase space? One circumstance makes this visualization
easier: due to the energy conservation the phase curve must lie on the 3-D energy
level surface

Fig. 74 A phase curve on
torus.

H(Qla‘]LPhPZ) :E07 (76)
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with E( being the initial energy. However, it is still difficult for us to draw a curve
on a 3-D energy level surface given implicitly in this form. A great help came from
Poincaré, who introduced a fixed 2-D cut plane traverse to the flow. If we plot the
intersection of the phase curve with this plane, the generated map, called Poincaré
map (cf. with Fig.[6.7) enables one to follow the traces of the phase curve on this
plane.

The Poincaré map can be constructed numerically
as follows. First, we use the energy conservation to
find the initial velocity p;(0) from the randomly cho-
sen initial data for g, g2, p». Next, the numerical
integration generates trajectories lying on the three-
dimensional energy level surface. Finally, we pick out
points of intersection of trajectories crossing the cut
plane g; = 0 with the positive velocity p; > 0. In this
case the Poincaré section is defined by

2 ={q1=0,p; >0}.

Note that an additional restriction on the sign of the
velocities at the intersecting points is posed. The rea-
son is that we want the Poincaré map to be orientation
preserving [13]. In Fig.[Z3lthis is realized by counting
only points A and C, but not point B where the trajectory crosses the cut plane with
a negative velocity.

Imposing condition (Z.6) and g; = 0 for the specific Hamilton’s function (Z.4)
we obtain

Fig. 7.5 Poincaré map.

1
Pi :i\/2Eo—5(a+ﬁ)9‘z‘—61%—p§~

Together with (Z.6)) this defines the Poincaré map for the coupled mass-spring non-
linear oscillators. The points of the Poincaré map fill the interior of a region with
the boundary corresponding to the condition p; =0

1
2By = 5 (o +B)g2 + 43+ 3.

Numerical simulations. Numerical simulations of the Poincaré maps require a little
bit more elaborated commands in Mathematica than those used in previous Chapters
to simulate the phase curves in the 2-D phase plane. We took here the code originally
written by E. Weissteir] and slightly modified it to adapt to our particular problem.

The Poincaré maps of the dynamical system (Z.3) are shown in Fig.[Z.@for the fix
energy level Ey = 0.4 and for o = 1 in two cases: a) § = 0.1 (left), and b) § = 0.4
(right). Looking at these Poincaré maps we can recognize the qualitatively different
behavior in case a) and b). In case b) there are two fixed points corresponding to

2 This open source code, together with some explanations, can be found on the website
http://mathworld.wolfram.com/notebooks/DynamicalSystems/SurfaceofSection.nb.
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J20) J2 0!

a) >bj

Fig. 7.6 Poincaré maps for E) =0.4and = 1:a) § =0.1,b) B =0.4.

the periodic solutiondd with q>» = q1 and g» = —q. Such special periodic solutions
are called nonlinear normal modes. Both symmetric (g» = ¢;) and antisymmetric
normal modes (g» = —q1) are orbitally stable as they are surrounded by points of
intersections of trajectories on non-resonant invariant tori with the Poincaré section.
It turns out that the bifurcation occurs for § < 1/4. For these values of 3 the anti-
symmetric mode becomes unstable, whereas the two bifurcating modes are orbitally
stable. Note the closed loop starting and ending at the unstable saddle point and re-
sembling the separatrix in 2-D case (in fact, there are two such loops, but the second
one is difficult to observe as it is very near to the boundary curve of the plot). This
path is called a “homoclinic orbit” [33] and is formed by trajectories that approach
the saddle point after an infinite number of positive and negative iterations. The ho-
moclinic orbits are recognized as a mechanism for generation of chaotic motions in
weakly coupled oscillators.

It is interesting to note that this type of bifurcation for nonlinear coupled oscil-
lators is sensitive only to the ratio /o = K, called a coupling factor, as shown in
Fig.[77 In this case oc = 0.1 while 8 = 0.01 and 0.04 so that the coupling factor
remains the same as in the previous simulations. In the next Section we will use
this fact to provide the asymptotic analysis of the variational problem containing
the small parameters ¢ and f3.

3 The proof of existence of at least n periodic solutions passing through each stable equilib-
rium state for conservative mechanical system having n degrees of freedom at any fixed
level of energy can be found in [21L135].
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p,(t)

q,(t)

a) b)
Fig. 7.7 Poincaré maps for Eg = 0.4 and ¢ =0.1: a) B = 0.01, b) § = 0.04.

7.2 Bifurcation of Nonlinear Normal Modes

This Section analyzes the bifurcation of nonlinear normal modes observed by
numerical integration in the previous Section with the help of the variational-
asymptotic method.

Nonlinear normal modes and the modal equation. Let us turn back to Lagrange’s
equations (Z.J)) for the nonlinear coupled oscillators and rewrite them in the form

W
X = _ga y= ayv (77)

where x = x, y = xp, and U (x,y) is the potential energy. As we know, the energy of
this system is conserved

1 )

g(x +y7) +U(x,y) = Eo.
We seek the nonlinear normal modes as periodic solutions by assuming y as a func-
tion of x, without direct reference to time 7, and try to eliminate ¢ in these equations.

Using the chain rule

V=i, §=yE 4y
with prime denoting the derivative of y with respect to x, and substituting this into
the second of (Z7) to get
oau  , ., ,0U
L ¥y = 7.8
oy 7 Y3 (7.8)

N .
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Next, we substitute y into the energy conservation

1

S+ +U ) = Eo

Solving this equation with respect to x and substituting into (Z.8), we obtain finally

2(E0—U)y”+(1+y’2>(%—(y]—y’%—i)=0. (7.9)
This is the differential equation to determine the nonlinear normal modes, called a
modal equation.

The coupled oscillators in example[Z.1] due to its symmetry, admits quite simple
nonlinear normal modes for which y = cx. Such normal modes are called similar
normal modes. Indeed, substituting this form of solution into (Z.9) and keeping in
mind that

B

1 o o
Ux,y) = =2+ =t + 37+ =yt + S (v —x),

2 2 2 2
we obtain
U U
e —y’g =cx+ o’ +Bc— 1) —cx+ o’ = B (c—1)°] =0.
A simple algebra reduces this to
X
. (c—1)(c+D[c+K(c—1)7] =0,
oa where k¥ = 8/ is the coupling factor intro-
0sf duced previously. This algebraic equation has

/ N four roots
olb 1 1

=1,-1,1-—+—+/1/4—x. (7.10
c ) ’ 2K K / ( )

8 6 4 2 0 c

The last two roots are real only if k¥ < 1/4.
Thus, for k < 1/4 there are two additional
normal modes bifurcated out of the antisym-
metric mode y = —x (vibrations in counter-phases) at k = 1/4 as shown in Fig.[Z.8]
where the bold lines denotes the stable modes and the dashed line the unstable one.
This confirms also our observation with the Poincaré maps obtained previously by
numerical integration.

Fig. 7.8 Bifurcation of normal modes.

Variational-asymptotic method. Since the normal symmetric and antisymmetric
modes and the bifurcating modes found above are sensitive only to the coupling
factor x, we will consider the following variational problem: find the extremal of
the functional
1 € €4 €K
2yt -

R A e N
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where € is a small parameter and ¢y and #; are arbitrary time instants. We put for
short 7o = 0 and #; = T'. This action functional describes the coupled oscillators with
two weakly nonlinear anchor springs and the weak coupling through the connecting
nonlinear spring. It is convenient to change to the normal coordinates

1 1
u= §(x+y), Y= E(x—y).

Then the action functional becomes

T € €
IWULVOH::A 2+ =12 = = S () = S (=) —dexrlar. (7.1

To apply the variational-asymptotic method we put at the first step € = 0 to obtain

mmem:AZf+#—ﬁ—ﬁMn

This is the action functional describing vibrations of two uncoupled identical har-
monic oscillators. The extremal is

ug = Ajcost+ Bysint, vg=A,cost+ Bysint, (7.12)

for which the frequencies coincide so that the period T is 27 as expected.

As soon as € # 0 the coefficients Aj,B1,A2,B, are becoming slightly dependent
on time. Besides, taken for granted the bifurcation of modes for k near 1/4, we set
K = 1/4 — p and look for the extremal at the second step in the two-timing fashion

u=Ai(n)cost+Bi(n)sint +u;(t,M),
v=Ay(n)cost+ By(n)sint + v (¢,M),

where 11 = &t is the slow time. We assume that u; (¢,717) and v (z,n) are 27-periodic
functions with respect to the fast time # and are much smaller than uy and v in the
asymptotic sense. Note that the asymptotically principal terms of the time deriva-
tives of u and v are

u=uys+ gy +uy, V=vos+E&vont+viy,

where the comma in indices denotes the partial derivatives. Substituting u, v and
their derivatives into functional (ZI1)) and keeping the principal terms of u, v; and
the principal cross terms between ug, vo and u;, vi we have

2
L{ui (), ()] = /0 [u%, + vf’, + 2ug suy ¢ +2€up pity s + 2v0, V1 +2EV0 V14

— (u% + v% + 2uguy +2vovy) — 8(2u8u1 + 6u0v(2)u1 + 6u8vov1

+2v3v1 + 16Kv3vy )] dt.



226 7 Coupled Oscillators

Integrating the third up to sixth terms by parts using the periodicity of u; and v,
with respect to 7, we see that the underlined terms gives —4¢&(uoqu1 + vomvi).
Then, substituting the expressions for ug and v into the functional and reducing the
products of sine and cosine to the sum of harmonic functionsﬂ, we get the resonant
terms which should be removed in order to be consistent with the above asymptotic
expansion. The equations obtained for A,B1,A,,B; read

3 3 3
Avy = gBI(AT+B]) + 2B1(A3 + B) + 1 Ba(ArA2 + BiBo),

3 3 3
By = _gAl(A%‘FB%) - §A1(A%+B%) - ZAZ(A1A2+3132),

3 3 3
Ao =(3+ 3K)By(A3+B3) + ng(A% +B)+ 1B1(A142 + BiBy),
3 3 3
Byy = —(g +3K)As (A3 + B3) — §A2(A% +B7)— 2 (A1A2 + B1By),

The above equations can still be simplified in terms of the variables ay, a,, and ¢
defined by

Ay =ajcos¢, By=apsingy,
Ay =apcos@y, By=assing, (7.13)
¢=0¢—¢r1.

According to these formulas a; and a; are the amplitudes of u and v, respectively,
while ¢ is the phase difference modulo 7. In terms of these new variables the equa-
tions of slow flow become (see exercise [7.6)

3 .
arn = galagsmﬂp7

3

arn = —ga%azsinhp, (7.14)
302, 2 2, 3.0 o

Oon= _g(“l +a3)+3ua5+ §(a2 —aj)cos2¢.

The slow flow. It follows from the first two equations of (Z.14) that

dal ay 2 2 2

— =——=ajta; =

da, ar 1 Ta=p,

which means the conservation of the energy at this approximation, since terms of
the order £2 and higher are neglected. This first integral enables one to reduce sys-
tem (Z.I4) to two differential equations. Indeed, let us introduce a new variable y
according to

ay=pcosy, a;=psiny, (7.15)

4 Again, this can be done with the TrigReduce command in Mathematica.
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with p being a constant in the above conservation law. Substituting these formulas
into the first and the last equations of (Z.14) we obtain
3p? . .
Yy = —1—p6 sin2@sin2y,

) (7.16)

on = _31% [Bu(cos2y —1)+2+2cos2ycos2g)].

The obtained system of equations represents a slow flow on a two-dimensional torus,
since the variables y and ¢ are modulo 7.

Fig. 7.9 Level curves of (ZI17) for u = 0.05.

In contrast to the original system (Z.I)), equations (Z16) can be integrated exactly.
Indeed, by the straightforward differentiation we can easily verify that

—%sin22w0052¢+(1—4u)0052w+,ucos4l//:k (7.17)

is the first integral of this slow flow, with k a constant. The level curves of equation
(.17 are shown in Fig.[Z9for u = 0.05. Each curve corresponds to a fixed value
k of the first integral, but all are on the same energy level p2. Due to the periodicity
in Y points lying on the lines ¥ = 0 and y = 7 have to be identified. The same is
true of @. As a result, this figure represents the flow on the two-dimensional torus.
Observe the symmetry with respect to the dashed lines ¢ = /2 and v = /2.

As we know, the nonlinear normal modes found from the modal equation
correspond to the fixed points of this flow. Let us first consider the symmetric nor-
mal mode for which x =y and v = 0. In this case A, = B, =0 and a, =0, a; = p.
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Therefore ¥ = 0 and the second equation of (Z16) implies that ¢ = /2. Thus,
this symmetric mode corresponds to the fixed point (y, @) = (0,7/2) (or (7, 7/2)
denoted by S). We see that this mode is orbitally stable as the fixed point is a center
surrounded by closed curves that result as intersections of invariant tori with the
cut plane. For the antisymmetric normal mode we have x = —y and u = 0. There-
fore a; = 0 and consequently y = 7/2. The second equation of (Z16) implies that
o= %arccos(l — 8u). Thus, the antisymmetric normal mode is orbitally unstable
as it is represented by the saddle points (y,¢) = (7/2, 4 arccos(1 — 8u)) (point
A)and (y,9) = (1/2,7 — }arccos(1 — 8)). The homoclinic orbits are the closed
curves starting and ending at these saddle pointsﬁ. The bifurcating modes satisfy
the relations u = (1 +c¢)x and v = 3(1 — ¢)x, so u and v are proportional and the
phase difference ¢ must be zerol. It follows from the second equation of that

_1 4u—1 _ -1 4u—1 . .
Y = 5 arcCos g7 OF Y = 7T — 5 ArCCOS 777 . We see that these bifurcating modes

are orbitally stable (since they appear as centers) and correspond to the fixed points
(v, ) = (%arccos %,0) (point B) and (y, @) = (7 — %arccos%ﬁ), respec-

tively.

Fig. 7.10 Poincaré map according to approximate theory for Ey = 0.4 and u = 0.15.

Comparison with numerical simulations. The comparison with the Poincaré map
constructed numerically in the previous Section is possible if we express the results
obtained for # and v in terms of the “old” coordinates x and y

X=u+v, y=u—m

5 See the detailed analysis of the homoclinic motion in [33]].
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To compute the approximate Poincaré map we must set x =0
X = u0+v0+0(8) =0,
s0, taking into account (Z.12) we have

Ax(n) +A1(n)
By(n)+Bi(n)

Finding from here sinz and cost and substituting into y = uy — vy we obtain

tant = —

Z(BlAz—Ale)
B3 +2B1By + A3 +2A1A2 + B2 +A3)1/2

y =
(
where the argument 11 from A,B1,A,B; is omitted. The velocity y, to the lowest

order of approximation in &, is

B3 +A3 B} A2
B3+2B1B; + A3 +2A1A2 + B2+ A3)1/2

Y=y =
(

In terms of the angles ¢ and v introduced in (Z13) and (Z.13) the formulas for y
and y read

psin@sin2y . pcos2y
To construct the approximate Poincaré map we must use the first integral (Z.17)
to find cos2¢ for the given values of u, k, p, and y. Then plugging the obtained
values of ¢ into the above formulas to evaluate y and y and to plot the curve in
the cut plane. The total energy Ey of the system is related to p by the expression
Ey = p?. The approximate Poincaré map corresponding to the energy level Ey = 0.4
and to the coupling factor k = 0.1 (it = 0.15) is shown in Fig.[Z.10l It is seen that
both maps in Fig.[Z.7] (left) and Fig. coincide qualitatively.

To show the quantitative agreement let us compute the Poincaré map for £y = 0.4,
€ =0.1, and u = 0.15, and for a solution satisfying the following initial conditions

x(0)=0, y(0)=0, ¥(0)=—0.65.

Then it is easy to find that k = —0.2519. The comparison of Poincaré maps obtained
by the numerical integration (points) and by the approximate theory (bold line) is
shown in Fig. [Tl The agreement is really palpable, although € = 0.1 is not quite
small.
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R, S

Fig. 7.11 Comparison of Poincaré maps for Ey = 0.4, € =0.1, and k¥ =0.1.

7.3 KAM Theory

The perturbation theory of quasiperiodic motions of conservative mechanical sys-
tems [17,14] proposed by Kolmogorov, Arnold, and Moser, called for short KAM
theory, is perhaps one of the greatest achievements in mathematics and mechanics
of the 20th century. It has a lot of consequences and applications in dynamics and
also in statistical mechanics. Although the ideas upon which the theory is based
seem quite simple, the detailed proofs presented in the mathematical literature have
been for long time serious barriers for people with the engineering background. This
Section aims at explaining KAM theory with the variational-asymptotic method.

Variational problem. Our starting point is Hamilton variational principle, accord-
ing to which motions of any conservative mechanical system correspond to ex-
tremals of the action functional

Ha) = [ tlaq)an. (7.18)

0

As we know, this implies Lagrange’s equation
doL JL
dtdq Jq

Suppose that the Lagrange function has the form

L(q7 q) = LO((L q) + ng (q7 q)7

where € is a small parameter. Besides, we assume for simplicity that L(q,q) is an
analytic function and that the determinant det L 44 is positive everywhere. The prob-
lem is to study the asymptotic behavior of the extremals depending on this small
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parameter €. Note that the number n of degrees of freedom must be at least 2, since
systems with one degree of freedom are always integrable leading to the periodic
extremals for small energies.

First step. Since the action functional (Z.I8) contains a small parameter, it is nat-
ural to use the variational-asymptotic method to analyze it. At the first step of the
variational-asymptotic method we neglect the small term €L;(q,q) and consider
instead the variational problem: find the extremal of the functional

fa)) = [ Lo(a,)d.

0]

This leads to Lagrange’s equation

d dLy JLy

294 9q 0. (7.19)
We assume that Lagrange’s equation (Z.19) is integrable so that its solutions can
be found at this step. Such situation is met by the nonlinear coupled mass-spring
oscillator considered in example[Z1]if the coupling parameter f3 is set to be zero. In
this case the system reduces to two uncoupled nonlinear oscillators, each of which
has only one degree of freedom.

As equation (Z.19) is integrable, there exist angle-action variables (@,I) in terms

of which the unperturbed Hamilton function becomes independent of ¢: Hy = Hy(I)
(see Section[ZIland [4]]). The solution of Hamilton’s equations

. JH,
¢j= = =i, Ij=-5-=0,
J 811 J\N J

which are equivalent to (Z.19), is quite simple in these variables: ¢; = o+ ;7 and
I; = const. Coming back to q(r) the solution of (7Z.19) can be presented in the form

q(t) = qo(t) = uo(@, + 1),

where uy(¢@) is the vector-valued function of @ = (¢y,...,¢,) which is periodic
in each variable ¢; with the period 27, and @ = (@, ..., ®,) are the constant fre-
quencies. Thus, every solution is now quasi-periodic in ¢: its frequency spectrum in
general does not consist of integer multiples of a single frequency as in the case with
periodic solutions, but rather of integer combinations of a finite number of different
frequencies@. For fixed @, function uy (@, + @t) describes a curve winding around
some invariant n-dimensional torus 7" with winding numbers, ® = (®;, ..., ®,).
Mention that uy(@) is a differentiable one-to-one map which maps the invariant
torus onto itself. We shall use angle variables @ = (@i, ..., ®,), each is modulo 27,
as coordinates on the torus. All solutions with fixed /; belong to one torus, so that
the whole phase space is foliated into an n-parameter family of invariant tori.

6 In this sense, the asymptotic analysis provided here is multi-frequency analysis, which is
much more difficult than all previous asymptotic analyses due to the problem of small
divisors.
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The flow on each torus depends on the arithmetical properties of its frequencies
;. There are essentially two cases.

i) The frequencies ; are non-resonant, i.e., k- @ # 0 for all non-zero k =
(ki,... k), with k; being integers (we write kK € Z"). Then each orbit is dense on
this torus.

ii) The frequencies @; are resonant, that is, there exist integer relations k- @ = 0
for some non-zero k € Z". In this case each orbit is dense on some lower dimen-
sional torus, but not in 7.

We assume that the unperturbed system is non-degenerate in the sense that

0%H,
aIian

det #0

In this case the frequencies w; depend on the amplitudes, so they vary with the torus.
This nonlinear frequency-amplitude relation is essential for the stability results of
the KAM theory. It follows that non-resonant tori and resonant tori of all types each
form dense subsets in phase space. Similar to the set of real numbers, the resonant
tori sit among the non-resonant ones like the rational numbers among the irrational
numbers.

Small perturbations and KAM theorem. Let us include now the small term
€L;(q,q) into the action functional and consider the perturbed variational problem.
The first result, obtained already by Poincaré, showed that the resonant tori are in
general destroyed by an arbitrarily small perturbation. In particular, out of a torus
with an n — 1-parameter family of periodic orbits, usually only finitely many peri-
odic orbits survive a small perturbation, while the others disintegrate and give way
to chaotic behavior. Since a set of resonant tori being destroyed by a small pertur-
bation is dense among all invariant tori, there seems to be no hope for other tori to
survive. In fact, until the middle of the 20th century it was a common belief that
arbitrarily small perturbations can turn an integrable system into an ergodic one on
each energy surface. By the way, it would not help if the non-degeneracy assumption
is dropped. There exists a counter-example showing that if Hy is too degenerate, the
motion may even become ergodic on each energy surface, thus destroying all tori.
Kolmogorov [[17] was the first to observe that, for the non-degenerate case, the
converse is true: the majority of tori survives small perturbations. He gave the sketch
of the proof about the persistence of those tori, whose frequencies ®; are not only
non-resonant, but are strongly non-resonant in the sense that there exist constants
a > 0and v > 0 such that
(7.20)

for all non-zero k € Z", where |k| = |k;|+. ..+ |k,|. Condition (Z.20) is called a dio-
phantine or small divisor condition. It turns out that the set of strongly non-resonant
frequencies for any fixed v > n — 1 has the full measure, in contrast to the set of re-
maining frequencies having zero measure. But although almost all frequencies are
strongly non-resonant, it is not true that almost all tori survive a given perturbation
€L, no matter how small € is. In its precise formulation, KAM theorem states that
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there exists a constant § > 0 such that for the perturbations of size |e| < S the
strongly non-resonant tori of the unperturbed system persist, being only slightly de-
formed. Moreover, they depend continuously on @ and fill the phase space up to a
set of measure O(a). An immediate consequence of the KAM theorem, important
for the statistical mechanics, is that small perturbations of integrable systems do
not necessarily imply ergodicity, as the invariant tori form a set, which is neither of
full nor of zero measure. It has to be emphasized, however, that this invariant set,
although of large measure, is a Cantor set and thus has no interior points. It is there-
fore impossible to tell with finite precision whether a given initial condition falls
onto an invariant torus or into a gap between such tori. From a physical point of
view the KAM theorem rather makes a probabilistic statement: with overwhelming
probability of order 1 — O(o) a randomly chosen orbit lies on an invariant torus and
thus stays there forever.

Variational problem for invariant tori. Since for an invariant torus with fixed
frequencies @ the solution of Lagrange’s equation has the form q(r) = u(@, + ot),
the generalized velocities may be written as

d d
q = 2 (D] Tu = Vu,

=1 @j
where V denotes the linear first order partial differential operator with constant co-
efficients

< d
V= z ()
j=1

d9;’
Therefore it is convenient to consider the following variational problem for an in-
variant torus, first mentioned in [24]): find extremals of the functional

2n 2n
Iu(@)] :/.../L(u,Vu)dq)l...dq)n:/TnL(u,Vu)dq) (7.21)
0 0

among functions u(¢) which are 27-periodic in each variable ¢;. Euler-Lagrange’s
equations of this variational problem read

VL 4(u,Vu) = L ¢(u, Vu) =0. (7.22)

Thus, instead of solving the ordinary differential equations, we have to deal now
with the nonlinear partial differential equations (Z.22). Conversely, every solution
u(@) of (Z22), 2r-periodic in each variable ¢;, determines the flow on some in-
variant torus which satisfies original Lagrange’s equation. We shall therefore apply
the variational-asymptotic method to the variational problem (Z.21). Then it is easy
to see that the first step of the variational-asymptotic procedure leads to the unper-
turbed problem
VLy4(u,Vu) — Lo q(u,Vu) =0,
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and, consequently, to the flow on the unperturbed invariant torus induced by the
solution ug(@) of this equation.

Second step and sketch of the proof. In order to justify KAM theorent] let us
proceed to the second step of the variational-asymptotic method. We fix the solution
of the unperturbed problem on some torus, uy(¢), and look for the extremal of
(Z.21) in the form

u(@) =uo(9) +ui(9),

where u; (@) is smaller than uy(¢) in the asymptotic sense. Substituting this into the
action functional (Z21)), expanding the Lagrangian in the Taylor series, and keeping
the asymptotically principal terms containing u;, we obtain

n

B (@) = [ [Lalo-w +Lalo-Va

+ %(ll] ~L’qq|()ll1 +u ~L7qq|0Vu1 + Vu,; ~L7qq|()ll1 + Vu,; ~L7qq|0Vu1)]dq).
The vertical bar followed by index 0 means that the derivatives behind it have to
be evaluated at (ug(@),Vug(@)). Thus, these first and second derivatives become
functions of ¢ which are the coordinates on the torus. The obtained functional turns
out to be quadratic with respect to u;. Its Euler-Lagrange’s equation is linear and
can be presented in the form

E(up) +dE(up)u; =0, (7.23)

where
E(u) =VLg4(u,Vu) — L q(u,Vu), (7.24)

and
dE(uo)uy = V(L gqloVur) + (Lgqlo — L qqlo) Vi + (VL gqlo — L galo)ur- (7.25)
It is interesting to mention that

dE(u)v = L Eut Av)]sp,
dA

so equation (Z.23) resembles Newton’s iteration method of finding the root of a tran-
scendental equation or the minimum of a function [26]. According to the variational-
asymptotic method we can also replace L in (Z.23) by Ly which makes the error in
determining u; of the order € compared with 1. Since our aim is not computing u;,
but just proving the existence of the solution, we keep (Z.23) to be exactly as in
Newton’s iteration procedure.

One of the difficulties in solving equation (Z.23) comes from the linear operator V
in (Z.Z3). Due to the small divisors, entering the representation of this operator with
respect to the Fourier expansion of functions on the torus, its inverse is unbounded.

7 See the rigorous and detailed proof in [30].
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Indeed, let us consider an equation Vu = g, where functions u and g are 27 periodic
in each variable ¢; and can therefore be presented in terms of the Fourier series

u@)= Y uwe®? g@)= Y ge™?.

kez" kez"

Applying the operator V to u we get

Vu=3Y wjiu =Y i(k- 0)uge™?,
a0 (&

so that the equation Vu = g becomes

2 i(k-a))ukeik"" = 2 gkeik"p.
kez" kez"

Even for non-resonant frequencies the combinations k - @ may become arbitrar-
ily small leading to the unbounded coefficients ug of the series. The diophantine
condition (Z.20) has been introduced to remove infinitely small divisors. Now it is
straightforward to show that for @ satisfying condition (Z.20) and for every regular
function g( @) with zero mean value, the equation Vu = g has a unique solution with
zero mean value. Indeed, since the Fourier series for g(@) converges, the coefficients
g satisfy the following conditions

k| < ap™

with some positive a and p < 1. Besides, gg = 0 as g(@) has the zero mean value.
Then ug = 0, ug = g/ (k- @) and the Fourier series

_ &k i

clearly converges on account of the diophantine condition (Z20). The norm of u(¢)
can be precisely estimated.

But there are still two more obstacles to solving equation (Z.23). First, the terms
containing u; and Vu; in equation (Z.23)) have to be eliminated. Then, the remaining
second order partial differential equation requires a compatibility condition, namely
that the inhomogeneous term E (ug) be of zero mean value. Note that these obsta-
cles disappear in the special case when the identity map ug = @ is an approximate
solution of E(up) = 0. In this case it is easy to check that the coefficient matrices of
u; and Vu; in (Z23) are small and can be neglected. Indeed, the coefficient matrix
of u; is the Jacobian matrix of E(¢). For the estimation of the coefficient matrix
of Vu; we refer to formula (Z.29); which will be proved later. Therefore equation
([Z.23) can be replaced by

V(L gqloVui) = —E(@)
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and, by the above arguments, it can be solved since the right-hand side must always
be of zero mean value. We conclude that, if the identity map up = @ is an approx-
imate solution of E(ug) = 0, then (Z.23)) admits an approximate solution u; so that
the first step of the Newton iteration can be performed in this case.

Now the following idea allows us to reduce the general case to the one where
ug is the identity map on the torus: let us try to change the Lagrangian so that the
changed Euler-Lagrange equation admits the identity map as solution. Consider the
group of one-to-one maps u(@) of the torus which acts on the space of Lagrangians
L according to the rule

w'L(@,v) = L(u(@),Uv),

where U(@) = du/d ¢ denotes the Jacobian matrix of u and is therefore 27-periodic
in each variable ¢;. Here u*L is regarded as a function of the formal arguments ¢
and v, with v playing the role of the velocity. One verifies easily that

(uov)*L=u*(v'L), id*"L=L,

where (uov)(@) =u(v(@)) corresponds to the composition of two maps and id is
the identity map id = ¢. Functional (Z.21)) is compatible with this group action in
the sense that

IL[uov(@)] = Lwr[v(9)];

and, moreover, it is invariant under the subgroup of translations. Since the La-
grangian may change, we attach it as the index to the functional. Taking the variation
of the functionals standing on both sides we find that

(U(W)TE(L,uov) = E(u*L,v),

with E(L,u) being the expression (Z.24) where the Lagrangian is indicated pre-
cisely. Differentiating this equation with respect to v in the direction of a tangent
vector w to the group of maps at v = id we obtain

UTdE(L,u)Uw = dE(u*L,id)w — (dU-w) E(L,u) (7.26)
The previous equation with v = id reduces to
UTE(L,u) = E(u’L,id). (7.27)

It now follows from (Z.27)) that whenever u is an approximate solution of E(L,u) =0
then also E(u*L,id) is small and hence the above considerations about the case u =
id show that there exists an approximate solution w of the equation dE (u*L,id)w =
—E(u*L,id). Combining this observation with the identities (Z26) and (Z.27) we
conclude that equation (Z.23) indeed has an approximate solution u; = Uyw in the
sense that errors of quadratic order are ignored.

The precise estimation for the approximate solution of the linearized equation
(Z.23)) are based on several formulas which are summarized below. First,



7.3 KAM Theory 237

UTdE(L,u)Uw = V(AVw) + BVw + Cw, (7.28)
where A, B, and C are the n x n matrix-valued functions on 7" defined by
A=U"LyyU, B=U"Lyy—L,,U, C=UE,,
and the following abbreviations are used

d d Jdu
L,Vq) = %LN(U((p),VU((p)), E,q) = %E(lﬂu)v U= %
Formula (Z.28) follows from equation (Z.26) by inserting the expression (Z.23) with
L and u; replaced by u*L and w, respectively. Then we have

VB=C-CT,

Bdg =0, (7.29)
Tﬂ

/ UE(L,u)dp =0.
Tn

Formula (Z.29); expresses the fact, well known in variational calculus, that the op-
erator
Mw = V(AVw) + BVw + Cw

which represents the Hessian of the functional (Z.21)) is self-adjoint. Indeed, since
AT = A and B” = —B, the adjoint operator of M is given by

M*w = V(ATVw) — V(B"w) + CTw = V(AVW) + BVw) + (CT + VB)w

so that M* = M if and only if CT +VB = C.

The last two formulas reflect the fact that the functional I[u(@)] defined by (Z.21))
is invariant under the subgroup of translations of the torus 7.

It follows from these formulas that if u is a solution of E(L,u) = 0 and the fre-
quency vector @ is rationally independent then C = 0 and B = 0. Indeed, since
VB = 0 the function B(¢) is constant along the dense line ¢ = @r. Hence it is con-
stant on T" and it follows from ([Z.29), that B = 0. As a consequence the linearized
operator is given by

U"dE(L,u)Uw = V(AVw)

which is invertible.

Provided u; can be found and the error we make can be estimated, we now re-
place ugy by ug +u; and repeat the second step of the variational-asymptotic proce-
dure to find the next correction. This is the crucial idea of Newton’s iteration leading
to the fast convergence. It can simply be shown in the case of finding roots of tran-
scendental equations that if the initial error is €, then the error after n iteration would
be of the order €2". Such fast convergence, valid also for (Z.23) as shown in [30],
may remove the errors induced by the small divisors at each iteration and guarantees
the convergence to the solution of variational problem (Z.21).
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7.4 Coupled Self-excited Oscillators

As we know, a self-excited oscillator, such as van der Pol’s oscillator, may gen-
erate a limit cycle periodic vibration with a fixed frequency. What happens if two
slightly different self-excited oscillators are coupled? One may imagine for instance
two violins playing near each other and interacting through the sound wave, or two
Froude’s pendulums connected by a weak spring. Another example is two pendu-
lum clocks which move into the same swinging rhythm when they are hung near
one another on the wall. Although uncoupled oscillators have in general different
frequencies, the effect of the coupling may lead to a vibration which is phase and
frequency locked, or in another word, to synchronizatior@.

Two weakly coupled van der Pol’s oscillators. We will study the synchronization
of two weakly coupled van der Pol’s oscillators, whose Lagrange function is given
by

. 1, ., . 1
L(x,y,%,y) = 5()62 +3%) - §[x2+ (1+ea)y* +ex(x—y)7,

where € is a small parameter, parameter ¢ characterizes the difference in uncou-
pled frequencies, while x is a coupling factor. The dissipation function assumes the
standard form

o] . .
D(x,y,1,5) = 5&[(" = )&+ (* = 1)y7).
Then x(¢) and y(¢) satisfy the variational equation

3 0 9D . oD
s LH','dt—/ 92 5x+ 22 5y)dt = 0.
A (x,y,%,y) A (ax x+ 2 y)dt

Generalized Lagrange’s equations read

i+ x+ex(x—y)—e(l —x)x
)y
We need to find the asymptotic behavior of solution in the limit € — 0.

When x = 0 the system (Z.30) is uncoupled and the two equations exhibit unsyn-
chronized limit cycle vibrations for x(¢) and y(¢) with different frequencies 1 and
v 1+ €eo. When x is small, then we may expect by the continuity reasoning that
the vibrations are still unsynchronized. For finite ¥ we may have three states of a
coupled self-organized oscillator: strongly locked,weakly locked and unlocked. The
vibration is said to be strongly locked (or strongly synchronized) if it is both fre-
quency and phase locked. If the vibration is frequency locked but the relative phase
changes slowly with time, it is called weakly locked (or weakly synchronized). If the
frequencies of vibration are different, the system is said to be unlocked or drifting.

0 (7.30)
0. '

J+(1+ea)y—ex(x—y)—e(l—

8 The earliest known observation of synchronization was made by Huygens. He reported
that “two clocks, hanging side by side and separated by one or two feet, keep between
them a consonance so exact that the two pendula always strike together, never varying”.
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Numerical solutions. The system of equations (Z.30) does not admit exact analyt-
ical solutions. So, in order to observe the behavior of solutions and to illustrate the
difference between synchronized and unsynchronized vibrations let us first do some
numerical simulations.

Xy

3.0

Fig. 7.12 Graph x(¢)y(¢) of coupled van der Pol’s oscillators for e = 0.1, ¢ = 1, and x = 1.2.

We take for example € = 0.1, o = 1, and k¥ = 1.2 and find the solution to
satisfying the initial conditions x(0) = 1, ¥(0) = 0 and y(0) = 1, y(0) = 0 by the
numerical integration with Mathematica. The plot of the product x(¢)y(¢) shown in
Fig.[Z12lexhibits obviously synchronization in this case. Indeed, since x(¢) and y(t)
approach periodic (for small € harmonic) functions with the same frequency and
phase, their product must have a steady-state character after a short transient period.

Xy

3

:'L' W [lHi\Uln}\ , ,InumU v ,m?“““ W MWM t
\W}H\ IW | IM,. ,W
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Fig. 7.13 Graph x(¢)y(t) of coupled van der Pol’s oscillators for e = 0.1, ¢ = 1, and x = 0.5.

If we decrease the coupling factor while keeping all other parameters and ini-
tial data, the response may change drastically. For example, the plot of the product
x(t)y(t) for k¥ = 0.5 shown in Fig.[Z13does not indicate vibrations of x(¢) and y(z)
with equal frequency and phase. Thus, in this case synchronization does not occur,
and the system is unlocked.

In the next paragraph we will use the variational-asymptotic method to estab-
lish the law of slow change of amplitudes and phases as function of the frequency
difference and the coupling parameter and to predict the synchronization.
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Variational-asymptotic method. Let us introduce the frequency @ of vibration pre-
cisely into the variational equation by multiplying it with @ and rewriting in terms
of the stretched angular time 7 = @t for one fix period 27

S/T:)ﬂn{; 2% +y7) - %[x2+(1+ea)y2+8'<(x—y)2]}‘”

@31
+/ o[(1 —x*)¥'8x+ (1 —y*)y'8y|dt =0,

where prime denotes the derivative with respect to T and 7y is an arbitrary time
instant. We write for short 79 = 0.
We put at the first step € = 0 to obtain

1 @2 (2 L2 2
§ [ 150762 +3) = (2 4 )dT =0
0o 2 2
The 27-periodic extremal is
Xo=A1cosT+B;sint, yg=ArcosT+ B;sinTt, (7.32)

for which the frequency w is equal to 1 as expected.

As soon as € # 0 the coefficients Aj,B1,A2,B, are becoming slightly dependent
on time and @ deviates from 1. Therefore we look for the extremal and for the
frequency at the second step in the form

x=A1(n)cost+Bi(n)sint+x(1,n),
y=Ax(n)cosT+Bo(N)sinT+yi(7,1), ©=1+0,

where 11 = €7 is the slow time. We assume that x| (7,1) and y; (7, ) are 27-periodic
functions with respect to the fast time 7 and are much smaller than x¢ and yg in
the asymptotic sense, and @; is much smaller than 1. Note that the asymptotically
principal terms of the derivatives of x and y are

/ /
X =Xor+€&Xo0n+XxX15, Y =Yor+E&on+Yyir

where the comma in indices denotes the partial derivatives. Substituting x, y together
with their derivatives into functional (Z.3T)) and keeping the principal terms of xj, y
and the principal cross terms between xg, yo and x1, y; we have

2n 1 1
5/0 {Ex%,r"‘ Ey%,r +x0,1xl,‘r+€x0,nxl,r+2wlx0,rxl,r +Y0,1Y1,t T €EYo.nV1,¢

1 1
+2m1y0,1Y1,1 — (542 + Ey% +xox1 +yoy1) — €[oyoyr + K(xo — yo) (x1 — y1)

2
— (1= xg)x0.x1 — (1 = y§)yo.on]}dT =0
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Integrating the third up to eighth terms by parts using the periodicity of x; and y,
with respect to 7, we see that the underlined terms gives —2€(xo,znx1 + yo,eny1) +
21 (xox1 +yoy1)- Then, substituting the expressions for xy and y( into the functional
and reducing the products of sine and cosine to the sum of harmonic functions, we
get the resonant terms which should be removed in order to be consistent with the
above asymptotic expansion. This implies that ®; must be of the order €; let us
denote it by w; = €k;. The equations obtained for A{,B,A,,B; reacﬂ

A
2A1n = —2k1B1 +A; — TI(A%+B%) + k(B — Ba),

B
2By =2kiA1 +B) — TI(A%—&-B%) + k(A —Ay),

A
4

B
2By = 2kiAy — Ay + By — (A3 + B3) + k(A1 — A).

2Ay = —2ki By + By + Ay — == (A3 4+ B3) + k(B2 — By),

This system of equations can still be simplified if we introduce the amplitudes and
phases of vibrations in accordance with

Ay =ajcos¢, By=apsingy,
Ay =arcosy, By=arsin@.

Thus, a; and a; characterize the amplitudes of xy and yg, respectively, while ¢; and
¢, are the corresponding phases.
In terms of the new variables the equations that result from the elimination of the
resonant terms can be written as
2
aj i
Z) + Kap sin(¢; — ¢2),
2
as i
2ary =ax(1 — Z) — xaysin(¢p; — ),

Kap cos —
ZQW:ZM—K+—£—éﬂ—£ﬁ,
1

Kaj cos(; —¢2).

a

2a17n :a1(1 —

200y =2ki —a— K+

Introducing the phase difference @ = @; — ¢, we reduce this system further to three
differential equations governing the slow change of amplitudes and phase difference

9 One may check this with the TrigReduce command in Mathematica.
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Pl
2a g :al(l—zl)—&—icazsin(p,
a2
2ar = ax(1 _72) — Ka; sin @, (7.33)
ar aj
20 =0+K ———).
O =0t Keosg (2~

After finding the amplitudes and phase difference from ([Z.33)), we can find k; from
the previous equation for ¢; by setting ¢; = 0. This is possible since the original
system is autonomous.

The slow flow. Let us seek fixed points of the slow flow (Z.33) representing synchro-
nized vibrations of the coupled oscillator. We multiply the first equation of (Z.33)
(with the zero left-hand side) by a; and the second by a; and add together to get

4., 4
2, o ditdy

al+dj i 0. (7.34)

Next, multiplying the first equation of (Z33) by a, and the second by a; and sub-
tracting them to obtain

From the third equation of (Z.33)) with ¢ , = 0 on the left-hand side follows

cosQp = _dama
P ket -a)
Using the identity sin? +cos? = 1 and setting
p=di+ay g=ai—aj,
we get from the two last equations
¢ — pq* + (1602 + 64x%) p*q* — 160 p* = 0.
In terms of p, ¢, equation (7.34) becomes

q*=8p—p°.

Substituting this equation into the previous one, we obtain finally
p>—20p> + (1602 +32K% + 128) p — (640> + 256 K> +256) = 0. (7.35)

This cubic equation has either 1 or 3 positive roots for p. At bifurcation, there will
be a double root which appears if the derivative of (Z.33)) vanishes

3p? —40p + 160 +32K> 4+ 128 = 0. (7.36)
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Eliminating p from (Z33) and (Z.38) gives the condition for saddle-node bifurca-
tions as

o + (6% +2)o* + (126* — 106% + 1) o> +8x° — k* = 0. (7.37)

Equation (Z.37) plots as two curves intersecting as a cusp in the (¢, k)-plane (see
Fig. [Z14). At the cusp, a further degeneracy occurs and there is a triple root of
equation (Z.33). Requiring the derivative of (Z36)) to vanish yields p = 20/3 at the
cusp, which gives the location of the cusp as

1 2
0=—~0.1924, k= —— ~0.3849.
V27 V27
KE |
0.4; 4
I oSN HOPF
043; i
i N
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o1l ]
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Fig. 7.14 Saddle-node and Hopf’s bifurcation of coupled van der Pol’s oscillator.

Next, we look for Hopf’s bifurcations of the slow flow (Z.33). The presence of
a stable limit cycle surrounding an unstable fixed point, as occurs in a supercritical
Hopf’s bifurcation, means a weakly locked quasiperiodic motion of the original
system ([Z30). Let (a10,a20, o) be a fixed point. The behavior of the system (Z.33)
linearized in the neighborhood of this point is determined by the eigenvalues of the
Jacobian matrix

311%074 .
——— Ksin @y K COS Ppdoo
1 . 3a3)—4
- —KS1n @p _T —KCosPpaio
__ Kcos (po(a%o—kago) Kcos (po(alo-k—a%()) . Ksin(po(a%()—a%o)
a%oazg 0100%0 ajpazo

Using the above relations between ay, as, sin ¢, cos ¢ and p, g, we can express the
elements of this matrix in terms of p. The eigenvalues of this matrix are the roots of
the cubic equation
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where
C) =
c] =
co —
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A+ A +eid+cp=0,

p—4
2
P> —112p% + (—160> +512)p — 512
64p —512 ’
p*—22p° +160p* — (320> +384)p
128p — 1024 '

For a Hopf bifurcation to occur, the eigenvalues A must include a pairs of imaginary
roots, +if3, and a real eigenvalue, y. This requires the characteristic equation to have

the form

A3 —yA2+ B*A — Bry=0.

Comparing these cubic equations, we see that a necessary condition for Hopf’s bi-

furcation to occur is

co=cicr = 3p* —59p% + (—8a® +400) p* + (4802 — 1088) p + 1024 = 0.

Eliminating p between this equation and (Z.33) yields the condition for Hopf’s bi-

furcation as

4908 + (266K% 4 238)0® 4 (88K* 4 758 K% 4 345) o 4 (— 10565
+1099x* + 8922 + 172) 0> — 1152%% — 2740K° — 876K* + 16 = 0.

K
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Fig. 7.15 Blowup of cusp region.
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This equation plots as a curve in the (¢, K )-plane, which intersect the lower curve
of saddle node bifurcation at point P and touches the upper curve of saddle-node
bifurcation at point Q with the coordinates (see Fig.

P: =~ 0.1918, k = 0.3846, Q: o~ 0.1899, k ~ 0.3837.

We see that the main features of saddle-node and Hopf’s bifurcations of a coupled
van der Pol’s oscillator are quite similar to those of forced van der Pol’s oscilla-
tor discussed in Section[6.3l Strong synchronization occurs everywhere in the first
quadrant of the (o, k)-plane except in that region bounded by i) the lower curve
of saddle node bifurcations from the origin to point P, ii) the curve of Hopf bifur-
cation from point P to infinity, and iii) the o-axis. However, there is an additional
bifurcation here which did not occur in the forced problem. There is a homoclinic
bifurcation which occurs along a curve emanating from point Q. This involves the
destruction of the limit cycle which was born in the Hopf bifurcation. The limit cy-
cle grows in size until it gets so large that it hits a saddle, and disappears in a saddle
connection (see the details and further references in [28]]).

In summary, we see that the transition from strongly synchronized vibrations to
drifted vibrations involves an intermediate state in which the system is weakly syn-
chronized. In the three-dimensional slow flow space, we go from a stable fixed point
(strongly locked), to a stable limit cycle (weakly locked), and finally to a periodic
motion which is topologically distict from the original limit cycle (unlocked). As in
the case of forced van der Pol’s oscillator, in oder for the strong synchronization to
occur, we need either a small difference in uncoupled frequencies (small ), or a
strong interaction of oscillators guaranteed by a large coupling factor x.

Exercises

7.1 Derive the equations of nonlinear vibration of the double pendulum considered
in exercise 2.1l

7.2 Hamilton-Jacobi equation. Let the action function S(q,7) be defined as the
integral

S‘lOJO(qat) :/Ldt
Y

along the extremal y connecting the points (qo,%) and (q,). Show that S(q,?) sat-
isfy the Hamilton-Jacobi equation

as as

7.3 Find the action variable for the Duffing oscillator with

1 1, 1
H(q,p) = §(p2+U(q))7 U=U(q) = §q2+ Zaq“-
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7.4 Simulate numerically the Poincaré map for the Hénon-Heiles equations which
can be obtained as Lagrange’s equation of the following Lagrange function

1 1 2
L=+ — (P +y*+ 2% — 2y7).
2 2 3
Choose the cut plane x = 0 and the total energy i) Ey = 0.01 and ii) Ep = 1/8.
Observe the difference in cases i) and ii).

7.5 Modal equation in a rotating frame. In the frame rotating with the constant
angular velocity @, the presence of Coriolis and centripetal accelerations changes
the equations of motion (Z.7) to

U
P20y 0'x=——, j+20i-0'y=——
ox
For this system, obtain a first integral and using it to derive a modal equation for the
orbits in the (x,y)-plane which does not involve time 7.

7.6 Derive equations (Z.14).

7.7 Compute the approximate Poincaré map from the first integral (Z17) numer-
ically for the energy level Ey = 0.4 and for the parameter € = 0.1, Kk = 0.4, and
compare it with the Poincaré map obtained by the numerical integration of the exact
equations.

7.8 Show that the set of strongly resonant frequencies satisfying (Z.20) is not
empty and has the full Lebesgue measure if v > n — 1.

7.9 Prove the formulas (7.29), 3.

7.10 Simulate numerically the solutions of equations (Z3Q) satisfying the initial
conditions x(0) = 1, x(0) =0 and y(0) = 1, (0) =0 fore =0.1,c = I,and k = 1.2.
Plot the curves x(¢), y(¢), and x(¢)y(r). Explain why synchronization leads to the
stationary behavior of the amplitude modulation of x(¢)y(t).

7.11 Recheck the slow flow equations (Z.33))
7.12 Solve the slow flow system (Z.33) numerically for o = 1, and k = 1.2, with

the initial conditions a;(0) = 1, a2(0) = 1, and @(0) = 1. Plot the curves a;(n),
a(n), and @(n) and observe their behavior as 1 becomes large.



Chapter 8
Nonlinear Waves

This Chapter studies several nonlinear equations of wave propagation which admit
the exact solutions by the inverse scattering transform. It analyzes also the amplitude
modulations obtained by the variational-asymptotic method which may be applied
to non-integrable systems as well.

8.1 Solitary and Periodic Waves

Korteweg-de Vries equation. Let us begin our study of nonlinear waves with the
Korteweg-de Vries (KdV) equation

Uy +6un x4+ u e = 0. (8.1)

This equation arose originally in the theory of shallow water waves, but it is now
widely used to describe dispersive waves in various nonlinear medid]. The constant
factor 6 in front of the nonlinear term is conventional but of no great significance.
The last term accounts for the dispersion. Due to the balanced effects of nonlinearity
and dispersion, waves may propagate without changing their shape. To demonstrate
this let us seek a particular solution of (8.1 in form of wave traveling with constant
velocity ¢

u:q)(é)v éZX—CL
which is similar to d’ Alembert’s solution for linear hyperbolic waves. Substitution
of this Ansatz into (8.I) gives

—C(p/+6q0(p/+90///:0,

! Particularly, Zabusky and Kruskal have shown that the KdV equation is the continuum
limit of the equations governing the Fermi-Pasta-Ulam chain. Note that the original KdV
equation [36] differs from (8.1 but can be brought to this form by a simple transformation.
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with prime denoting the derivative with respect to £. The integration yields
¢" ==3¢"+co—g,

where g is an integration constant. This resembles the equation of motion of mass-
spring oscillator with a unit mass and a nonlinear restoring force derivable from the
cubic potential energy U (@) = @3 — %c(p2 +go.
The first integral of the above equation
is

1 1
0’ E(PQ:—(PS"‘EC(PZ_g(P"‘h

In the special case when ¢ and its first
derivative tend to zero as & — oo, we
may set g = h = 0. Then the first inte-
gral becomes

01

0% =¢’(c—209).

The corresponding phase curve in the
(@, ¢')-plane is the separatrix shown
in Fig. 8.1l for ¢ = 1. It is seen that ¢
increases from zero at & = —oo, rises
Fig. 8.1 Separatrix. to a maximum ¢, = ¢/2 and then de-
creases to zero as & — oo, The solu-
tion of the last equation can be found

explicitly by quadrature and is given by

¢ 2
0(8) = Ssech?(25),
This particular solution is called a soliton. Mention that the solution remains still
valid if & = x — ¢t —d, where d is any constant. Looking at this solution we can
observe that: i) the wave speed of the soliton is twice its amplitude, ii) the width
of the soliton is inversely proportional to the square root of the wave speed and
therefore taller solitons are narrower in width and move faster than shorter ones.
The shape of the solitary wave for ¢ = 1 is shown in Fig.[8.2]
In general g and & differ from zero and

¢ =p(9),

where p(¢) is a cubic polynomial having three simple zeros. For bounded solutions
all zeros must be real, and the periodic solution must oscillate between two of them.
Let the zeros be by, by, b3, and we order them such that by > by > b3. Then

(@) = —2(9—b1)(@ —b2)(@ —b3).



8.1 Solitary and Periodic Waves 249

T i 3 0 g
Fig. 8.2 Solitary wave of KdV equation.

Since p(¢) > 0 for @ € (by,b;), the solution oscillates between by and b;. So, let
us define a = b; — b, as the amplitude of the wave. Comparing p(¢) with that in the
first integral, we find

c= 2(b1 +b2+b3), g=0b1by+b1b3+brb3y, h=>bbybs.

It can easily be checked that the solution of the first integral is expressed in terms of
Jacobian elliptic function cn as follows (see exercise[8.1)
bi—by

@(E) = by + (by — by)en®(\/(by — b3) /2E,m), m= by

Such periodic solutions are called cnoidal waves. As the period of cn?(u,m) in its
argument u is 2K (m), with K (m) being the complete elliptic integral of the first kind,
the wave length is

A= 2K7(m) (8.2)

V(b1 —b3)/2
The phase velocity of this periodic wave packet is ¢ = 2(b; + by + b3). The solution
can also be presented in the form

?(8) = y(8) = y(kx— 1),

where y(0) is the periodic function of period 2x. Since k = 27 /A, we have for the
frequency
w=ck= Z(bl + by +b3)k.

From (8.2), by — b3 is a function of A and a = by — b,. In the special case b, = 0
the root b3 can be expressed through a and the dispersion relation for these periodic
waves takes the form

o= Q(k,a).

We see that the dispersion relation for nonlinear waves involves the amplitude, what
is quite similar to nonlinear vibrations where the frequency depends also on the
amplitude. If the amplitude of the wave is small, a < 1 and m — 0 then 2K (m) ~

2 . . .
T, SO @ =~ 2bzk ~ —4%/( = —k%, and we recover the dispersion relation of the
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linearized KdV equation. In contrary, if b3 — 0, m — 1, and a = b; — ¢/2, then the
wavelength A tends to infinity, and the solution approaches that of soliton.

Nonlinear Klein-Gordon equation. We turn next to the nonlinear equation which
is derivable from the following Lagrangian

1 1
L= Eu%—iuzx—U(u)

Euler-Lagrange’s equation reads
Uy — e+ U (u) =0. (8.3)

This is the so-called non-linear Klein-Gordon equation which arises in various phys-
ical situations. This is especially true of the case U(u) = 1 — cosu known as the
Sine-Gordon equation for which U’(u) = sinu. It describes for instance free tor-
sional vibrations of an elastic rod along which rigid pendulums are attached at
closed intervals. The pendulums cause additional restoring forces proportional to
sinu. Another mechanical problem leading to this equation deals with the motion of
dislocations in crystals, where the sinu term occurs due to the periodic structure of
the crystal lattice. Besides, it is used in modeling Josephson junctions, laser pulses
and many other phenomena. The alternative choice U (u) = u?/2 + au* /4 arises
in the problem of free vibrations of a pre-stretched string along which nonlinear
springs with the cubic nonlinearity are attached at closed intervals. Mention also
that the small amplitude expansion of the Sine-Gordon equation leads to this model
with a = —1/6.

We look first for the soliton traveling
with a constant velocity ¢ in the form:
u= (&), & =x— ct. Substitution of this
Ansatz into 8.3) gives Fo

(€ —1)¢"+U'(p) =0. o}

This resembles the equation of motion i}
of mass-spring oscillator with a mass
m = 1—¢? and a nonlinear restoring
force derivable from the potential energy
U(@). The first integral is AL

1
5me” +U(9) =h.

If @ and its first derivative tend to zero as
& — oo, then h = 0. For definiteness we
consider U(¢p) = ¢*/2+ a¢p*/4 with a  Fig. 8.3 Separatrix.
negative o. The first integral with 7 =0
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1
¢” = %<p2(1+a<p2/2)

plots as the separatrix in the (¢, ¢’)-plane shown in Fig.B3lforc =1/2, a = —0.1.
Thus ¢ increases from zero at & = —oo, rises to a maximum @,, = 1/2/|ct| and then
decreases to zero as & — oo, The solution of the last equation can be found explicitly
by quadrature and is given by

© 2 e lEl/V1=¢
ol)=y| ———— .
o] | 4 o2081/V1-c
This solitary wave is shown in Fig.[8.4l Mention that the solution remains still valid
if & = x— ¢t —d, where d is any constant. We can observe that: i) the amplitude of

the soliton is constant and independent of the wave speed, ii) the width of the soliton
is proportional to /1 — ¢2, so the narrower soliton moves faster than the wider one.

Fig. 8.4 Solitary wave of Klein-Gordon equation.

Let us find now the periodic solutions of Klein-Gordon equation. They are ob-
tained by taking u = y(0), with 8 = kx — t, where we assume that y(0) is 27-
periodic function. Substituting u = y(6) into (8.3) we get

(@ )y +U'(y) = 0.

The finding of w(0) is equivalent to searching the 27-periodic extremal of the fol-
lowing functional

6p+2m | 5 5 5
Ivl= [ = [ =)y -U(y)lde, (8.4)
o
where 6y may be set equal to zero without limiting the generality. The first integral
of Lagrange’s equation reads

L@ R+ U(y) =
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Its solution can be found by the separation of variables. The result is

9“7/

W

If U(g) is either a cubic, a quartic, or a trigonometric function, then y(6) can be
expressed in terms of standard elliptic functions. Periodic solutions are obtained
when v oscillates between two simple zeros of A — U(y). At the zeros y'(0) =0,
and the solution has a maximum (crest) or a minimum (trough); these points occur
at finite values of 6 since the above integral converges when the zeros are simple.
We denote the zeros by y; and y», and consider the case

vi<y<wvy, h-U(y)>0, o —k>0.
As the period of y(6) is assumed to be 27,

O

2 =

(8.5)

W

The contour integral in this formula denotes the integral over a complete oscillation
of v from v up to Y, and back, so it is equal to twice the integral from y; to y;
because the sign of the square root has to be changed appropriately in the two parts
of the contour. This integral may also be interpreted as the contour integral around
a cut from y; to Y, in the complex y-plane.

In the linear case U(y) = %1//2, and, as we know, the 27-periodic solution is

a2

y(0) =acosO, h= EX
so the amplitude a cancels out in the integral on the right-hand side of (8.3). Then
(8.3) becomes the linear dispersion relation

0’ —kK =1,

obtained previously for the linear Klein-Gordon equation. This dispersion relation is
also the solvability condition of the variational problem (8.4). In the nonlinear case
the parameter & does not drop out of (8.3) and we have the typical dependence of the
dispersion relation on the amplitude. Consider for example the case U (@) = ¢? /2 +
o@* /4 with small «. Then (84) is exactly the variational problem (5.4) studied
by the variational-asymptotic (or Lindstedt-Poincaré) method in Section 5.1} with
o? replaced by w? — k* and € replaced by a. Therefore the following asymptotic

formulas 3 3
\/a)z—k2:1+§aa2 = wz—k2:1+zaa2,

and
3

w(0)=acos6 -+ a;—z(cos36 —cos0)

follow at once.
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Behavior of solitons. Through extensive
numerical simulations of the KdV equa-
tion the following remarkable behavior
of solitons was discovered. If we con-
sider two solitons traveling from left to
right with the taller one behind as shown
in Fig. then since the taller soliton
moves faster than the shorter soliton, they
will collide. After a short collision time
of nonlinear interaction and overlapping
the solitons separate again, with the taller
one now ahead, and the amplitudes and
velocities regain their initial values. The
only effect of nonlinear interaction are
phase shifts, that is the centers of solitons
are slightly shifted from the places where
they should have been had there been no
interaction (see Fig. [8.6). This resembles
the collision of particles; so similar to par-
ticles the name soliton was given to these
special waves.
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u(x, t)

u(x, t)

u(x, t)

Fig. 8.5 2 traveling solitons.

Fig. 8.6 Two-soliton solution of the KdV equation.

This remarkable numerical discovery led to a series of first integrals of the KdV
equation. All these first integrals are of the form

Ij:/ Pj(u,uvx,...,

dlu
—— ) dx = const,

ox/

2 First initiated by Zabusky and Kruskal in 1965.
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where P; are polynomials. For example, the first three integrals are
I, = 3 udx, Iy= o dx, I = 3 (u _Eu,x)dx'

In searching for further first integrals of the KdV equation Miura discovered the
following transformation: if v is a solution of the modified KdV equation

Vi— 6v2v7x +V o =0,

then
u=—(’+ V)

satisfies KdV equation. This is readily seen from the relation
g+ U+t = —(2v+05) (v — 6PV +V ).

The equation u = —(v? + v ) may be viewed as Riccati’s equation for v in terms of
u. It can be transformed to a linear equation by substituting v = y /. This yields

Yo +uy =0.

Since the KdV equation is Galilean invariant, that is invariant under the transforma-
tion :
(X,I,M(X,t)) - (x_ Ctvtau(xvt) + gc)v

it is natural to replace u by u — A and consider the equation

Vo Huy = Ay

This is nothing else but the stationary Schrodinger equation which has been studied
extensively in context of the scattering problem, where function —u(x,?) plays the
role of the scattering potential. The association of the Schrodinger equation with
the KdV equation led Gardner, Green, Kruskal, and Miura later to the fruitful de-
velopment of a beautiful mathematical method called inverse scattering transform
which can be used to fully integrate a wide class of nonlinear partial differential
equations [[1]. We consider this method in the next Section.

8.2 Inverse Scattering Transform

This Section presents the analytical solution of KdV equation based on the inverse
scattering transform.

3 See the detailed derivations in [].
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Lax pair. Let us consider the KdV equation (8.I) subject to the initial condition
u(x,0) = up(x),

where ug(x) decays sufficiently rapidly as |x| — . Since the KdV equation is non-
linear, the Fourier transform cannot directly be applied to solve this initial-value
problem. Howeyver, as motivated in the previous Section, we can relate this equation
to the stationary Schrodinger equation

Ly =Ly, (8.6)

where L is the linear operator defined by

Ly =y +ulx,1)y.

The idea is based on the following construction proposed by Lax. Assume that y
evolves in time in accordance with

Vv =Ay. 8.7)

Thus, A is the linear operator governing the time evolution of y. Now we calculate
the time derivative of equation (8.6)

Liy+Ly,=Ay+Ay,.
Taking into account (8.7) we transform the above equation to
(Ly+LA—AL)y=A,y.
Thus, if lyt = 0, then the so-called Lax equation
L;+[LA]=0, [LA]=LA—-AL,

holds true. The problem reduces then to finding A so that Lax’s equation is compat-
ible with the KdV equation. It is easy to show by the direct inspection (see exercise
[B.4) that Lax’s equation is compatible with the KdV equation if we choose A as
follows

Ay = (Y+u)y— (44 +2u)y,, (8.8)

where 7 is an arbitrary constant. The byproduct of Lax’s construction is that the
KdV equation possesses an infinite number of first integrals, since all eigenvalues
of Ly = Ay are such first integrals. The linear operators L and A, called Lax’s
pair, have been found later on for a wide class of nonlinear partial differential
equations, including the Sine-Gordon equation, the nonlinear Schrodinger equa-
tion, the Kadomtsev-Petviashvili equation and many other equations of mathemati-
cal physicﬂ

4 The list of fully integrable nonlinear equations can be found in [T
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Inverse scattering transform. Based on the Lax representation we can now solve
the KdV equation, corresponding to u — 0 as |x| — oo, in three steps sketched below.
The mathematical justification will be given in the next paragraph.

i) First step. At time ¢ = 0 the initial condition u(x,0) = up(x) is known. With
these given initial data we solve the direct scattering problem: find the eigenvalues
and the corresponding eigenfunctions of (8.6). One can show that the spectrum of
the Schrodinger equation with u(x,7) — 0 as |x| — oo is discrete for A > 0 and con-
tinuous for A < 0. Denote the discrete eigenvaluesby A = k2,n=1,2,...,N and the
continuous eigenvalues by A = —k?. It turns out that the normalized eigenfunctions
corresponding to the discrete eigenvalues behave asymptotically as x — oo according
to

KnX

Yn(x,1) ~ Oy (1)e ™,

with the normalization condition
/ vrdx=1.

For the continuous spectrum the asymptotic behaviors of the eigenfunctions are
described by

v(x,t) ~e &4 p(k,t)e™  asx— oo (8.9)
v(x,1) ~ t(k,1)e ™, asx — —oo, (8.10)

where p (k,1) is the reflection coefficient and 7(k,7) the transmission coefficient. At
t = 0 the obtained scattering data

S(2,0) = ({1, 6x(0)})=1. p (k,0), (K, 0))

serve as the input data for the next step.

ii) Second step. We use now the evolution equation (8.7) with A from (8.8)) to de-
termine the time dependence of the scattering data. We know that x;, are unchanged.
It will be shown that, forn =1,2,...,N

and

Thus, the scattering data at time ¢ are given by

S(A.1) = ({k, 0u () 13y, p (Ko1), Tk, 1))

We use this as the input data for the last step.
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iii) Third (last) step. At this final step we solve the inverse scattering problem:
reconstruct the potential u(x,#) which is the solution of the KdV equation from the
knowledge of the scattering data S(2,7). The results may be summarized as follows.
From the scattering data we find the function

Flx,r) = é G2(1)e " + ﬁ /_ i p(k, 1)k
We then solve the linear integral equation
K(x,y,t) + F(x+y,t) —|—/:K(x,z,t)F(z+y,t)dz =0, (8.11)
called Gelfand-Levitan equation. Finally we compute u(x,?) in accordance with

d
1) =2—
u(x,r) ax[
As we see, this method is conceptually quite similar to the Fourier transform used
for solving linear equations (cf. Chapter 4), except that the last step of solving the
inverse scattering problem is highly nontrivial. Schematically, the described steps
may be summarized in the following diagram

K (x,x,1)].

u(x, O) directiat)tering S(Z,,O)

time evolution
inverse scattering
u(x,t) — S(A,t)

In this diagram the direct scattering plays the role of the Fourier transform, while the
inverse scattering the inverse Fourier transform. The time evolution of the scattering
data is similar to the multiplication of the Fourier image with function > which
accounts for the dispersion. Note that at each step we have to deal just with linear
problems which are “doable”.

Mathematical justification. In this paragraph we present briefly the justification of
the above results based on the direct and inverse scattering problems]. In the direct
scattering problem it is convenient to put A = —k? and write (8.6)) as

Vo + [u(x,1) + K2y = 0.

For a given k we let ¢ (x, k), ¢ (x,k) and y(x,k), ¥(x,k) be the corresponding eigen-
functions which satisfy the following asymptotic behaviors

q)(x,k)weik", (ﬁ(x,k)we_ikx, as x — oo,

l,l/()@k) ~ e*ikx’ l,l_/(x7k) ~ eikx7

as X — —oo,

5 See the detailed expositions in [1].
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Equation (8.6) is a linear second order differential equation. Therefore, between
these eigenfunctions there are linear relationships

W (x,k) = a(k) (x,k) + b(k)§ (x,k),
W(x,k) = —a(k)o(x.k) +b(k) (x.k).

where a(k) and b(k) satisfy the following symmetry properties
a(k) = —a(—k) = —a*(k*), b(k) =b(—k) =b*(k*).
Besides, the following identity holds true
a(k)a(k) + b(k)b(k) = —1.
This can easily be checked by computing the Wronskians giving
W (w5, k), W (x,—k)) = [a(K)a(k) + bkVB(K)IW (9 (x, k), 6 (x.K)).

We introduce t(k) = 1/a(k) and p (k) = b(k)/a(k) as the transmission and reflection
coefficients, respectively and consider the normalized eigenfunction y(x,k)/a as in
the previous paragraph. It is easy to see that |p (k)|> +|7(k)|> = 1.

We turn now to the time dependence of the scattering data. The evolution of
v (x,k,1) is described by B.7), with A from (8.8). We introduce the modified eigen-
function N (x,k,7) such that

él//(x,k,t) = Nk )e
Then N satisfies the equation
= (y— 4ik> + u + 2iku)N + (4k* — 2u)N .
The asymptotic behavior of y(x,k,¢) implies that

N(x,k,t) — t(k,t) asx— —eo,
N(x,k,t) — 1+ p(k,t)e*™ asx — oo,

By considering the above equation for N(x,k,¢) as x — —oo and using the fact that
u and its first derivative tend to zero in this limit, we obtain

= (y—4ik®)1.

Thus, the choice y = 4ik® makes the transmission coefficient 7(k) independent of 7.
Then, in the other limit x — oo we get

pr= 8ik3p = plkt) = p(k,O)egikSZ,
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Concerning the discrete spectrum we know that the eigenvalues A = k2 are posi-
tive and time independent. Denote by J,(x, &, #) the eigenfunction with the asymp-
totic behavior ), ~ e ¥ as x — o and assume that v, (x,7) = 0, (¢) (%, K1)
With (8.6) and (8.7) it is easy to check that

d oo oo
E[mxﬁdx:—Sxﬁﬁmxﬁdx.

Taking into account the normalization condition we have

1

200\
Gn(t) - fioocxr%dx

Thus,
3 3
02(t) = 62(0)®" = 0,(t) = 6,(0)e* .

n n

The rigorous derivation of the Gelfand-Levitan integral equation requires a
deeper insight into the spectral analysis [1] than that provided so far. Let us show
nevertheless how to obtain, at least formally, this equation by working with the
Schrédinger equation in an equivalent “time domain”. We consider equation (8.6)
as the Fourier transform of the “wave” equation

Pxx— P oo+ up =0, (8.12)

where function ¢(x, 0,7) is the Fourier image of w(x, k,¢) with respect to k

o(x,0,1) = / " y(k,n) ek

We suppress at present the true time variable ¢. Consider an incident wave ¢ =
O(x+ 0) from x = oo and let the reflected wave be F(x — 6). Thus,

O~ Pu=0x+0)+F(x—0) asx— oo

We propose that the corresponding solution of (8.12) may be written

0(x.0) = 0.(x.0)+ | K(x2)9.(x,0)dz,

what is equivalent to a crucial step in Gelfand-Levitan’s work. By direct substitution
in (8.12) we verify that there is such a solution provided

K,zz_K7xx+MK:0, >X,

u(x) = 2%[(()6,)6),

K,K;—0 asx— oo.

This is a well-posed problem, therefore K (x,z) exists. From the causality property
of the wave equation we know that ¢ must vanish for x + 6 < 0. Therefore
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Qo(x,0) + /wK(x,z)(pm(x, 0)dz=0 forx+6<0.
X
Introducing the expression for @..(x, 6) in this equation we get
K(x,—0)+F(x—0) +/wK(x,z)F(z— 0)dz=0 forx+6<0.
X
With 6 = —y this becomes Gelfand-Levitan equation (8.11). At a fixed time ¢, F is

determined from the direct scattering problem in terms of u(x,?) as

N
Fx—8) = Y o2(1)e 50 +—/ p (k) ) g

With 6 = —y and with the scattering data at time ¢t we obtain the expression for F
in the Gelfand-Levitan equation.

Reflectionless potential. The solution of the Gelfand-Levitan equation simplifies
considerably if the reflection coefficient is zero. In this case we obtain the special
soliton solutions by the separation of variables. Indeed, if p (k,f) = 0, then we have
for function F(x,t)

N
= Y oR(r)e ™,
n=1

with 0,(1) = O'n(O)e4’<3’ > 0 and distinct k, > 0, n = 1,2,...,N, so the Gelfand-
Levitan equation becomes
N o N
K(x,y,t)+ Y o2()e M) 4 / K(x,2,1) Y, op(t)e ) dz =0

n=1 X n=1

We seek the solution of this equation in the form

K(x,y,t Z On Vn Ty

Substituting this solution Ansatz into the integral equation we getform=1,2,....N

(Km+xn)x =0 (f)e .
x) + g,l Km+ Kn Vn(X) m(t)e

This is a system of N algebraic equations which can be written in the matrix form
as
(I+C)v=H, (8.13)

where v = (Vl,Vz,...,VN), f= (f],fz,...,fN) with f,, = ope ", m=1,2,...,N,
I is the identity matrix and C is a symmetric N X N matrix with elements
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Ot )Oop (1
Coin = Me*“fm”n)", mn=12,....N.
Kim + K
A sufficient condition for the system (8.13) to have a unique solution is that C is
positive definite. The latter holds true because the quadratic form

T (- (e o)
é.clg_mg“;—,(mﬂn ¢ (Kt _/x (ﬂzla,,(t)gne ) dy

is clearly positive for an arbitrary & # 0. The unique solution to the KdV equation

in this case is 5

d
u(x,t) = ZW[lndet(I—&—C)]. (8.14)

Soliton solutions. Consider first the simplest case N = 1 for which

o 2K1 2K1

612(1‘) 6721('1)( _ 612(0) 672K1x+81<f1.

Introducing & = x — ¢t — d, where

1 0
c=4x?, d:——lncl( )
K1 2K

we may write C = e~ 2515, Then

2

u(x,r) = Za—[ln(l +C)] = 8«7

5.2 = 2xfsech?(x; &)
x

_C
(14+C)?
coincides with the one soliton solution obtained in Section[8.1]
For N = 2 we have
A=det(I+C)=1+ e 2K161 + e 225 + e—2K1§1—2K2§2+A12’

with

K1 — K2
—x—4K2—d,, Ap=2In{ 2},
5" X n ny 12 n(K]+K2)

This formula implies that the only effect of the interaction of two solitary waves is a
phase shift. Indeed, consider the trajectory &; = const, and assume that x; > x> > 0.
Then

A~l+4e 28 a5t — —co
A~ e 208 + e 281208+ g0t oo,
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Therefore, from (8.14) it follows that for fixed &;

82
u(x,t) = 8 5> (nA) ~ ~ 2xfsech? (k1 & +8;F)  ast — oo,

with :
51+ = §A12, 517 =0.

Similarly, for fixed &,
u(x,t) ~ 2K3sech? (i &y + &)  ast — oo,

with 1
62+ :0, 62_ - §A12.

Thus, for large negative time, the taller soliton is behind the shorter one, and vice-
versa for large positive time. The phase shifts of solitons are Aj/2 and —A2/2,
respectively.

The calculations for N solitons show the similar behavior. If k1 > 1K;, > ... >
Ky > 0, then for fixed &,

u(x,1) ~2x2sech®(k,&, + 85) ast — oo,

where )
N n—
K, — K K — K
5 =Y ln(u)7 5n:21n<u).
m—=n+1 Kn + K il Kim + Kn

Therefore, the n-th soliton undergoes a phase shift given by

st _ s _
on =0 =8 mzn:+11 (Kn+ > 21 (Km+Kn>

We see that the total phase shift is equal to the sum of phase shifts resulted from
pair interaction with every other soliton.

To illustrate the relationship between the initial condition and the number of soli-
tons, let us take the initial condition in the form

u(x,n) = N(N + 1)sech’x.
In this case the scattering problem, with A = k2, reads
Vo + [N(N + 1)sech’x — K2y = 0.
If we make the transformation y = tanhx, then this equation becomes

5 d>y dy K
=) 75 =2 NN+ 1) = =y =0, 8.15
( u)du T IN(N+1) Hz]v/ (8.15)
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which is the associate Legendre equation (see [2]). Equation (8.13) has N distinct
eigenvalues x;, = 1,2,...,N and bounded eigenfunctions in terms of Legendre poly-
nomials

W (x) = 1Py (tanhx) ~ cpe™™  asx — oo,

where ¢, is determined from the normalization condition. The N-soliton solution of
the KdV equation is given by (8.14), where

Cmn = —cm i e*(ern)x.
m-+n

In particular, the two-soliton solution of the KdV equation satisfying the above
initial condition for N = 2 reads

3+ 4cosh(2x — 8¢) + cosh(4x — 64t)
[3cosh(x —28¢) + cosh(3x — 361)]%

u(x,t) =12
If we introduce & = x — 16t and &, = x — 4t, then the two-soliton solution can be
expressed as

3 +4cosh(2&; +241) 4 cosh(4&;)
[3cosh(&; — 12t) + cosh(3&; + 121)]2’

u(x,t) =12

and, alternatively,

3+4cosh(2&;) + cosh(4&, — 48r)

“01) = 2 cosh(E, — 241) + cosh(38, 241"

Expanding these formulas, keeping &; (alternatively &) fixed, it is easy to see that
ast — oo

1 1
u(x,t) ~ 2sech?(& + 5 In3) 4 8sech?(2&; F 3 In3).

Thus, the phase shifts are +1n3/2 in this case.

8.3 Energy Method

In this Section we are going to apply the variational-asymptotic method to general
variational problems of wave propagation.

Variational-asymptotic method. Consider the variational problem in form of
Hamilton’s variational principle: find the extremal of the action functional

Tui(x,1)] = / / L(ui, i ) dcdt, (8.16)
R
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where R =V X (fy,1) is any finite and fixed region in (d + 1)-dimensional space-
time. We assume that u; are prescribed at the boundary dR. We look for the extremal
of this variational problem in form of a slowly varying wave packetﬁ

ui:l//i(evxvt)a (8.17)

where 0 is a function of x and ¢, y; are 27-periodic functions with respect to 6.
Function 6 plays the role of the phase, while 8 , and —8, correspond to the wave
vector ko and the frequency @, respectively. As in the linear case we assume that
functions 6 ¢, 8, and y;(6,X,1)|g—const change slowly in one wavelength A and one
period 7. The latter are defined as the best constants in the inequalities

2 2
104] < =5, |9,t|§7ﬂ. (8.18)

The characteristic length- and time-scales A and T of changes of the functions 0 4,
0, and y;(0,X,1)|g=const are defined as the best constants in the inequalities

2r 2r 2r 2r
|97(xﬁ|§}/_Aa |9,at|§ﬁ7 |6,at|§T_Aa |9,tt|§T_T;
Gyl < . lavil <3 il < 0 (8.19)

where do W; = dy;/dxy with 8 = const, and d; y; = dy;/dt with 6 = const. There-
fore it makes sense to call 8 “fast” variable as opposed to the “slow” variables x
and ¢. Thus, in this variational problem we have two small parameters A /A and
T/T.

We now calculate the derivatives u; o and u;;. According to ©17

Ui g = Jo Wi + VieOo, U= o+ V00,
Because of (8.18) and they can be approximately replaced by
Ui = VipOa, Ui =g,

Keeping in the action functional (8.16) the asymptotically principal terms, we obtain
in the first approximation

Io[wi] = //L(l//i, Vi00.0, Vo8, ) dxdr.
R

Similar to the linear case we decompose the domain R into the (d + 1)-dimensional
strips bounded by the d-dimensional phase surfaces 0 = 27n, n = 0,£1,£2,....
The integral over R can then be replaced by the sum of the integrals over the strips

6 The amplitudes a; appear later.
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//dedt _ Z//L(y/,-,1,(/,-799’05,1;/,-7967t)1<d6dc, (8.20)
R

where {,, are the coordinates along the phase surface 8 = const, and K is the Jaco-
bian of transformation from xg,7 to 8, {,. In the first approximation we may regard
K, 04 and 0, in each strip as independent from 6. Therefore we obtain the same
problem in each strip at the first step of the variational-asymptotic procedure: find
the extremal of the functional

_ 2
Wil = [ L. VioOa. i06,)do (821)

among 2m-periodic functions y;(0). Since the quantities ko = 6,4 and — = 6,
change little within one strip, they are regarded as constants in the functional (8.21)).
The Euler-Lagrange equation of this functional is a system of n nonlinear second-
order ordinary differential equations. Its solutions contain 2n arbitrary constants:
n of them is determined from the conditions that y;(0) are 2m-periodic func-
tions, the other n conditions can be chosen by fixing the amplitudes a; as follows:
max y; = |a;|, where q; are arbitrary real constants. We call this variational problem
strip problem.

Let us denote by 27L the value of the functional (821) at its extremal. The quan-
tity L is a function of a;, 0,4 and 6. The sum (8.20), as A /A — 0 and 7/T — 0, can
again be replaced by the integral

/ / L(a:,0.,6,)dxdr. (8.22)
R
Euler-Lagrange’s equations of the average functional (8.22) read
oL 0 JdL 0 JL
o _, d9oL  d JL _, 8.23
90 =" 2196, " 9xg 90, (8:23)

We will see that equations (8.23); express the solvability condition for the strip
problem leading to the nonlinear dispersion relation, while (8.23), is equivalent to
the equation of energy propagation.

Strip problems. As an example let us consider the strip problem for the nonlinear
Klein-Gordon equation, whose Lagrangian is given by
1
L= 5142, - —u72 —U(u).
In this case the average Lagrangian must be calculated according to

T 1 : 27t1 2 2 2
L—Ema‘l‘b“:a/o [5 (0" =k)y= = U(w)]de,

where @ = —0; and k = 0 are regarded as constants. We use the first integral

1

5@ =)y +U(y) =U(a) =h
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to express L in the form

I— i/”(mz—kz)q/zde —h
2r Jo '

Changing the variable 8 — y we obtain finally

-1

L= (0*—K) / Vdy—h=5_\/2(e? —kz)f\/h— U(y)dy —h. (8.24)
The contour integral in (8.24) denotes the integral over a complete oscillation of y
from b, with U (b) = U(a), up to a and back, so it is equal to twice the integral from
b to a because the sign of the square root has to be changed appropriately in the two
parts of the contour. This integral may also be interpreted as the contour integral
around a cut from b to a in the complex y-plane, where y plays the role of the
variable of integration.

Now let us consider the average variational problem (822)) in which L is given
by ®.24) with h = U(a), ® = —0,, and k = 6. Euler-Lagrange’s equations of this
problem read

oL dh 0 JdL d oL

——=0, —=——+-—==0. 8.25

ok da 2190 " axg Ok (8:29)
It is easy to see that the derivative of L with respect to & gives

oL 1 Vo’— %

oh  2m

W

Thus, the first equation of (8.23) is nothing else but the nonlinear dispersion relation
(8.3) for the nonlinear Klein-Gordon equation. Together with the kinematic relation

ki+wy=0, (8.26)

they form a system of nonlinear coupled equations describing the amplitude modu-
lations.

The strip problems for two or more unknown functions reduce to the problem
of finding the nonlinear normal modes already solved in Chapter[7l Consider for
example the wave equations which are Euler-Lagrange’s equations of the following
Lagrangian

1 1
L= 3 (u%, + u%,) ~3 [u%x + ”%,x +U(u1,u2)].

This Lagrangian arises in the problem of coupled vibrations of two pre-stretched
strings along which nonlinear springs with the cubic nonlinearity are attached at
close intervals, where function U (u;,u;) describes the potential energy density of
the springs. The strip problem becomes: find the 27-periodic functions y; and y»
which minimize the following functional
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2 1
Wiy vel = [ (@ =)W+ V3e) ~Ulvi, y2))d8

Denoting ®> — k* = m, we write corresponding Lagrange’s equations in the form

U

my1 e = — 8—1//2’

5. m s = -
v Y2 00

This is nothing else, but the equations (Z.7)) studied in connection with the nonlinear
normal modes in Section[Z.2] If we seek the nonlinear normal modes as 27-periodic
solutions by assuming y» as a function of yq, then the problem reduces to solving
the modal equation

au
<9l//

which is the ordinary differential equation of second order, where the prime denotes
the derivative with respect to y; and / is a constant in the first integral

2(h—U)yy + (1 +y3) \//58% =0,

1
5"“/’12,9(1 + ) +U(yi,y0) =
Particularly, if U (yy, y,) is given in the form

B

Uy, y) = [w1+ 1//1+1/f2+ llf2+ (llfz—llfl) s

then the normal modes becomes similar modes y, = cyq, with

1 1
c=1,-1,1 2Kj: " 1/4 —x,

where ¥ = 3/ is the coupling factor. The strip problem reduces then to the prob-
lem with one unknown function admitting the analytical solution (see exercise[8.7).
Thus, for ¥ < 1/4, there are two additional normal modes bifurcated out of the
antisymmetric mode Yy, = — (vibrations in counter-phases) at ¥ = 1/4. This in-
dicates the bifurcation of amplitude modulations in our original problem of wave
propagation.

Hamilton’s equations for the strip problem. It is quite straightforward to trans-
form Lagrange’s equations of the strip problem to the equivalent Hamilton’s form.
We take the differential of the Lagrange function A (y;, y!) = L(y;, ko ¥/, — W)
as function of y; and ¥ = y;

n-$

We introduce new variables p; = dA /dy! and the Hamilton function H(;, p;) as
Legendre’s transform of A (y;, y/) with respect to y!

ad A
81;/,1’,’81/11

/-
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H(y;, pi) ZPZ‘//J A.

The Lagrange’s equations of the strip problem are equivalent to

, 0H , 9H
llli*&piv pi* &l//la

for all i = 1,2,...,n. These replace n differential equations of second order by the
system of 2n differential equations of first order. The functional (8.21)) may now be
written as

2n N
[‘Vhpz */ sz‘// H ‘I/z;Pz

It is easy to check that the extremal of this functional among 27-periodic functions
y;(0) and p;(0) corresponds to the extremal of the functional 8.21)). If the Hamilton
function does not depend explicitly on time, then the first integral follows

Adiabatic invariants. If we consider wave propagation in weakly inhomogeneous
media or wave propagation under some external forces which change slowly in
space and time, then the Lagrangian depends explicitly on x and ¢. This is quite
similar to the vibrations of a non-autonomous mechanical system where one pa-
rameter of the system changes slowly in timd]. It turns out that some quantities,
called adiabatic invariants, remain constant in this situation. The finding of these
adiabatic invariants can be done by the variational-asymptotic method. For simplic-
ity let us consider a nonlinear oscillator with one degree of freedom ¢(¢) and one
slowly varying parameter A (¢). Hamilton’s variational principle states that

t
5 [ Lig,a.2)di =o.
[

We first calculate the average Lagrange function for the periodic motion with 4
held fixed. Since the period is T = 27/ ®, we have

- o (T
L=— L 7. A)dt
Zn/o (9.4,

With A = const the conservation of energy

JdL
8__L h

holds true. This may be solved with respect to ¢ so that the generalized momentum
p = dL/dq can be expressed as

7 For example, the vibration of a pendulum with slowly changing length.



8.3 Energy Method 269

p=rp(q,hA).

Using the same conservation of energy we may calculate the average Lagrange func-
tion as follows

L—E/T 'dt—h—ﬂf (. hA)dg—h (8.27)
=5 ), P =5 pplahA)dg—h, :

where § pdq means the integral over one complete period of vibration which corre-
sponds to the close orbit in the phase plane. We now allow a slow change of 4 in
time, and consider the average variational problem obtained as the particular case
of (8.22)
1 _
0 L(a,0;,A)dt=0.
1o

Here 0; = —w, with w the frequency of vibration. Lagrange’s equations of this
variational problem reads

oL _dLdh 9 9L 9 JL _

9aohda " 398, aiow (828

The first equation is nothing else but the frequency-amplitude equation of this non-
linear oscillator (see exercise[8.8)). The second equation leads to the conservation of
the action variable

L
o
which is just the classical result of the adiabatic invariant [4]]. From (8.27) and (8.28)
the period is given by

I(w,h) = % fp(q,h,l)dq = const

which is also classical.

From this analysis we see that for waves the quantities dL/d® and dL/dk are
akin to the adiabatic invariants with respect to time and space. If the wave packet is
uniform in space but responding to changes of the medium in time, then we must
have

L
—— = const.

0w

Alternatively, for a wave packet of fixed frequency moving in a weakly inhomoge-
neous medium dependent on only one coordinate x

—— = const.

dk
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In general, modulations in space and time balance according to the equation

010w  0xg dkg

which describes the propagation of the amplitude modulations.

Effect of damping. If the medium in which waves propagate possesses some viscos-
ity, then the energy is not only transported by the waves, but also dissipated during
the process of wave propagation. The average equations of amplitude modulations
can be obtained by the variational-asymptotic method for the case of small dissipa-
tion. Let us illustrate this on the example of the nonlinear Klein-Gordon equation
with a small resistance force

U — Uxx+ U/(Lt) = f(u, u,t)'

Here f(u,u,) is a small term of the order (7/T )u. It is easy to show that this equation
can be obtained from the variational equation

1 2
- = 2
/to /2 W2 — i —U(u)] dxd /to/autﬁudxdt 0, (8.29)

where D(u,u,) is the dissipation function and f = —dD/du.
In the first step of the variational-asymptotic method we neglect the last term in
(18.29) as small compared with other terms and seek for the solution in the form

u=yp(0,x,t),

where Y and 0 behave in the same way as in (8.17). So, the analysis provided in
the first paragraph of this Section leads to the following strip problem

2r
5 [ 5@~ k)i~ Ulw)ldo =0,
0

where @ = —0; and k = 0 are treated as constants. This shows that y; does not
depend on the slow variables x and ¢ at this step.

We know however that, as soon as dissipation occurs, functions yp, 6, and
0, become slowly changing functions of x and ¢. So, in the second step of the
variational-asymptotic procedure we look for u in a multi-scale fashion

u=yp(0,x,t)+ vy (0,x,1), (8.30)

where (0, x,t) is 2m-periodic with respect to 6 and is much smaller than y (6, x,¢)
in the asymptotic sense. The asymptotic behaviors of y; and 6 are characterized by
the inequalities similar to (8.18) and (8.19). The derivatives of u with respect to x
and ¢ may therefore be approximated by

Uy = Yo+ Wo,00x+ W10y, u;=VYo,+Woe0;+ Y00,
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based on the inequalities similar to (8.19). Substituting these formulas into the vari-
ational equation (8.29), keeping the asymptotically leading terms containing y; and
passing to the strip problem, we obtain (see exercise[8.9)

2 1
5/ — )i g+ (0> — ) Wo.o W16 — Vo Wi00
— Yo W1,0k—U'(Wo)wi + f(Wo, — Wo,0©) y1]d6 = 0.

(8.31)

Integrating the second up to fourth terms in (8.37) partially using the 27-periodicity,
we see that the underlined terms are canceled out due to Lagrange’s equation for y.
Thus, the final equation is

21 1
5/0 [5(602—kz)llflz,e+(CO‘I/O,ez+kllfo,ex+f(%,—llfo,ew))llfl]de =0.

It is easy to see that the last term in this equation is the resonant term in the strip
problem which causes the unperiodic and unbounded extremal. To be consistent we
must remove this resonant term. This leads to

OYo,0: + kWo,0: + f(Wo, —Wo,00) =0.

This is the equation to determine 6. Multiplying this equation with y/ g, integrating
over 0 from O to 27, and diving by 27 we obtain the average equation

()

7 VR 46 K R 0o L do
(E A Yo.0 >J+(E A Yo.0 >,x_ﬂ A Vo.0.f (Wo, —Wo,e @)d0.

From the formula for the average Lagrangian

2n

I:((D,k,]’l) =5 ((})2 - kz)ll’g,e do—h

2r Jo

it is easy to verify that

— do=—, — do = ——.
T /0 Yoo o’ 271/0 Yoo ok

If the dissipation function D(u, u ) is a homogeneous function of second order with
respect to u,, then

2n

1 27t
- vo.0.f (Wo,— llfoew)de—zjm)/ (Yo, —Wo,00)dO =

2
2w Jo a)

where D is the average dissipation function. So, the average equation reads

90L_9dL 2,

otdw dxdk ®
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This equation shows the loss in wave action due to dissipation. The energy balance
equation, which can easily be obtained from here, reads

(WLo—L);—(0Ly)x = —2D.

We see that some portion of energy is transported by the energy flux —L, and
some is simply dissipated against the resistance due to viscosity. To complete the
system of average equations of amplitude modulations we have to include also

oL
da
The first equation is the dispersion relation which remains the same as in the case

without dissipation, while the second one is the kinematic relation. It is easy to
generalize this result to higher dimensions and more unknown functions.

0, k’,—i—a)’x:().

8.4 Amplitude Modulations

This Section studies the theory of amplitude modulations and presents some of its
selected applicationﬂ

The near-linear case. As we know already from the previous Section, the amplitude
modulations in 1-D case are described by the equations

I:’u - O, k’t + a)’x == O7

(L,w),t - (Lk),x =0. (8.32)

The first equation corresponds to the nonlinear dispersion relation. The near-linear
theory is obtained by expanding L in powers of the amplitude. This expansion may
be taken as

L=G(w,k)a*+ Gy(w,k)a* +....

Computing L 4, we may solve (8.32); with respect to @ to have explicitly
0 = Q(k,a) = Qo(k) + Q(k)a®> + ..., (8.33)
where
_2G:(£2(k), k)
Gyw(‘QO(k)vk) .

We see that the dispersion relation @ = Q(k,a) couples the remaining equations

(832). With (8.33) equation (8.32), becomes
ki + [Q0(k) + 25 (k)a Tk + Qo(k) (@)« = 0.

G(Q0,k) =0, (k)=

8 Various applications of the theory of amplitude modulations to laser beams and water
waves can be found in [36].
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The important coupling term is €2, (k)(a?) . because it leads to the correction O(a)
to the characteristic velocities. The other new term ) (k)a’k,, merely contributes
the correction of oder O(a?). Concerning §32); the inclusion of terms of order
a* would provide corrections of order a” to the existing terms. Therefore in the
first assessment of nonlinear effects we leave in the dispersion relation only one

additional term €2, (k)a? and consider

k+ Q(k)k x + 22 (k) (a®) » =0,

8.34
(@) + (2 (0)a?) . = . (839

This system of equations admits the characteristic form. To see this let us multiply
the first equation by p and the second by ¢ and then add them together. The resulting
equation is

[Pk + (p)+qQa® )k ] + [q(a®) ; + (P2 + q€2) (a*) ] = .

We want to choose p and g so that the expressions in the square brackets represent
full derivatives of k and a> along the same characteristic curve. This is possible if

p _ q _ . [
Q' +aQa  pQy+qS2 P=3\ 0%
pLy+qfya P& +qfl, 2()

We may choose p = 1. Then, the characteristic form of (8.34) read

LK) o
2\ @@ (sign€y (k))dk £da =0

on the characteristics

d !/ n
d_)t‘ = Q4 (k) £ /()Y (K)a. (8.35)

This simple near-linear version of the theory of amplitude modulations already
shows some interesting results. In the case (k)€ (k) > 0, the characteristics are
real and the system is hyperbolic. The double characteristic velocity splits under the
nonlinear correction and we have the two velocities given by (8.33). In general, an
initial disturbance or modulating source will introduce disturbances on both fami-
lies of characteristics. If the initial disturbance is concentrated in a compact domain,
it will eventually split into two.

When Q5 (k)Q{/ (k) < 0, the characteristics are imaginary and the system is ellip-
tic. This leads to ill-posed problems in the wave propagation context. It means that
small perturbations will grow in time leading to the instability of the wave packet.
This case turns out to be not rare. For example, the Klein-Gordon equation with
U(p) = ¢*/2+ op*/4, o being small, gives
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!20:\/1+k2, QQZ%O{\/I—FkZ.

Thus, the sign of €,(k)Q{/ (k) coincides with the sign of o; the modulation equa-
tions are hyperbolic for o > 0 and elliptic for @ < 0. For waves of small up to mod-
erate amplitudes, the Sine-Gordon equation has o = —1/6 > 0. Thus, the waves
of small amplitudes governed by the Sine-Gordon equation are unstable. This con-
sequence of the near-linear theory, already non-trivial, is not easy to obtain by the
direct stability analysis of the Sine-Gordon equation.

Characteristic form of the equations of amplitude modulations. Also the gov-
erning equations (8.32) of fully nonlinear theory of amplitude modulations admit
the characteristic form. This can be obtained by doing Legendre transform of the
average Lagrangian L(a, k, ) with respect to ®

H(a,k,]) = 0Ly, —L=ol—L,
where I = L ,,. Due to the property of Legendre transform we have
Ly=—-Hy=-J, w=H,. (8.36)
Therefore equations (1832])273 become

k,l + (H,l),x = Oa
I; + (H,k),x == O

Recalling that L, = —H , = 0 due to the first equation of (8.32), we rewrite the
above equations in the vector form as

v;+Mv, =0,

[k _ (Hx Hu
' <1> - M= <H,k1 Hy)
Proceeding similarly as for equations (8.34) we get the characteristic equations

\/H7kkdk:t \/HJ]dI =0

dx

i Hy ++/H . H .

If the characteristics are real, then the system (8.32)) is hyperbolic. In the opposite
case the system is elliptic. The type of the equations depends thus on the sign of
H i H 1.

where

on the characteristics

Amplitude modulations for KdV equation. In view of the exact solutions of KdV
equation by the inverse scattering transform, it is tempting to develop for it the
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modulation theory and to compare the approximate solutions with the exact ones.
The obstacle to constructing such a theory is that KdV equation does not admit vari-
ational formulation. However, keeping in mind that the KdV equation is derivable
from Boussinesq’s equations which admit the variational formulation [7], we may
substitute u = 1, into (§.I)) to obtain the equation

Nt + 6n,xn,xx + N xxxx = 0

which is the Euler-Lagrange equation of the following Lagrangian

1 3 1 2
L= 1M 03+ 312 .
SN = Mt 3 M (8.37)

We use this indirect variational formulation through 7 to derive the equations of
amplitude modulations for u. Since u = 14, this affects the number of parameters in
the uniform wave packet. Namely, we look for 1 in the form

n=x+6(6), x=Bx—y, 6=ki—or
Then
u= ﬁ + k(P,@v
and the parameter 3 can be interpreted as the mean value of u. In terms of u the

uniform wave packet solution is described by

(0]
kzu’ggg + 61/{1/{’9 — ?uﬂ =0.

Consequently, there are two immediate first integrals
w
k2u799 +3u?— Eu +g=0,

1 0]
Ekzu?9+u3— ﬂuz—i—gu—hzo,

where g and & are constants of integration. For this solution the Lagrangian may first
be expressed in terms of u as
1 (0] lw , 3 1,5

By using the above integrals we present L in the equivalent form
1 (0]
L=kl +[g+ 5(7— Eﬁ)]“ —h.

Let us find out the average Lagrangian

1 2r
— Ld6
21 Jo ’

L
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taking into account that

From the first integral follows

i/2”k2 2de—i7{k2 du = kW
21 Jo "o Y hodi=

with

1
W(hagvc) = Ef\/Zh_zgu+Cuz—2M3du,

and with ¢ = @/k denoting the phase velocity. Thus, the average Lagrangian is given
by

- 1 1
L(gvﬁvy;haka (D) = kw(hvgac) +ﬁg+ Eﬁ’}/_ Ecﬁz_h'

For nonuniform wave packets with slowly changing amplitude, wave number,
and frequency, we may regard 8 =y, Y = — 4, k = 0, and @ = —6,. Then the
variational-asymptotic analysis leads to the following average variational problem

t
6 ]/Z(&x,x,—x,t;h,e,x,—e,,)dxdz:o.
fo

The Euler-Lagrange equations for g and y read

1 1
B=—kW,, Eﬁ’t —(g+ EY_C/S)J =0.

The consistency condition 8 + ¥, = 0 have to be included. From the last equation
and from the consistency condition we see that ¥ can be taken as ¥ = ¢f§ — g. Thus,
B=—-kWg, y=—ckWg—g, and

(kW) s+ (ckWg+g) = 0. (8.38)
For h and 6 we have
Wy =1, (Lo):—(Lr)x=0.
It is convenient to replace the last equation by the momentum equation
(kLo+BLy):+(L—kLy—BLp)x=0,
which, for the case under consideration, becomes
(kL) s+ (ckWe—h) . =0. (8.39)

Again, the consistency condition

ki (ck)x=0 (8.40)
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with @ = ck has to be included. Equations (8.38)-(8.40) may be viewed as three
equations for &, g, and ¢, with k given by the dispersion relation k<W; = 1. A more
symmetric equivalent form of these equations, found by Whitham, reads (see [36])

(W) +c(We)x+Wpgr=0,
(We)s+c(We) s =Wph =0, (8.41)

) )

Wh)s+cWp)x—Wye e =0.

B

In terms of these unknown functions the wave number, frequency, and mean value
i = 3 are given by
1 W
=L o=t g M
W W W

The amplitude a is obtained by relating the zeros of the cubic polynomial in W to
the coefficients 4, g, c. We shall use this symmetric system to study the amplitude
modulations.

The characteristic equations. Since the system (8.41)) is hyperbolic, it can be writ-
ten in the characteristic form. This can be done, for example, by expressing func-
tion W and its derivatives W, W, and W, in terms of complete elliptic integrals,
although with a lot of analytic computations. However, if the zeros by, by, b3 of the
cubic equation

1
u — Ecuz—i—gu—h:O
are used as new unknown functions instead of #, g, ¢, and if some identities among

the second derivatives of W are introduced, Whitham’s equations (8.41)) may be put
in a simple characteristic form as (see exercise[8.10)

ris+Virix=0, j=1,2,3, (nosum!) (8.42)
where r| = by + b3,

bi(Wpy =Wpy) +bo(Wpy =Wy ) +b3(Wp, — W)
W, =W,

Vi=2 (b1+b2+b3)—

9

(8.43)
together with similar equations for , and r3 in cyclic permutations. Thus, the Rie-
mann invariants are

ri=by+b3, r=b3+by, 1r3=0>b1+bo,

and the corresponding characteristic velocities Vi, V5, V3 are given by (8.43) and its
permutations.

Let us now express the quantities introduced above in terms of the elliptic inte-
grals. We assume as before that b; > b, > b3 and denote

2 b1 —by
by —bs’

a=by—by, m (8.44)
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The quantity a is referred to as the amplitude, while m is the modulus of the elliptic
integrals. It may be shown that

B=i=bz—a——
where E(m), K(m) are the complete elliptic integrals [2]. If we use 3, a, m as the
variables, then
E E E 1
by :ﬁ—&—aE, by :ﬁ—&-a(E— 1), bs =B+a(E — W)

The wave number and the phase velocity are given by

1 2
k= L Va2 (8.45)
VVJ, mK
0] 3E  1+m?

Table 8.1 summarizes Riemann’s invariants and characteristic velocities in terms
of elliptic integrals. In general the velocities are distinct and V; < V, < V3. Thus,
the system is hyperbolic. In the limits m> — 0 and m> — 1 two of the velocities
become equal, and the degenerate equations are not strictly hyperbolic. However,
the limiting equations may still be solved by integration along the characteristics.

Table 8.1 Riemann invariants and characteristic velocities.

Riemann invariants|Characteristic velocities

ry=by+b3 V]:Cfszlg
2a(1-m*)K

ra=b3+b Vi=c— ZE(KTE))
2a(1—m*)K

r3=bi+by Vi=c— mggngi)l()

Wave of small up to moderate amplitudes. If we take a — 0, m> — 0 but keep the
wave number k = \/a/2/mK finite, then m = v/2a/k, and we find that

Vi,V — 6B —3k*, V3 —6p.

In the linear theory we would find that § = 0 and obtain the usual group velocity
—3k2 as a double characteristic. In the next order correction, the near-linear theory,
we have

Vi =68 —3k> —3a/2+ 0(a*/K*),

Vo = 6B —3k* +3a/2+ 0(a*/K*), (8.46)

Vi = 6B+ 0(a®/K*).
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The equations of amplitude modulations in terms of 3, k, and @ become

B:+6BBx+ (%az) =0,

X

2
k,r+(6ﬁk—k3+§a_) o, (8.47)
8% ),

(a®); + ((6B — 3k*)a?) , + 6a*B,. = 0.

The last terms in (8.47); and (8.47), are the near-linear corrections to the linear
theory. In the linear theory the first equation for B is uncoupled from the remaining
equations and provides the characteristic velocity V5 = 6f3. As the solution 3 = 0
is appropriate, the remaining equations describes the usual amplitude modulations
for a and k. The near-linear corrections makes the system genuinely hyperbolic and
split the remaining group velocities. If 3 is entirely induced by the wave motion, we
may use the second and third equations in (847) to show that (a?) , = (a*/3k?),,
to lowest order. Then it follows from the first equation that B = —a?/8k>. Now, if
this f3 is substituted in the second equation, then the effective change in frequency
becomes 32 32
a a
9276/3]('1‘8]{* W

The equations for a and k are now hyperbolic with characteristic velocities —3k? +
3a/2 in agreement with (8.46).

Trains of solitons. In the other limit m? — 1, the wave packet becomes a train of
solitary waves. In this case K and E are asymptotically given by

K=A+0(1-m?), E=A-0(1-m%), A S S
b b /1 — m2
For such waves it is natural to regard the wave number as the number of solitons per
unit length rather than 2. Therefore we modify k according to
-k
k=—.
2
Then from (8.43) we have
V2a
4k

Errors of order 1 — m? are exponential small in v/2a/ k, so we work to that order. Tt
is easy to see that

by ~ B+a—2kvV2a, by,b3~ B —2kV2a.
For the characteristic velocity V; we have

1 —3k(2a)'/?

Vi ~ 6B — 16kvV2a————r.
1~ 6P \/_al—4k(2a)*‘/2
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The other characteristic velocities V, and V3 coincide with the phase velocity within
this approximation and are given by

c,Va,V3 ~ 6B +2a — 12kvV2a. (8.48)
Note also that
by =b3+ 0(67\/13/]}), Vo=V3+ 0(6‘7ﬁ/l_{).

In the near-linear limit changes in § propagate primarily on the fastest charac-
teristic with the velocity V3, whereas a and k are carried by the two slower ones. In
contrary, in the soliton limit f3 is carried primarily by the slowest characteristic with
the velocity V;, while a and k propagate out ahead. In the forward region the inte-
gration along the V) characteristic would imply that r; = b, + b3 remain constant
and equal to its initial value. But in this approximation b, ~ b3 throughout so that
both remain equal to their initial values. We may choose the normalization so that
by = b3 = 0. In this case 8 = 2kv/2a and

bl ~a, b27b3N07 67V23V3N2a
as expected. The corresponding approximate equations take the form

]_C,t —+ (2a/_€)’x = 0,

(8.49)
a;+2aa,=0.

In this approximation the system is not strictly hyperbolic, but @ may be found first
by integration along the characteristics dx/dt = 2a, and then k can be found by
integration along the same characteristics. Thus, a remains constant on the charac-
teristics, while k decreases like 1/1.

It is interesting to mention that equation can directly be derived from the
KdV equation, without referring to (8.41). Indeed, if we present the KdV equation
in form of a conservation law

u;+ (3u2 +u) =0,
and average it over a unit length (having k solitons), then
(@) + (312) x = 0.

Since there are k solitons in a unit length, the average values should be

Li:l_c/ updx, ﬁ:/%/ u%dx,

where u; is a single soliton solution having the amplitude a, and the integrals are
computed approximately by extending the unit interval to the whole real axis. Now,
for the single soliton solution given by
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uy = asech’[\/a/2(x — 2at)],

the integration yields

i=4k\/aj2, W= = /2)3/?
The average equation becomes
(kv/a) , + (2ka>/?) . = 0. (8.50)

Keeping in mind that that the phase velocity ¢ is ¢ = 2a, we obtain from the kine-
matic relation k; + (ck) x = 0 the following equation

k; + (2ak) . = 0. (8.51)

Obviously, the pair of equations (8.30) and (8.31)) are equivalent to (8.49). Note that
in this derivation it is implicitly assumed that b, b3 = 0 in the modulation.
Alternatively, one can also compute the Lagrangian averaged over the unit length

L= 7</ L(m1)dx,

with L from (8.37) using the relation u; = 1y , (or, taking into account that 1y, =

—CMiy=—cuy, L= %cu% - u? + %u%’x) and the single soliton solution

u; = asech?| a/Z(X—%t)].
One finds that (see exercise[8.11])
. 320 07 5p
Lo wa’*— gka . (8.52)

Then, from the average variational problem one obtains Euler-Lagrange equations
da: =2ak,
6
86 : (a*?), + (gaS/Z),x =0.
This system must be supplemented by the kinematic relation l_cv, +w,=0.Nowitis

easy to show the equivalence of this system with (8.49).
A simple particular solution of (8.49) reads

X

- 1 X
a=-, k= Zf(z)a (8.53)

where f is an arbitrary function. Recalling that a soliton of amplitude a moves with
the velocity 2a, one can easily recognize that (8.33) represents an envelope of a
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20+
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051

Fig. 8.7 A train of solitons.

sequence of solitons each retaining a constant amplitude and moving on the path
x = 2at as shown in Fig. 87 The decay of k in ¢ as 1/t is due to the divergence
of solitons of different amplitudes. It can be shown that if the initial function ug(x)
of the KdV equation is a rectangular function of width / and height A with large
parameter S = I\/A, then solution (8.33) describes the amplitude modulations of the
exact solution found by the inverse scattering transform (see [36] and exercise[8.12)).
However, to achieve the full agreement, solution (8.33) has to be cut off at some
leading solitary wave in the sequence. This is equivalent to posing jump conditions
on the shock waves. If we accept (8.50) and (8.31)), the jump conditions have to be

~V[[kv/a] + [2ka*?] = 0,
—V/[k] + [12ak] =0,

where V is the velocity of the discontinuity and [[-]] denotes the jump. A jump from
a = 0 to a nonzero value a(®) would therefore have V = 249 This is the phase
velocity and the result indicates that the solution (8.33) may be cut off at a leading
solitary wave in the sequence.

Thus, we are now at the end of these lectures. Before closing, let us summarize
shortly. Looking back, one sees that we have learned a lot of things. Among them,
we would put on the first place Hamilton’s variational principle of least action and
its generalizations for the derivation of the equations of motion. We have studied
also various methods of solving these equations and finding laws of behavior of the
solutions. Some of the numerical methods, in particular finite element method, were
not touched at all. But fortunately there are other excellent courses where one can
learn those methods (see for instance [2637]]). One thing is for sure: with numerical
methods alone one can hardly establish any behavioral law for the solutions. To
establish such laws, analytical skills have to be trained and cultivated. For those
problems containing small parameters, the variational-asymptotic method turns out
to be quite effective, and it is hoped that this course has helped students a little bit in
mastering it. And last, but not least, one should not forget about the exercises. Just
remember “Ubung macht den Meister” (practice makes perfect), as Germans say.
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Exercises

8.1 Use the identities for the Jacobian elliptic functions sn, cn, and dn given in
Section[S.1lto check that ¢ (&) = acn?(\/b/2&,a/b), with & = x —ct, is the periodic
solution of the KdV equation (in this case by =a — b, b =0, b3 = a).

8.2 Show that

u(x,t) = 4arctane?* =)

with y = 1/+/1 — ¢2 is the soliton solution of the Sine-Gordon equation.

8.3 Use the conservation law of the KdV equation

u;+ (3u2 +Uu) =0

1_1:/ udx

is the first integral. Show that the conservation laws of the KdV equation for Iy and
I, are

to show that

(uz)J + (4u’ + PATITIE uzx)x =0,

1 9 1
(u3 — Euzx), + (Zu4 + 3u2u,xx — 6uu%€ — U U ey + Euzxx)x =0.

8.4 With the Lax pair

Ly =y tulx)y, Ay=(y+u)y—(4A+2u)y,,

show that the Lax equation L, + [L,A] = 0 together with Ly = Ay is compatible
with the KdV equation.

8.5 Consider two linear equations

vy=Xv, v;=Ty,

¥

where v is an n-dimensional vector and X and T are n x n matrices. Provided these
equations are compatible, that is v ; = v ;,, show that X and T satisfy

X, —T,+[X,T|=0.

The pair X and T is similar to Lax’s pair L and A, and the last equation may lead to
various interesting equations of mathematical physics [[1].

8.6 Consider the two-soliton solution

3 +4cosh(2x — 8¢) + cosh(4x — 64t)

1) =12 .
u(x,1) [3cosh(x — 28¢) + cosh(3x — 361)]2
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Plot this function for the time instants before, during, and after the collision. Observe
the behavior of the amplitudes and phases.

8.7 Find the average Lagrangian by solving the minimization problem

- 1.
L= min [ [5(@2 =) (W + Vo)~ Ulya. y2)]de.

where ) B
o o
Uy y) =5+ v+ v + 2w+ 2 (v —w)'],

among 27m-periodic functions for which y» = cy;.

8.8 For the average Lagrange function

- w [T 0]
L=— 'dt—h:—j{ h,A)dg —h,
27:/0 Pq o p(g,h,A)dq

of an oscillator depending on the slowly changing parameter A show that dL/dh =0
coincides with the amplitude-frequency equation.

8.9 Derive equation (8.3]).

8.10 Transform equations (8.41) to (8.42), (8.43) and their cyclic permutations.
8.11 Find the average Lagrangian (8.32).

8.12 Assume the initial condition of the KdV equation as u(x,0) = ug(x), where
uo(x) is a rectangular function of width / and height A. Find the asymptotic solution

by the inverse scattering transform for the case of large S = [\/A. Compare this
solution with (8.23).



Notation

Time ¢

Generalized coordinates g;

Generalized velocities ¢;

Generalized accelerations ¢§;

Generalized impulses p;

Kinetic energy K(q,q)

Potential energy U(q)

Lagrange function L(q,q) = K(q,q) — U(q)
Hamilton function H(q, p)

Dissipation function D(q,q)

Frequency @

Period T

Amplitude a

Wave number k

Wavelength A

Phase 0

Element of volume, area, and length dx, da, ds
Bold face letters denote vectors and matrices
Greek indices run through 1,2,3 and denote the cartesian components of vectors and
tensors

Latin indices run through 1,...,n and numerate the degrees of freedom
Summation over repeated indices is understood



References

10.

11.

12.

13.
14.

15.

16.
17.

18.
19.
20.

. Ablowitz, M.J., Clarkson, P.A.: Solitons, Nonlinear Evolution Equations and Inverse

Scattering. Cambridge University Press, Cambridge (1991)

Abramowitz, M., Stegun, I.A.: Handbook of Mathematical Functions. Dover Publica-
tions, New York (1965)

Andronov, A.A., Vitt, A.A., Khaikin, S.E.: Theory of Oscillators. Dover Publications,
New York (1987)

Arnold, V.I.: Mathematical Methods of Classical Mechanics. Springer, Berlin (1989)
Bender, C.M., Orszag, S.A.: Advanced Mathematical Methods for Scientists and Engi-
neers: Asymptotic Methods and Perturbation Theory. Springer, Berlin (1999)
Berdichevsky, V.L.: Variational-asymptotic method for constructing shell theory. Appl.
Math. Mech. (PMM) 43, 664-687 (1979)

Berdichevsky, V.L.: Variational Principles of Continuum Mechanics, vol. 1 and 2.
Springer, Berlin (2009)

Bogoliubov, N.N., Mitropolski, J.A.: Asymptotic Methods in the Theory of Non-Linear
Vibrations. Nauka, Moscow (1974) (in Russian)

Coddington, E.A., Levinson, N.: Theory of Ordinary Differential Equations. McGraw-
Hill, New York (1972)

Courant, R., Hilbert, D.: Methods of Mathematical Physics, vol. 1 and 2. Interscience,
New York (1953)

Doetsch, G.: Theory and Applications of the Laplace-Transform. Chelsea, New York
(1965)

Feynman, R.P., Leighton, R.B., Sands, M.: The Feynman Lectures on Physics, vol. 2.
Addison Wesley, Reading (1966)

Gelfand, I.M., Fomin, S.V.: Calculus of Variations. Prentice-Hall, New Jersey (1963)
Gradshteyn, 1.S., Ryzhik, [.M.: Table of Integrals, Series, and Products. Academic Press,
San Diego (2000)

Guckenheimer, J., Holmes, P.: Nonlinear Oscillations, Dynamical Systems, and Bifurca-
tions of Vector Fields. Springer, New York (1983)

Katd, T.: Perturbation Theory for Linear Operators. Springer, Berlin (1995)
Kolmogorov, A.N.: On conservation of conditionally periodic motions for a small change
in Hamiltons function. Dokl. Akad. Nauk SSSR 98(4), 527-530 (1954)

Kunin, I.A.: Elastic Media with Microstructure. Springer, Berlin (1983)

Le, K.C.: Vibrations of Shells and Rods. Springer, Berlin (1999)

Love, A.E.H.: A Treatise on the Mathematical Theory of Elasticity, 4th edn. Cambridge
University Press, Cambridge (1927)



288 References

21. Lyapunov, M.: The General Problem of the Stability of Motion. Princeton University
Press, Princeton (1947)

22. Nayfeh, A.H., Mook, D.T.: Nonlinear Oscillations. Wiley-VCH, Chichester (1995)

23. Noble, B., Daniel, J.W.: Applied Linear Algebra. Prentice-Hall, Englewood Cliffs (1969)

24. Percival, I.C.: A variational principle for invariant tori of fixed frequency. Journal of
Physics A: Mathematical and General 12, L57 (1979)

25. Poincaré, H.: New Methods of Celestial Mechanics. Springer, Berlin (1992)

26. Press, W.H., Flannery, B.P., Teukolsky, S.A., Vetterling, W.T.: Numerical Recipes. The
Art of Scientific Computing, vol. 3. Cambridge University Press, Cambridge (2007)

27. Preumont, A.: Vibration Control of Active Structures: an Introduction. Kluwer Academic
Publishers, Dordrecht (2002)

28. Rand, R.H.: Lecture Notes on Nonlinear Vibrations. The Internet-First University Press,
New York (2004)

29. Rayleigh, J.W.: The Theory of Sound, 2nd edn. Dover Publications, New York (1945)

30. Salamon, D., Zehnder, E.: KAM theory in configuration space. Commentarii Mathe-
matici Helvetici 64(1), 84-132 (1989)

31. Sneddon, I.N.: Fourier Transforms. Dover Publications, New York (1995)

32. Timoshenko, S.: Vibration Problems in Engineering. D. Van Nostrand Company, Prince-
ton (1955)

33. Vakakis, A.F., Rand, R.H.: Normal modes and global dynamics of a two-degree-of-
freedom non-linear system- I. Low energy. Int. J. Non-linear Mechanics 27, 861-874
(1992)

34. Watson, G.N.: A Treatise on the Theory of Bessel Functions. Cambridge University
Press, Cambridge (1995)

35. Weinstein, A.: Normal modes for nonlinear Hamiltonian systems. Inventiones Math. 20,
47-57 (1973)

36. Whitham, G.B.: Linear and Nonlinear Waves. Wiley Interscience, New York (1974)

37. Zienkiewicz, O.C., Taylor, R.L.: The Finite Element Method. Elsevier Butterworth-
Heinemann, Oxford (2006)

38. Zygmund, A.: Trigonometric Series, vol. 1 and 2. Cambridge University Press, New York
(1959)



Index

absorber, center,

acceleration, [ chain of oscillators, [71]

acoustics, [09] chaotic motion, 220]

action functional, characteristic equation,

action-angle variables, characteristic velocity,

adiabatic invariants, characteristics, [[17]

air resistance, [ clamped edge,

amplitude, [7] collision, 2533

amplitude modulation, 0l 2721 conservation of energy, [50

angular momentum, [I88] conservative system, 53]

angular time,[133] consistency condition, [[36]

angular velocity, [[87] coupling factor,

attractor, crest, [[11]

autonomous system,m

average Lagrangian, [[43] 263 d’ Alembert solution, [T10]

damper,

bar, [78] damping

beam exhaustive,
Bernoulli-Euler, permeating,
Timoshenko, proportional,

beating, turbulent, [T61]

bending moments, 03] viscous, 4]

Bessel equation, damping constant,

bifurcation, 2111 decay rate,[T4]
Hopf, 2111 degree of freedom, 3]
saddle-node, 2111 determinant,

body diagonalization, ]
elastic,[99] diophantine condition,
piezoelectric, dispersion relation,

Bogoliubov-Mitropolsky method, [T79] nonlinear, 249]

Brillouin zone, [73] Rayleigh-Lamb, [30]

dissipation function, [0l 57
Cantor set, 233] dissipative system,[T0] 58]

caustics, [[18] divisor, 234]
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Duffing equation,
Duhamel formula,

eigenfrequency, [7]
eigenfunction,
eigenvalue,
eigenvalue problem, [60)
eigenvector,
eikonal equation, [T17]

Einstein summation convention, [1Q0}

eliminator, |52
elliptic function, [[37]
elliptic integral, [[37]
energy

internal,

kinetic, 4]

potential, F]

total,
energy dissipation,
energy flux, [[38]
energy household,
energy level,
energy level surface, 227
energy source, [[66]
entrainment,
envelope, [[4]
equilibrium,
ergodicity, 233]
Euler-Lagrange equation,
excitation,
extremal, 4]

fast variable,
first integral, [[33]
fixed point,
Floquet theory, 193]
flow
Hamilton,
slow,
focus, [I8]
force, 4]
external,
forced Duffing equation,
forced van der Pol equation,
Fourier series, 78]
Fourier transform, [73]
free edge,
free-body diagram, [

frequency

cutoff, [[31]
frequency-locked,
friction,

Gauss theorem,
Gelfand-Levitan equation, 237
generalized coordinate,
generalized impulse, 218
generalized velocity, 55
geometrical optics, [[16]
gravity, Bl

Hamilton equations, 2171 267]
Hamilton principle,
Hamilton-Jacobi equation,
harmonic excitation, [66]
Helmholtz equation,
Hermitian operator,
Hessian, 237

Hill equation,

holonomic constraint,
homoclinic orbit, 222
Huygens principle, [17]
hysteresis loop, 203

integrable system, [220
invariant tori, [220
inverse scattering transform,

jump, [[801 P03

KAM theory,

kinematic relation, [123]

Klein-Gordon equation, [IT8]

Korteweg-de Vries equation,
linearized, [[T§]

Lagrange equation,
Lagrange function, 4]
Lagrangian,

Lamé constants, [128]
Laplace transform, 23]
Lax pair,

Legendre equation,
Legendre transform,
Lehr damping ratio, [T9]
Liénard theorem, [T71]
limit cycle, [[70]
Lindstedt-Poincaré method, [[57]

Index
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linearization, forced,
Liouville theorem, harmonic, 3]
Lissajous figure, [69] nonlinear, [[51]
logarithmic decrement, [T6] self-excited, [166]

oscillograph,
magnification factor, 29]

mass, 4l parametric resonance,
mass density, Parseval identity, [74]
Mathieu equation, pendulum,
matrix period, [§]
damping, conditional, [T4]
mass, [57] phase, 29 (111 [TT9] [133]
modal, initial, [7]
stiffness, [57] phase curve,
transmittance, 53] phase plane,
membrane phase portrait, [8] [33] [T61]
circular, [§9] phase space, 219
rectangular, [§§] plate
modal decomposition, circular,
modal equation, Kirchhoff,
moment, Reissner-Mindlin,
moment of inertia, [6] Poincaré map, 2211
motion Poincaré-Bendixson theorem,
aperiodic, Poisson formula, [[13
fast, [I81] Poisson ratio,
harmonic, [7] polar coordinates,
limit, [134] power
periodic, active, [31]
quasiperiodic, idle, 31]
slow, [[74] pseudo-resonance,
Newton iteration, 234] quasicontinuum, [73]
Newton rule, [134] quasiperiodic function, 193]
Newton second law, 4]
node, ray, [[16]
non-autonomous system, [59] [I83] Rayleigh equation, [[70]
nonlinear normal mode, 222 Rayleigh quotient, [63]
normal mode, reflection, [TT1]
normalization condition, [§4] reflection coefficient,
numerical simulation, 2211 refraction, [[11]
relaxation oscillation, [[74]
Onsager principle, resonance, 311
operator resonance function, 34}
damping, resonant (secular) term, [137]
stiffness, Riemann invariants,
orthogonality, Routh-Hurwitz criterion, 47]
oscillator
continuous, saddle point,
coupled, scattering data,

damped, 10 Schrodinger equation, 233
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self-adjointness, [03]
separation of variables, [04]
separatrix,
shock wave,
signaling problem,
Sine-Gordon equation, 230]
slow variables,
Snell law,
soliton,
solvability condition, [[44]
spectral analysis, [259]
spectrum, [T04]
spiral,[7]
spring
hardening,
linear, 4]
nonlinear, [[31]
softening,
spiral,
stability, [[87]
stability analysis, [[74]
stability chart,
steady-state response,
step function,
strain, [78]
string,
strip problem,
subharmonic resonance, 213
supported edge,
swing, [[87]
switcher, [166]
synchronization,

Taylor series,[57]
time
fast, [[81]
slow, 771
time scale, [T4]
tongue of instability,
torus,
non-resonant,
resonant,
transition curve,
transport equation, 10|
trough, [[T1]
truncation,
turning point, [[63]
two-timing, [[77]

uniform wave packet,
unit step response,

Index

van der Pol equation,
variation,
variational-asymptotic method, [[4T]
Aol 223
velocity
group,
phase,
vibration
control,
damped, [[4]
elimination,
finite amplitude, [[31]
flexural,
forced,
free, [8
longitudinal, [78]
node, [81]
small, 3
torsional,
vorticity, [[61]

wave
backward, [136]
branch of, [IT1]
cnoidal, 249
dispersive, [[18]
elastic, [146]
hyperbolic,
plane, 11
spherical, [[13]
water, 247
wave number, [73]
wave packet,
wave vector,
wavefront, [[13]
waveguide, [127]
wavelength,
Whitham equations, 277]
Whitham method, [[43]
winding numbers, 231]
WKB-method,
work
active,[32
idle,[32]
Wronskian, [[93]

Young modulus,

zero level,

zeros, [[4]
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